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Abstract

Game semantics extends the Curry-Howard isomorphism to a three-way correspondence:
proofs, programs, strategies. But the universe of strategies goes beyond intuitionistic
logics and lambda calculus, to capture stateful programs. In this thesis we describe a
logical counterpart to this extension, in which proofs denote such strategies.

The system is expressive: it contains all of the connectives of Intuitionistic Linear
Logic, and first-order quantification. Use of a novel sequoid operator allows proofs with
imperative behaviour to be expressed. Thus, we can embed first-order Intuitionistic
Linear Logic into this system, Polarized Linear Logic, and an expressive imperative
total programming language. We can use the first-order structure to express properties
on the imperative programs.

The proof system has a tight connection with a simple game model, where games are
forests of plays. Formulas are modelled as games, and proofs as history-sensitive win-
ning strategies. We provide a strong full and faithful completeness result with respect to
this model: each finitary strategy is the denotation of a unique analytic (cut-free) proof.
Infinite strategies correspond to analytic proofs that are infinitely deep. Thus, we can
normalise proofs, via the semantics.

The proof system makes novel use of the fact that the sequoid operator allows the

exponential modality of linear logic to be expressed as a final coalgebra.

The work in this thesis has been presented in two conference papers, with my supervi-

Sors:

¢ Martin Churchill and James Laird, A logic of sequentiality. In Anuj Dawar and
Helmut Veith, editors, Computer Science Logic, volume 6247 of Lecture Notes in
Computer Science, pages 215-229. Springer Berlin / Heidelberg, 2010. 10.1007/978-
3-642-15205-4-19. Based on the results in Chapter 2.

¢ Martin Churchill, James Laird, and Guy McCusker, Imperative programs as proofs
via game semantics. In Logic in Computer Science (LICS), 2011 26th Annual IEEE
Symposium on, pages 65 —74, June 2011. Based on the results in Chapters 3 and
4,
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Chapter 1

Introduction

In which we introduce the work of this thesis.

1.1 Motivation

The Curry-Howard isomorphism [34] is a powerful theoretical and practical principle for
specifying and reasoning about programs. It notes a striking correspondence between
proofs and programs, of a certain kind. In the best known presentation, the proofs are
those of intuitionistic logic, which correspond to typed functional programs. For example,
the product operation on types corresponds to conjunction on formulas — in both cases
to pairing. Thus, a program of type A x B is precisely a program of type A together with
a program of type B; and a proof of A A B is precisely a proof of A together with a proof
of B. Similarly, implication corresponds to the function type constructor: modus ponens,
which concludes B from A and A = B, corresponds to function application; the cut rule
to composition. This correspondence can be extended to other type constructors, noting
a deep and precise connection between such proofs and programs.

The Curry-Howard correspondence can be extended to a third axis: denotational
semantics. Denotational semantics provides a meaning of a program/proof as a mathe-
matical object, e.g. a function, a relation, or (as we will see) a strategy. Fundamentally,
it is compositional in nature: the meaning of a program/proof is defined using the mean-
ing of its components. For example, if we wish to interpret proofs as sets and functions,
we might set [A A B] to be the set theoretic product of A and B; and [A = B] the set
of functions from A to B. Thus we translate syntactic operations into corresponding se-
mantic ones. Category theory provides an abstraction of the structure required to give a

semantic model of such logics and languages: for example, Cartesian Closed Categories



correspond to models of the implication-conjunction fragment of intuitionistic logic, and
the simply typed lambda calculus.

One way of giving denotational semantics to proofs and programs uses dialogue
games. In this setting, proofs and programs are modelled as interaction sequences —
dialogues between the environment and the term itself. One can construct Cartesian
Closed Categories of such games, and hence model the features described above. But the
categories contain richer structure. To start with, since one can control how often moves
are played, games can be used to model logics with finer control over resource usage,
such as linear logic [|28]. Since the games models are intensional they can keep track of
how many times an argument to a function is interrogated.

Further, the flexibility of such games models has admitted a number of full com-
pleteness results which state that each inhabitant of the denotational semantics is the
interpretation of a proof/program [6]]. Thus, the Curry-Howard correspondence extends
fully to the semantics also. We might ask: how can we make this correspondence an
isomorphism? A problem is that the mapping from proofs/programs to semantics is not
injective. For example, a proof/program might involve a cut/composition that could be
replaced by an appropriate substitution while preserving semantic meaning. Thus for
the isomorphism to truly hold, we will need somehow to identify a set of “normalised”
programs/proofs such that any two distinct elements are semantically distinct. This has
been called full and faithful completeness [6]. On the proof side, clearly our normal forms
must be cut-free, but this is not enough as there is often redundancy in other areas, e.g.
the order in which rules are applied. The technique of focusing [12] enforces further
discipline on proofs to help remove such redundancies.

One can also consider programs outside the purely functional setting. Examples in-
clude programs with mutable reference cells, concurrency and control effects such as
exceptions and continuations. We might ask how the above correspondence between
proofs, programs and semantics extends to such a setting. We can immediately address
one of these axes: game semantics has been successful in providing fully complete deno-
tational semantics for a range of such programming languages [5,(7,(9}/10./32}35.44}51].

We may also enquire into the nature of the proofs-programs correspondence in such
a setting. Griffin noticed that the control operator callcc can be typed as Pierce’s law
((A - B)— A) — A: a formula that can be added to intuitionistic logic to yield classical
logic [[30]. A computational calculus corresponding to classical logic was developed in [67]]
based on this observation.

We can address the proofs-programs correspondence by using the programs-semantics
correspondence. We can model both intuitionistic proofs and stateful programs in the

same semantic framework. In particular, we can consider a model where games are



simple trees and operations on types/formulas correspond to combinatorial operations
on these trees. Programs/proofs are then represented as strategies for the two-player
game determined by the tree. Definability results [57]] ensure that each finite strategy
corresponds to a program, but there are strategies (and hence programs) that do not
correspond to intuitionistic proofs. In [14], Blass identified a medial rule which is not
provable in Intuitionistic Linear Logic, but has an evident history-sensitive strategy.

We take the view that proof systems, as syntactic objects, should fundamentally re-
flect some natural semantic notion. Game semantics provides a natural interpretation
of the connectives of linear logic. In this thesis, we consider a particularly simple but
expressive games model, take this as a primitive, and seek the logic that best represents
its structure — including a proof of Blass’s medial rule, not provable in Intuitionistic
Linear Logic.

One line of attack is to extend Intuitionistic Linear Logic in such a way that all
(history-sensitive) strategies are definable. But we wish to do this in a harmonious man-
ner, ideally obtaining something like the full and faithful completeness result mentioned
above. If we can obtain a close correspondence between strategies and proofs, then we
can embed programs in the proof system by matching their strategy semantics. Fur-
ther, such a system will be of interest purely from the proofs-strategies perspective: the
games model we study is a simple and natural one, exhibits rich algebraic structure and
has been well studied [13,/22,/36,,51,52,/58].

In this thesis we introduce a logic of sequentiality, where proofs denote history-
sensitive strategies. This can be motivated from two angles, related as in the above

discussion:

* To provide a proof system where the computational content of a proof is a stateful

program

¢ To provide a proof system with a close semantic connection to a very simple games

model — full and faithful completeness.

The logic achieves this by using Laird’s sequoid operator @ [45] as a principle logical
connective. As will be seen, this connective and its dual will be enough to introduce the
imperative stateful behaviour: the other connectives are standard.

The proof system we obtain is expressive. Intuitionistic Linear Logic can be em-
bedded within it. The logic is not strictly linear, but affine — arguments without an
exponential can be used at most once. Our justification for this is that the simple games
model naturally models affine logic, and we take this semantics as a starting point. The
logic also contains first-order quantification, atoms and equality. The computational con-

tent of a proof'is stateful, and we can embed an expressive total imperative programming



language into the logic. We can use this together with the first-order structure to spec-
ify properties on these programs. The logic also contains a cut-free subsystem in which
proofs are in some sense focused, and we will prove a full and faithful completeness

result with respect to the game semantics.

1.2 Background

1.2.1 Foundations
Games for Proofs

The notion of viewing a proof as a strategy goes back a long way. The basic metaphor
relates each proposition to a game between Verifier and Refuter — the job of Verifier is
to show that the proposition is true, and Refuter’s aim is to show that it is false. Thus,
if Verifier can win every possible play, this corresponds to a proof: since each possible
attempt to refute it fails. On the other hand, if there is a single way for Refuter to win,
then there is a flaw in Verifier’s argument, and the proposition is not proved. Thus, a
proof corresponds to a winning strategy for Verifier — a recipe that shows him how to
play, guaranteeing that he will win, however Refuter tries to outwit him.

This notion first appeared as Plato’s Socratic Dialogues [[64], and later in the me-
dieval theory of obligationes [73]. It first appeared in its modern form in the work of
Lorenzen [|60], who made the metaphor precise by showing how the connectives of logic

relate to corresponding constructions on games. For example:

¢ In the game A A B, Refuter can choose to play in either A or B. Play then proceeds
as in the chosen game. Thus, to give a winning strategy on the game A AB, Verifier
has to be able to cope with either of Refuter’s choices — he must have a winning

strategy for A together with a winning strategy for B.

¢ In the game A v B, Verifier can choose to play in either A or B. Play then proceeds
as in the chosen game. Thus, to give a winning strategy on the game A v B, Verifier

has to have a winning strategy for one or the other, at his choice.

* In the game A — B, Verifier plays as in B with access to an additional resource
A. That is, at a later date Verifier can chose to initiate a new game of A where

Refuter plays the roéle of A-verifier, and Verifier plays the roéle of A-refuter.
¢ In the game —A, Verifier must try to refute A, while Refuter must try to verify it.

* In the game Vx.A(x), Refuter must chose a value v for x, and play proceeds as in

A(v). Thus, to give a winning strategy for Vx.A(x), Verifier must be able to cope



with any choice that Refuter might make — he must have a winning strategy for

A(v) for each possible v.

In some of these cases it is already clear how these constructions correspond to proof

rules in logical systems — e.g. the first is an interpretation of the rule

FA +B
FAAB
where - X represents a winning strategy for the game X.

The precise nature of the rules of the game and connections to formal proof systems
— in particular linear logic — was made by Blass in [14]. A distinction between the
multiplicative conjunction ® and additive conjunction & can be made by varying whether
Refuter is allowed to switch between the components (®), or just choose once and for all
at the start (&). Given strategies on A — B and B — C one can compose them — but
in Blass’s formulation this composition is not associative, and so this does not yield a
category. The source of this problem is that in a particular game it may be the case
that both Refuter and Verifier have potential starting moves. One solution to this is to
introduce polarities, with positive and negative formulas corresponding to positive and
negative games, in which all starting moves exclusively belong to Verifier or Refuter
respectively [53].

As noted by Blass, there is a further problem with this model. The strategies of
Blass’s model are history-sensitive — the protagonists are allowed to use all of the mem-
ory at their disposal; the next move prescribed by a strategy is a function of the entire
history of play so far. Resultantly, there are strategies that are not the denotation of
any proof. For example, there is a history-sensitive strategy on each of the following

formulas:

[((A®B)2(C®D)]—[(A®C)®(B®D)]
[A®(C&D)]&[B ®(C&D)]&[(A&B) ® C1&[(A&B)® D] — (A&B) ® (C&D)

These formulas are not provable in Intuitionistic Linear Logic. Thus, the interpretation
is not fully complete.

In [6], it was shown that the natural games model for multiplicative linear logic
is fully complete in this sense, if strategies make their decision based on only the last
move — if they are history-free. Since the game metaphor is a compelling semantics of
proofs, one might ask: can we enhance the underlying logics to be able to capture the

full unbounded memory of the protagonists?



Games for Programs

Games and strategies also yield fruitful models of programs. Given a program type T
we can consider its game interpretation [T]. In this game, Verifier plays the role of the
type T, and Refuter the réle of the environment. Thus, if T is the type nat -> nat, a
typical play in the corresponding game might be

Refuter (Environment) asks for the output value

Verifier (System) asks for the input value

Refuter (Environment) gives the value 5 as the input

Verifier (System) gives the value 7 as the output

Thus, a strategy on this game represents instructions for the System protagonist, regard-
ing which moves it should play given the Environment moves so far. This corresponds to
a program of this type. For example, the above sequence could be a play in the strategy
representing the term Ax.x+ 2 or Ax.7.

For unification of terminology, we will now refer to the Refuter-Environment player
as Opponent and the Verifier-System player as Player.

An early use of this approach is the sequential algorithms model [13]], later shown
to be equivalent to a games presentation [52] (as described in [22]). In this setting, a
fully abstract model of SPCF was given — this is a functional programming language
over the type of naturals with a catch control operator. Thus, we already leave the range
of the Curry-Howard isomorphism for intuitionistic logics: games can be used to model

more expressive structure than that found in purely functional languages.

1.2.2 The Intensional Hierarchy

In the early nineties, four parties [7,[35,/65,/66] provided fully abstract (i.e. optimally
precise) denotational models for the pure functional programming language PCF [69].
Three of these approaches used game semantics to do so. In the case of Hyland-Ong
game semantics [35], the games were played out over an underlying arena consisting
of a bipartite graph of Player- and Opponent- moves, together with further data such
as question-answer labelling. Rather than the arenas representing the games them-
selves, they instead represented an enabling relation which can be used to construct the
games. In particular, both protagonists would alternately play moves, provided the en-
abler of that move had been played sometime in the past by the other protagonist. The

strategies must satisfy certain constraints, such as innocence (the next move prescribed



Figure 1-1: Programming Languages and Hyland-Ong Games Models

IA (wb, vis) [8] GenRef (wb) [5]]

P

PCF (wb, inn) [35] TA+catch (vis) [110]

N

SPCF (inn) [43]] TA+co(l-alt, af-ans) [51] — IA+co+callec (I-alt) [51]]

GenRef+callcce [45],46]

Key: Language (strategy restrictions) [reference].
Arrow denotes language embedding / weakening of strategy restrictions.

by a strategy must depend only on a certain subsequence of the play so far) and well-
bracketing (moves played must satisfy a well-bracketing discipline with respect to the
question-answer labelling).

Moreover, the tools used to construct this model would prove to be flexible indeed:
by successively relaxing constraints on the games model in a natural way, languages
with more expressive operations can be modelled. An early example was that of ground
state, providing a model of Idealized Algol [8]. To obtain this model, it is sufficient to
simply remove the innocence condition on strategies, but keeping a weaker one, called
visibility. A ground cell can then be represented as the product of its read and write
methods. This work was particularly notable because this led to the first decidability
results on fragments of Idealized Algol [26], which has since led to the fruitful subfield
of algorithmic game semantics [4]].

Another example was given in [43]], which shown that by dropping the well-bracketing
condition a fully abstract model of SPCF is obtained: PCF together with a catch operator.
By dropping both well-bracketing and innocence but keeping visibility, we obtain a model
of Idealized Algol with local exceptions [10]. By dropping visibility as well, but keeping
two weaker conditions local alternation and affine-answering, we obtain a model of a
language with coroutines [51]. Dropping local alternation corresponds to adding higher-
order references [5]; and dropping affine answering corresponds to adding full first-class
continuations at all types [43}45,/46]. Thus, the games models map out a rich semantic
landscape of control effects and state, as seen in Figure|[1-1

Other developments in game semantics include considering nondeterministic strate-

gies for concurrency [32]] and using nominal set theory for modelling names and fresh-



ness, allowing fully abstract models of considerable subsets of ML [63]l.

One point in the above space is of particular interest to us. Recall that in the diagram
above as we proceed from left to right we are weakening the constraints on the strategies,
and the arena machinery was introduced precisely to make those constraints express-
ible. Thus, on the right hand side of this diagram, we find that the arena machinery is
not necessary at all: for example, the games we find in the IA+co setting correspond to
Curien-Lamarche games, or sequential algorithms [51]; and the games found in the Gen-
Ref+co to Conway games [[19]. These models are strikingly simple — games are again
just trees of a certain form, combined compositionally. Despite this, they yield a lot of
algebraic structure, enough to model complex control and state operations. They will be

our principle object of study.

1.2.3 The Curien-Lamarche Games Model

We chose to take this notion of game as our primitive one, for the following reasons:

¢ It is strikingly simple. A finite game is just a forest of possible plays, and the con-
nectives on games correspond to compositional operations on these forests. Even

Opponent-Player labelling can be deduced by the level a node occurs in the forest.

This is in contrast to the (more liberal) Conway setting [21], where each node is
labelled with a Player/Opponent owner. Here, even though strategies must contain
alternating plays there are also non-alternating plays which are only observable

when the game is placed in some larger context.

¢ It has rich mathematical structure. Intuitionistic Linear Logic can be modelled

[14], as well as first-order state and coroutines [51].

¢ A strategy in any of the games models to the left of IA+co in the diagram above can

be embedded inside our games model by means of forgetting the extra structure.

* Arena game semantics can in fact be modelled inside this model using a permis-
sive backtracking exponential [31]. In particular, a space of innocent strategies
can be constructed using an appropriate Kleisli construction. Using a different
non-repetitive backtracking exponential, the fully abstract sequential algorithms

model of SPCF can also be expressed in this setting [52]].

¢ There are other equivalent representations of this formalisation of game, including
locally Boolean domains [[47], concrete data structures [[13,22] and graph games
[37]I.



¢ For these reasons, this model has been identified as worthy of study by Longley,
who has designed an object-oriented programming language based upon it [59].
Although full general references cannot be modelled using CL-games, a restricted
form can, which can be captured by a natural syntactic notion of argument-safety
[75].

We will seek a logic where formulas correspond to CL-games and proofs of a given
formula to history-sensitive strategies on the appropriate game. We wish the correspon-

dence to be as tight as possible: in particular, we will seek full and faithful completeness.

1.2.4 The Sequoidal Operator

A categorical, axiomatic model of a language with higher-order state was given in [45].
The crux of the structure is a new sequoid operator @, the algebraic properties of which
reflect the sequential nature of game semantics. The games model in [5] is an instance
of this categorical model. The sequoid operation has since been used to give categorical
models to other languages in the intensional hierarchy, such as IA+co for which Curien-
Lamarche games provide an instance [51]].

Concretely, a play in M @ N is a play in M ® N that starts in M (Opponent may later
switch between M and N). The operator has pleasant algebraic properties: to start
with, it provides an action of the monoidal category of games % on its strict subcategory
%, and distributes over the product. Moreover, it allows a decomposition of the tensor
operation, with M@ N = (M @ N) x (N @ M). There is an adjunction 65(A,B — C) =
¢s(AoB,C).

In the setting of Conway games, further properties hold including an adjunction
6s(A — B,C) = 6,(B,C @A) [45]. It turns out that such properties are sufficient to
identify fully abstract models of a language with general references.

In the setting of Curien-Lamarche games, different properties hold: in particular
linear functional extensionality [51]]. Once again, this additional property is sufficient to
identify fully abstract models of the coroutines language. Thus, just as constraints on
the underlying arena models allow us to capture expressivity of games languages, so can
the algebraic properties of the sequoid operator. This line of enquiry has continued in
recent work [50].

The sequoidal operator and its algebraic properties are principal to the logic we will
present here. It is the only non-standard connective in the logic, but using it we can
represent proof rules with history-sensitive behaviour, and thus unlock access to the
entire set of strategies available in our games model. The connective will be principal in

the sense that the interpretation of the structural connective comma will be the sequoid



or its dual, and thus the meaning of all other proof rules will be tightly connected to it.

1.3 Owur Contribution

1.3.1 Contributions to the Study of Proofs

We construct a first-order intuitionistic logic in which proofs have stateful computational
content and correspond closely to history-sensitive strategies in the Curien-Lamarche
game model. This close correspondence is made precise via full and faithful completeness
results — each finitary strategy is the denotation of a unique analytic (cut-free) proof.
Infinite strategies can be modelled using non-analytic rules, or infinitary analytic proofs.

The stateful behaviour comes from the fact that the strategies are history sensitive.
Further light can be shed on this by giving an embedding of a total imperative program-
ming language inside the proof system. We thus have a unified system where we can
express both first-order logic and stateful programs, and we will be able to exploit this
fact by using the first-order structure to express properties of these programs.

There are two protagonists in the underlying games model, Player and Opponent.
In the logic, this will be reflected by two classes of formulas — positive and negative,
corresponding to the starting protagonist in the corresponding games. This is a different
notion of polarity to that found in focused proof systems [12]], but we will discuss the
relationship both in general and by giving a translation from Polarized Linear Logic [53]].

We can normalise proofs to their analytic cut-free form via the semantics. This in-
cludes elimination of cuts, but also other admissible rules, including structural symme-
try rules, weakening, and the multiplicative tensor rule (our primary rule for tensor will
be different, exploiting the sequoidal structure).

The proof system is somewhat non-standard in presentation and flavour. This is a
direct consequence of the fact that it models a sequential, step-by-step process, rather
than more abstract notions such as information flow. The main proof-theoretic decisions
when designing the system regard the choice of structural connectives and geometry of
the sequents, together with the choice of proof rules themselves. Here such choices have
been made to facilitate the full completeness results herein obtained with respect to the
sequential, concrete games model; as well as the representation of programs and be-
havioural properties upon them. Thus its proof theoretic beauty from a syntactic stand-
point may be lacking: future interaction with proof theorists may seek to address such

concerns.



1.3.2 Contributions to Game Semantics

As well as providing a logical syntax for representing history-sensitive strategies, our
work also contributes to the study of game semantics in general, in three particular

areas.

Uniform history-sensitive strategies

First, we formalise the notion of uniform history-sensitive strategy over families of games
indexed by first-order structures. The notion of a uniform family of strategies that be-
have independently with regards to the underlying games was used in [6] to give a games
model for multiplicative linear logic, where the corresponding proofs are history-free (the
choice of move made by the strategy depends only on the preceding Opponent-move). For
example, the copycat strategy on @ — a is uniform with respect to a@. In a history-free
setting the definition is straightforward, since at each point the only move Player can
see is the previous one, which may be a concrete game, or a move from an atomic game.
In a history-sensitive setting, the situation is slightly more complex as Player can have
access to all previous moves, which can include an unbounded number of moves from
atomic games.

Our notion of uniformity is explicitly given with respect to first-order structures. In
particular, formulas are modelled as families of games indexed over first-order models,
and proofs as families of strategies which are uniform with respect to the underlying
model. The definition is entirely semantic, yet it yields a strong correspondence with
the syntax. For example, the game Jx.P(x) at a model-valuation pair (M,v) consists of
Player choosing a value m € M for x and then playing in P(m). In a general family of
strategies, the strategy component at a model M could pick an arbitrary element of M.
Uniformity ensures that there will be some variable y such that for all models (M ,v),
the value v(y) is picked.

We use quite a different approach to that found in other first-order games models,

e.g. [55] which uses explicit first-order labels in the games.

Exponential as a Final Coalgebra

The linear exponential in our games model is history-sensitive: different occurrences
of N in !N can have different behaviour depending on the history of play so far — this
is in contrast to the sequential algorithms sharing exponential [52]. Thus, the usual
promotion rule of linear logic is not sufficient for representing all strategies. We make
the observation that !N is the final coalgebra of the functor X — N @ X and express this

in the logic — once again the sequoid operator plays a key role. There is a rule that



constructs a strategy on A — !B from a strategy on A — B @ A (its anamorphism). On
the logic side, this follows the work of Clairambault [20] for inductive datatypes, but for
the exponential operator of linear logic itself.

As well as being a mathematically clean way of representing the nature of this ex-
ponential, it is also a pleasant way to model the passing of state. To create a stream of
B values !B from a resource A we describe a B value for the first thread, and the re-
source A to be passed to the next thread: A —o B@ A. In particular, we can represent the

strategy representing a Boolean reference cell by applying this rule to a finite strategy.

Type-theoretic presentation

In collaboration with Makoto Takeyama at AIST, Japan, we have formalised some of the
work of this thesis in the proof assistant Agda [18]. This includes the foundations of
game semantics in the Curien-Lamarche setting. Since these games are forests, they
are well-suited to formalisation in type theory. The definitions of the multiplicatives in
this setting are strikingly concise when compared to the set-theoretic counterparts, and
may have pedagogical value in communicating game semantics to type theoreticians.
Another mechanisation of game semantics is Longley’s Stratagem [56]. This uses
continuations and universal types to construct the strategy denotation of any ML term.
Our formalisation is more foundational, using dependent types in a crucial way to rep-

resent the games themselves.

1.3.3 Contribution to Programming Languages

We can view our proof system as a low-level language for describing imperative programs
in a setting with expressive types. In particular, proof rules in the analytic subsystem
represent move-by-move behaviour of the underlying strategies, while the proof rules
in the extended system represent macro-level features such as composition, aggregating
imperative objects together, and hiding part of the external interface.

The system provides a framework in which one can write imperative programs that
are guaranteed to terminate, but where infinite data structures such as stacks are ex-
pressible. In particular, we will consider embeddings of total imperative languages into
our system, which include expressive control features and restricted forms of higher or-
der state. Note that our choice of games model is vital for this — if we were working
in the more expressive system of Conway games, full general reference cells would be
expressible, and hence cyclic reference cells, recursion, and divergence.

In particular one can express the final coalgebraic nature of !N explicitly in the pro-

gramming language, in both call-by-value and call-by-name settings. In a call-by-value



setting, the operator is of the following type:
encaps : (s ->s xo0) ->s8 -> (1 ->0)

One can think of encaps £ i : 1 -> o as an object which provides an o value on
demand, depending on its internal state. Here, i is the initial value of the internal
state, and £ maps the current state to an output o value and the new internal state.
This operator has been seen before: it was the crux of encapsulating internal state in
games model of an object-oriented language given in [[75]. Note that s and o can be
arbitrary higher-order types, so this represents a limited form of higher-order state in
this total setting.

Finally, we note that we can use the first-order structure together with the impera-
tive features. One use of this is to model programs with data-independent ground types

and cells, where the only operation is equality testing.

1.4 Related Work

Several authors have previously studied proof systems inspired by semantics that are
richer than the simple true/false dichotomy.

In Hintikka’s independence-friendly logic [[33]l, one can write formulas such as
Vx.dy.Vz.3w/x.P(x,y,z,w)

to state that y can depend on x and w on z, but w may not depend on x. This has a
similar feel to the constraints discussed above on strategies, which restrict the parts of
the history that is visible to Player when deciding his next move.

Japaridze’s Computability Logic [39] seeks to understand computability an interac-
tive two-player game — functions over discrete time. Unlike the games we will study,
they are not alternating: Player and Opponent may play multiple moves in succession.
Like our work, the simple games model is taken as a fundamental notion, and a logic
is developed that accurately reflects this model. Syntactic connectives relate to seman-
tic connectives on games, and so on. This work strictly considers strategies that are
computable in nature. This model also validates Blass’s examples.

Cockett, Cruttwell and Saff [21]] have described a simple logic where formulas ex-
plicitly represent game trees, for Conway games. This style of presentation is closely
related to our type-theoretic presentation of game semantics in Appendix A, and the
cut-elimination dynamics corresponds to our type-theoretic definition of strategy compo-

sition. This in turn is related to our syntactic cut elimination procedure.



There are close links between focused proof systems [12] and game semantics. In
focusing, negative and positive connectives correspond to reversible and irreversible in-
troduction rules. Proofs proceed in negative and positive phases in which the reversible
and irreversible rules are respectively exclusively applied. This reduces the search space
of proofs, while preserving provability. The relationship to game semantics is that posi-
tive, irreversible rules correspond to Player making some move in a strategy that cannot
be taken back; while the negative, reversible rules correspond to book-keeping that is
not explicitly linked to a move in the corresponding strategy. To obtain our full and
faithful completeness result we will need to use some similar techniques, and ours will
be based on the notion of moves in games in a more explicit manner.

Girard’s Ludics [29] takes focusing to its extreme, by combining all of the proof rules
in a single phase into a single rule, using synthetic connectives. Thus a proof tree really
does correspond to a strategy, with alternate positive and negative rules correspond-
ing to Opponent and Player moves. Ludics has also been referred to as “untyped” in the
sense that formulas themselves are abstracted away and only the relative locations mat-
ter, which correspond to the tagging in the constructions on games we will see. Our proof
system does not have this property: our operations are at most binary, and there are re-
sultantly sequences of proof rules that are syntactic book keeping that do not correspond
to any move in the game model — just semantic isomorphisms.

Longley’s Eriskay project [59] also uses the Curien-Lamarche games model as a
starting point. This work constructs a large scale, real-world programming language
with clean semantics in this simple games model. The hypothesis is that clean mathe-
matical models lead to hygienic, consistent programming languages, as can be seen by
purely functional languages. Game semantics provides clean semantic models of lan-
guages with side-effects, and the Curien-Lamarche setting is both strikingly simple and
expressive. Thus, a programming language based on this model should be semantically
natural, and expressive. This body of work complements ours nicely, which provides an
analysis of the same model from a logical perspective.

Some models of state have used linear logic as a key tool, such as [70]. This logic
also is directly inspired by a semantic model — in this case, coherence spaces. The
work models interference-free Idealized Algol, without aliasing. Later work exploiting
the sequential nature of games [9] allowed full Idealized Algol to be modelled.

We note that there has been other work in extending the Curry-Howard isomorphism
to additional effects. As noted by Griffin [30], axioms for classical logic correspond to
control operators. A computational calculus corresponding to classical natural deduction
was given in [[67]. Other extensions include using the possibility modality of modal logic

to model monadic types for effects [25]], and using the necessity modality to model staged



computation [68].

There has also been work in extending the Curry-Howard isomorphism to other con-
structs on the proof side. A notable example is the computational interpretation of full
ZF classical set theory in [40] and the axiom of choice in [41]]. The latter is of particular
relevance, as it shows that one of the operators that can be typed by an axiom of choice
is that of examining the state of an external clock — clearly an imperative operation.

Other approaches have been used to give games models of first-order logics, including
[65]. The latter work uses explicit first-order pointers to represent information flow,

which contrasts to our formalisation using lax natural transformations.

1.5 OQOutline of Thesis

In Chapter 2, we introduce the kernel of our logic, containing just the the multiplica-
tives, additives and units. Formulas represent finite games, and proofs total history-
sensitive strategies upon them. We give a categorical model of the logic using sequoidal
closed categories, of which the games model is a primary instance. We show how finitary
imperative objects can be represented in the logic. We identify further axioms on the cat-
egorical model that enable a full and faithful completeness result whereby each arrow
between type objects is the denotation of a unique analytic proof. Our games model sat-
isfies these axioms. Finally, we extract from this a syntactic cut elimination procedure,
which is sound with respect to any instance of the categorical model.

In Chapter 3, we introduce exponentials into the logic. The exponential is concretely
based upon the games exponential in [36]]. Since the resulting games are infinite, win-
ning conditions must be imposed to ensure composition of totality. We observe that this
exponential is the final coalgebra of X — N @ X and use this as the key exponential rule
in the logic. Using this final coalgebraic rule we model some imperative features such as
a reusable Boolean reference cell. Finally, we extend the full completeness and cut elim-
ination procedures to this setting. For infinitary strategies, the corresponding analytic
proof is also infinite, which we can formalise using a final coalgebraic presentation.

In Chapter 4, we introduce the first-order features of our logic. In particular, we
introduce atoms, quantifiers, and equality. Semantics of formulas and proofs are now
families, indexed by the underlying first-order structure. However, the strategies must
behave uniformly with respect to this structure, which we formalise using lax natural
transformations. In the function-free setting, we can use this to show the full complete-
ness result, where any such uniform family of winning strategies is the denotation of a
unique analytic proof. Once again, strategies that have infinite components yield infini-

tary analytic proofs.



In Chapter 5, we will show how programs and properties upon them may be ex-
pressed in our logic. We will first show how finitary call-by-name and call-by-value
lambda calculi can be embedded, via Polarized Linear Logic. We add imperative con-
stants including state and coroutines, by giving the embeddings into our logic directly.
By extending the logic with an infinite-choice operator, we can express a natural number
base type and all primitive recursive functions. Finally, we will show how we can use
the first-order structure to represent behavioural properties upon these programs.

In Chapter 6 we consider further directions. These include polymorphism, recursive
types, other exponential structures, partiality and other game models.

In Appendix A, we sketch a formalisation of some of this work in the proof assistant
Agda. In particular, we will formalise finite games, connectives on games, and strategies
in type theory. We formalise the logic WS together with its semantics and full complete-
ness procedure. We also formalise the embedding of a finitary programming language
into WS, and hence its game semantics. Finally, we will provide a tool for interacting

with the generated strategies.



Chapter 2

A Logic of Finite Dialogues

In this chapter we introduce the affine unit-only kernel of the Logic of Sequentiality: a
sequent calculus where proofs correspond to history-sensitive strategies on finite games.

We describe its categorical model and prove a strong full completeness result.

We will first describe Curien-Lamarche games and the operations on them which
correspond to the syntactic connectives in our logic WS. We will then give the proof rules
of WS, and equip proofs with semantics as total history-sensitive strategies. Next, we
will show how finite imperative objects can be represented as proofs in WS. We will also
show that multiplicative-additive Intuitionistic Linear Logic (IMALL) can be embedded
inside our logic.

The formal semantics of WS will be given with respect to a categorical model: the
kernel presented in this chapter can be interpreted in a sequoidal closed category [45] of
a certain kind. The games model is an instance of this categorical model.

We will identify a set of core rules, and call proofs made up using only these rules
analytic. In particular, analytic proofs are cut-free. We will identify further categorical
axioms which identify when the model is fully and faithfully complete — i.e. each arrow
between type objects is the denotation of a unique analytic proof. The Curien-Lamarche
games model satisfies these axioms. Thus, this provides a normalisation procedure from
proofs to analytic proofs, via the semantics. From this, a syntactic cut elimination pro-

cedure can be extracted, which is sound with respect to the categorical model.



2.1 Games and Strategies

2.1.1 Games and Strategies

Our notion of game is essentially that introduced by [14]], and similar to that of [6,(52].
If A is a set, let A* denote the free monoid (set of sequences) over A, and ¢ denote the
empty sequence.

Games

Definition A game is a tuple (M4,14,b4,P4) where

* My, is a set of moves

Aa:My —{O,P}

— We call m an O-move if A4(m) =0 and a P-move if A 4(m)=P.

b s €{0, P} specifies a starting player

- We call s € M, alternating if s starts with a b4-move and alternates between

O-moves and P-moves. Write Mff for the set of such sequences.

e P, = M® is a nonempty prefix-closed set of valid plays.
A

Example The game of natural numbers is
N=(quN,{g— O,n— P},0,{e,qtU{gn :n eNj}).

A maximal play consists of an Opponent move g (‘which natural number are you?’) fol-

lowed by a Player response n for some n € N.

We will call a game A negative if b, = O and positive if b4 = P. We write A,B,C,...
for arbitrary games; L,M,N,... for arbitrary negative games and P,Q,R,... for arbitrary
positive games. Define —:{0,P} — {O,P} by =(0O) =P and ~(P)=0.

Remark Games could be equivalently presented as a forest together with a polarity:
the polarity determines whether the root moves are Opponent moves or Player moves,

and alternation determines the owner of subsequent moves.

Definition A game A is bounded if there is some n € N such that all plays in P4 have
length at most n. A game A is finite if Py is finite.



Strategies

As usual we define the notion of strategy as a set of traces.

Definition A strategy o for a game (M4,A4,b4,P4) is a subset of P4 satisfying:
o Ifsaeo,then As(a)=P
e Ifsabeo,thenseo
e Ifsa,sbeo,thena=>5

e [fo=0thenby =P,andifee o then by =0.
We write depth(o) for the length of the longest play in o.

Definition A strategy on a game A is total if it is nonempty and whenever s € ¢ and
s0 € Py, there is some p € M4 such that sop € 0.
2.1.2 Connectives

We next describe various operations on games. These connectives preserve boundedness
and finiteness, and will correspond to connectives in our logic. If X and Y are sets, let
X+Y ={in1(x): x € X} U{ina(y) : y € Y}. We use standard notation [f,g] for copairing. If
s€(X +Y)* then s|; is the subsequence of s consisting of elements of the form in;(z). If
XicX*and YY" let Xq||Y1={se (X +Y)*:s]1€ X1 As|g€e Y1}

Empty Game

We define a negative game with no moves
1=(3,8,0,{e}.

There is one strategy on 1 given by {¢}, and this strategy is total.

We can similarly construct an empty positive game
0=(3,8,P,{e}.

There is one strategy on 0 given by ¢ and this strategy is not total (intuitively, it is
Player’s turn to play first but he has no moves to play).



One-move Game

We write L for the negative game with a maximal play of just one move:
1 =(g}{g— 0},0,{e,¢}D.

There is a single strategy {e} on 1, and this strategy is not total.

We write T for the positive game with just one move:
T =({qh{g— P} P, {e,q}}).

There is a total strategy on T, given by {g}.

Product

If we consider games as forests, the product of two games is given by placing the two
forests side-by-side. If X1 € X* and Y1 €Y * let X1 +*Y1 ={s € X1|Y1:s8l1 =€eVs|g =€}

If N and L are negative games, define
N&L =My +Mrg,[AN,AL],0,PN +* Pp).

Thus, on Opponent’s first move he chooses to play either in N or L, and thereafter play
remains in that component. A (total) strategy on N&L corresponds to a pairing of a
(total) strategy on N with a (total) strategy on L.

If @ and R are positive games, define

Q @R = (Mg + Mg,[Aqg,Ar],P,Pq +* Pp).

On Player’s first move he chooses to play either in @ or R, and thereafter play remains
in that component. A total strategy on @ @ R corresponds to either a total strategy on
@ or a total strategy on R. The set of strategies on @ & R is the coalesced sum of the
strategies on @ and the strategies on R, identifying the strategy @ in each.

Tensor

The multiplicative operators ®, ’® are also played over the disjoint sum of moves.
If N and L are negative games, a play in N ® L is an interleaving of a play in N
together with a play in L: Opponent begins in either component, and thereafter may

switch between them. Define

NeL=(My+Mz,[An,AL),0,(PNIPLNME, ).



The fact that the play restricted to each component must be alternating, and that the
play overall must be alternating, ensures that only Opponent may switch between com-
ponents. A strategy on N ® L does not correspond just to a pair of strategies on N and L:
since strategies are history-sensitive, the choice of a move in one component can depend
on play that has previously occurred in the other component.

Similarly, if @ and R are positive games, the game @R consists of an interleaving
where Player may switch between the two components. Define

QFR = (Mq + Mg,[Aq, Ar),P,(PqIPR)N My, p).

Sequoid

The sequoid connective was introduced in [45]] and its properties can be used to model
stateful effects [45/[51]. Here we describe its action on Curien-Lamarche games.

A play in N @ L is a play in N ® L where Opponent is restricted to playing his first
move in N. Similarly, a play in @ <R is a play in @9R that must begin in . We can
also consider the negative game N <@, where play begins in N and Player may switch
to @ after the first move and then switch between components. Finally we can consider
the positive game @ @ N where play begins in @ and it is Opponent that can switch.

IfXicX*andYicY*let X1l.Y1={s€ X1lY1:8l1 =€ > s|ls =¢}. Let A and B be
games of arbitrary polarity. Define

A|B=(Ma+Mg,[As,ABL,b4,(PAllLPB) ﬂMfUB).

The polarity of B determines whether Player or Opponent may switch between the two
components. To emphasise this, we will write A ||B as A </B if B is positive (when Player

may switch) and A @ B if B is negative (when Opponent may switch).

Lifts

We can use the sequoid to add a single move to the front of a game. If N is a negative
game, a play in the positive game
IN=ToN

consists of a play in N prefixed by an extra P-move. A total strategy on | N corresponds
to a total strategy on N. A strategy on | N is either @ or corresponds to a strategy on N.

If P is a positive game, a play in the negative game

TP=1<P



consists of a play in P prefixed by an extra O-move. A (total) strategy on | P corresponds

to a (total) strategy on P.

Negation

If A is a negative (resp. positive) game, then we can define the negation of A as a positive
(resp. negative) game. This preserves the structure of the game but inverts the role of

Player and Opponent. If A is a game, define
At =(M4,~014,7b4,Py).

In forest notation, negation merely switches polarity.

The negation operator is involutive. There is a duality between our various opera-
tors: 11 =0, L1 =T, MeN)* = MbsNt, (AoN)t = AL aNt, (A<P)t =AltoPt,
(M&N)* =Moo N*L.

Implication

If M and N are negative games, we can derive implication
M-—oN=N<aM*.

A play in M — N consists of a play in N interleaved with a play in a version of M where
the réles of Player and Opponent are swapped (an ‘input version’ of M). For example, for
each function f :N — N we have a total strategy oy on N — N with maximal plays of the
form

in2(q)in1(g)ini(n)ina(f(n))

for each n € N. Following standard notation, we will sometimes write plays in the follow-

ing format:
N —- N
g O
q P
0]
f(n) P

The horizontal positioning indicates the component (tag) of the moves, with the play as
a sequence of moves running vertically.
Note that this operation represents affine implication: there is only one (inverted)

copy of A in A — B. Thus, there is no strategy in general on A — A ® A. In the next



chapter we will see how a function space can be defined where the argument can be

reused.

2.1.3 Some Isomorphisms

Given two games A and B, we say that A and B are forest isomorphic if by = bg and
P, and Pp are isomorphic as forests. We will later construct categories of games, and
forest isomorphisms will correspond to isomorphisms in the usual sense. Some forest
isomorphisms between games are given in Figure The (total) strategies on any two
isomorphic games correspond to each other, and we will use this in the semantics of the
logic WS.

Figure 2-1: Some Isomorphisms of Games

MeoN=NoM PeQ=Q%P
Me(N®L)Z=(MeN)®L P2(Q9R) = (P9Q)sL
Me1=M=M&l P0=P=Pas0
M&N =N&M Po@Q=QoP
M&N&L)= (M&N)&L Po(@oR)=(PoQ)®R
M®@N)—oL=M-—-o(N —oL) Po(MeN)=Z=(PoM)oN
M-—-o(N&L)Z(M —oN)&M —oL) PoQQ)oN=PoN)a(QoN)
M-—-o1=1oM=1 0OoM=0<a1M+=0
MeN=(MoN)&N oM) PeQ=(P<1Q)e(@<P)
(M&N)oL=(MoL)&(N oL) (Po@R)<XR=(P<R)®(@<R)
Mo(NeL)=(MoN)oL Pa@Q®R)=Z(P<Q)<R
Molz=M P<0=P
(M—oN)—o1l=Z2(N-—ol)oM ToM<1Q)=2(ToM)<@Q
leM=1 TIPET

2.1.4 Imperative Objects as Strategies

Semantics of a full object-oriented language can be given by interpreting types as games
and programs as strategies [75]. As an example, we describe the interpretation of a
imperative object as a strategy on an appropriate game. We will later see how this
object can be represented as a proof in our system.

For brevity, we shall abuse notation writing ¢; rather than in;(q).

We shall consider a simple counter object with two methods: a void press() method
and a nat read() method, returning the number of times the press method has pre-
viously been invoked. For simplicity here, we will allow the read method to be called
only once, and thus its type may be represented by the game N. The type of press — a

command that may be repeated indefinitely — may be represented as a negative game



2*. In this game, Opponent and Player alternately play g and a respectively. This game
is defined by
>* =({q,a},{g— O,a — P},Ps+})

where Py- is the set of all (finite) prefixes of the infinite string (ga)®”. To combine these
into an object, we use the tensor ®.

The strategy count : Z* ® N representing this counter is {s € Py+gN : f(s)} where B(s)
holds if s =€ or s =tq1a; for B(¢) or s = tgamg where s contains m occurrences of a1. An

example play in count is

* ® N

q 0

a P

q 0

a P
qg O
2 P

In contrast with the history-free strategies which denote proofs of linear logic in the
model of [6]], this strategy is history-sensitive — the move prescribed by the strategy
depends on the entire play so far. It is this property which allows the state of the object
to be described implicitly, as in e.g. [8].

2.2 The Logic WS

2.2.1 Proof system

We will now describe a proof system in which formulas represent (finite) games, and

each proof of a formula represents a total strategy on the corresponding game.

Formulas

There are two classes of WS formulas: positive and negative. The positive and negative
formulas will represent positive and negative games respectively, we speak of the polar-
ity of a formula. We might read negative formulas as representing resources that must
be interrogated by the environment, and positive formulas as representing systems that
provide information when they choose to.

The positive and negative formulas are defined as follows:

P=0 | L | PRQ | Po®Q | P<Q | PON
N= 11| T | NeM | M&N | NoM | N<P



Define an operation —* on formulas (inverting polarity) as follows:

0t =1 (PpQ)yr = Ptet @P<@! = Plo@*
11 = 0 (MeN)' = Mb9N!t (MoN): = M'<Nt
Tt = 1 (Pe@Q)r = P&+ PoM)'t = PlaM*t
1t = T (M&N)Y! = M‘teN' M<P)Yr = MtoPt

We define M - N=N<M*, 1P=1<P, | N=ToN. We can interpret each positive
(resp. negative) formula of WS as a positive (resp. negative) finite game following the
constructions in Section

Proof Rules

Proofs in WS of a given formula will be interpreted as total strategies on the appropriate
game. A sequent of WS is a non-empty sequence of formulas - Aq,...,A,. Semantically,
the comma A,B will represent a left merge — A <1 B if B is positive or A @ B if B is
negative — and is therefore left-associative. For example, if M, N are negative formulas

and P, @ positive formulas, the sequent
FM,P,Q,N

is semantically equivalent to
F(M<P)<@Q)oN.

Thus, in the game interpretation of a sequent I the first move must occur in the first (or
head) formula of T'.

The proof rules for WS are defined in Figure Here M,N range over negative
formulas, P,Q over positive formulas, I', A over lists of formulas, I'* over non-empty lists
of formulas and I'*, A* over lists of positive formulas.

The rules are partitioned into core rules and admissible rules. We say that a proof
is analytic if it uses only the core rules. We will show that any proof is denotationally
equivalent to an analytic proof. Thus, the core rules have a higher status as a choice
of primitives: we could conceivably add further non-core rules (equipped with a sound
semantic interpretation) if it were convenient to do so.

We make some observations regarding the core rules. First, we see that they are all
additive. This is particularly striking in the case of the tensor introduction rule Pg. In
this case the rule (additively) decomposes the plays in M ® N into two possibilities: those
that start in M and those that start in N. Thus we are explicitly modelling the fact that

® represents an interleaving, rather than just an arbitrary monoidal structure. Second,



we note that the core rules are of a specific shape: for each connective, there is a rule
introducing that connective in the head position; and there are rules for eliminating
certain connectives in the second position, if the head formula is L or T. The only
connectives corresponding to a choice of introduction rule are ’¢ and ®. Thus, proof
search in the analytic subsystem of WS is particularly simple.

We can use the non-core rules to embed multiplicative-additive Intuitionistic Linear
Logic inside WS in a compositional manner. The non-core rules have also been chosen to
facilitate representing finitary imperative objects. For example, P, to aggregating ob-
jects, and P_, to hiding part of an object’s interface from the outside world. The P, rule
corresponds to composition of functions, and has been generalised appropriately based
on the semantic interpretation of the structural comma connective. One might wish to
generalise further, e.g. allowing negative formulas in A, but this is not “semantically
sound”. However, we may allow I" to be empty only if I'; is also empty, and this case is
dealt with in the rule P?

cut*

Focusing and Polarities

We make a brief note on polarities and reversibility, and a comparison with focused
proof systems. In such systems, polarisation is used to differentiate between connec-
tives whose corresponding rules are reversible or irreversible [12]]. Irreversible rules act
on positive formulas. An irreversible rule is one where (reading upwards) in applying
the rule one must make some definite choice, a choice which could determine whether
the proof search succeeds or not. Thus, additive disjunction introduction is always an ir-
reversible rule, and in linear logic so is the tensor introduction rule, since a choice must
be made regarding how the context is split (see Figure [2-3).

As we have noted, in WS the core introduction rule for tensor is additive, not multi-
plicative. Thus, this rule is reversible, and ® is a negative connective. In contrast, ' is
a positive connective as there are two different core introduction rules, which are not re-
versible. Thus, as well as the semantic motivation, we can view our distinction between
positive and negative formulas in the same light as the polarities of focused systems.
From a semantic viewpoint, reversible rules are those that perform book-keeping, rear-
ranging formulas or splitting additively; while the irreversible rules actually commit to
performing some specific move in a given situation.

Like focused systems, proof search in WS follows a two-phase discipline in which
rules of one kind or another are exclusively applied. But the nature of these phases
differ. In focused systems, the proof search alternates between negative and positive
phases, in which reversible and irreversible rules are exclusively applied respectively.

Analytic proof search in WS follows a different two-phase discipline, whereupon we first



Figure 2-2: Proof rules for WS

Core rules:
P, FAN,T FAPT
F1,T Pe T AoNT PetTAaPT
p FMNT FN,M,T b FP.QT b FQPT
® FM®N,T Pl P T 2 PsQ,T
b FMT FN,T b FP,T b FQ,T
& M&N,T °1 1 PeQ,T 21 PpeQ,T
- |_J-’F P+ |_P P? |_J—:-P>8Q7F
LFLNT L +1,P L +L1LPQT
F1,PQN,T P _ BN
Q ’ 1) T
PY - 1,P,N,T =T TFT,N
pr _FT.T s FT,MeN,T - FT,NaP,T
T +T,P,T T +T,M,N,T T +T,N,PT
Admissible rules:
- FI*A - FT*,M,N,A _ FT*,M,N,A _ ORI M,A
LT 1,A ® FI%5,MeN,A 2" FI,N,M,A "% T A
T+ FI7,0,A + FI'P,Q,A . FI*P,Q,A . FT*A
0 +T*A T FT*,P9Q,A M ORT*,Q,P,A wk T* P, A
FM,T,A" FN,A} Py -
™M TLN, AT AT FN,N
p FI*,Nt Ty  FN,AY PO FNY  FN,Q
cut - F*,A+,F1 cut [ Q
. |_N7Q7A+ PT '“F,Pi,A
UM N, MY 9@, A % T,P1 &Py, A
FM,T,P FN,A* o1 FL.M1&M>,A
~  FM,T,PoN,A* & T.M;,A




decompose the first formula of a sequent into a unit using the core introduction rules
(some reversible, some irreversible), and then collate the tail formulas together using
the core elimination rules (all of which are reversible). We will give an embedding of a
particular focussed system — Polarized Linear Logic [63] — inside WS in Sections [2.6

and

2.2.2 Interpretation of Proofs

Here we informally describe the interpretation of a proof of I' as a strategy on the in-

terpretation of I'. We will give formal categorical semantics of proofs in the next section.

* The interpretation of P; is the unique total strategy on the game 1,I" (where it
is Opponent’s turn to start, but there are no moves for him to play since the first

move must take place in the empty game 1).

¢ The interpretation of P+ is the unique total strategy on the game T, where Player

plays a move and the game is over.

¢ The interpretation of unary rules Py, P, Pf, Poi, P$ and P;‘ are based on the
fact that the game interpretation of the premise and conclusion are the same, up

to retagging of moves.

* For Pg we note that given strategies o : M,I" and 7: N,I" we can construct a strat-
egy on M&N,I' which plays as ¢ if Opponent’s first move is in M, and as 7 if

Opponent’s first move is in N.

¢ Similarly, for P we note that given strategies 0 : M,N,I" and 7 : N,M,I" we can
construct a strategy on M ® N which plays as o if Opponent’s first move is in M, and
as 7 if Opponent’s first move is in N. Here we are making use of the isomorphism
MeN =(M oN)&(N @ M) — each play in M ® N must either start in M (and thus
be a playin M @ N) or in N (and thus be a play in N o M).

¢ For P41 we note that given a strategy o : P,I" we can construct a strategy on PoQ,T’
with Player choosing to play his first move in P and thereafter playing as o. For

Pe2 Player can play his first move in @ and then play as the given strategy.

¢ Similarly, for the P, rules, we note that in a strategy on P’2@,1" Player may choose
to either play his first move in P (requiring a strategy on P,Q,I') or in @ (requiring

a strategy on @,P,T).

* The interpretation of P| uses the observation that total strategies on L,P = {P

are in correspondence with total strategies on P. Similarly, the interpretation of



P uses the observation that total strategies on T,N = | N are in correspondence

with total strategies on N.

* The interpretation of P| uses the fact that the play restricted to the first two
components |, N must itself be a valid play — in particular alternating between
Opponent and Player. Since Opponent plays the first move in this component he
cannot also play the second move, so can never play in N — we have L o N =
1. Thus the set of plays in L,N,I' and L,I" are the same, up to retagging. The

interpretation of PT is similar.

¢ In the cases of P], PI, P;, POT, Peym and Pg, the premise and conclusion are the
same game, up to retagging, and the rule can be interpreted using game isomor-

phisms.

T

¢ In the cases of P&l, ng, P~ , a strategy on the conclusion can be obtained by

wk?
forgetting part of the strategy on the premise.
¢ In the cases of Pl; 1 ng, P\J;/k, a strategy on the conclusion can be obtained by using

the strategy on the premise and ignoring the extra moves available to Player.

¢ The P;q rule requires a strategy on N — N: we can use a copycat strategy in which
Player always switches component, playing the move that Opponent previously

played. The P;q, rule can be interpreted by playing copycat in the M component.

* The P, and P(C)ut rules can be interpreted by playing the two strategies given by
the premises against each other in the N component: “parallel composition plus

hiding”, as we will see.

¢ The P, rule can be interpreted by combining the strategies given by the premises
in a multiplicative manner: Opponent’s moves in M,[" are responded to in accor-
dance with the first premise, and moves in N in accordance with the second. The

P_, rule can be interpreted similarly.

We can use the above to give semantics to proofs of WS as total strategies. We will later
show that any total strategy on the interpretation of a sequent I is the interpretation of

a unique analytic proof of FT'.

2.2.3 Embedding IMALL inside WS

We next show that WS contains the multiplicative-additive fragment of Intuitionistic
Linear Logic. For reference, the rules of IMALL are given in Figure We note that
each formula of IMALL can be read as a negative formula of WS (with M — N = N<M%).



Figure 2-3: Proof rules for IMALL

T.M.NAFL TFM AFN T, LAFN
ILMoN,A-L ILAFM&N TAFN

I'M  N,AFL I,M+-N
I'-1 LM —oN,AFL TFM—-N
I,M,AFC I,N,A-C M TFN
[,M&N,AFC [,M&N,AFC T M&N

Proposition 2.2.1 Let p be a proofof M1,...,M, = N in IMALL. Then there exists a proof
k(p) of - N,M7,...,My in WS,

Proof We show that for each rule of ILL there is a derivation in WS of the conclusion
from the premises.
The left ® rule just corresponds to P;. For the right ® rule, with I' =G4,...,G, and

A=Dq,...,D,,, we duplicate the proof and use P, in the following manner:

FN,Dq,...,Dp, FM,Gq,...,G,
FN,M,D1,...,Dp,G1,...,Gp,

PmuI
P+

sym

FM,G4,...,G, +N,D1,...,D,, P :
b +M,N,G,...,G,,D1,....Dp, Y™ +N,M,G1,...,Gn,D1,...,Dy,
® +MeN,G1,...,G,,D1,...,Dy,

PmuI

The left 1 rule just corresponds to Pg. The right 1 rule just corresponds to Py. The left

—o rule can be derived as follows:

+L,Dy,...,D,,,N* FM,Gy,...,G,
I;i +L,D1,....,Dp,N*oM,G1,...,Gn

sym

+
sym

+L,Gy,...,G,,Nt@M,D1,...,Dy,

The right — rule corresponds to P_. The left & rules correspond to the Pg rules. The
right & rule corresponds to Pg. |}

Define the derived rule Ppy s as the derivation concluding - M ® N,A*, AT from - M,A*
and - N,AT as per the translation of the IMALL right-® rule.

The embedding above does not cover the entire range of proofs in WS: proofs in
IMALL denote history-free strategies [|6], while interpretations of WS proofs may have
full access to their history. For example, we can consider the medial rule as identified by

Blass in [14]]. This formula can be expressed in IMALL as follows:



(A®B—o1)®(C®D —o1)—01l)—
(A—o1)®(C—ol)—ol)®(B—ol)®(D —ol)—0l)

This formula is not provable in IMALL. However, there is a history-sensitive strat-
egy on each instantiation of the above formula: if Opponent first chooses the left hand
component in the output and the right hand component in the input, Player can choose
to play copycat between the copies of C, and so on. This strategy is history sensitive as
the second Player move depends on both the first and second Opponent move. We will
later see that any history-sensitive strategy is the denotation of a proof in WS, and so
instantiations of this formula are provable in WS.

Similarly,
[A®(C&D)]&I[B @ (C&D)]&[(A&B) ® Cl&[(A&B)® D] — (A&B)® (C&D)

is not provable in IMALL. However, its denotation has a history-sensitive strategy: Player
chooses the component on the left-hand side based on Opponent’s first move on the right-

hand side. In the following play we see why this strategy is history sensitive:

[A ¢ (C & D)] & [B © (C & D)] & ... - (A & B) ® (C & D)
a1
a1
az
ag
C1
c1

Note that the response to c¢1 here is in the second component, while if the first four
moves took place in B the response would be in the fifth component. For the same reason,
the map (M o N)&(IN o M) — M ® N used in our semantics of WS is history sensitive; the
above strategy can be expressed in WS by decomposing ® in this way.

The proof outline in WS is given below; the omitted branches are similar.

Pid Pid

P FA,AL +C&D,C+eDt
mul

pT +A,C&D,At (C+teDY)
+ ¥ FA,C&D,Ab9(CeDY)
F?; -A,C&D,(Al9(CreDY)e...
+A&B,C&D,(AL9(CteD ) e...
F(A&B)®(C&D),(Ats(CteD ) e...

®



Thus, we can prove any instance of this formula scheme for any negative WS-formulas
A,B,C and D; and we note that each finite game is expressible as a WS formula. Since
WS does not have propositional variables, we cannot prove the above formula in the
“general case” as a formal object in WS. As a first step in this direction, we will later
introduce atoms into our proof system, which will allow us to sharpen these examples
by formally identifying formulas that are not provable in IMALL but are provable in our

system.

2.2.4 Imperative Objects as Proofs in WS

We now show how a bounded version of our imperative counter can be represented in
WS.

Let T =T and ®,,1 =T &(®,T). Then N, =1 (&,T) = L <(#,T) represents the
type of numbers at most n — there are n + 1 analytic proofs of this formula.

We will let £ = 1 < T denote the type of commands that can be invoked once. This
formula denotes a game with two moves — an initial Opponent move (“run”) and its
Player response (“done”).

WeletlgjA=1and !,;1A =Ao!,A. We can see !, M as providing us with n copies of
M. Thus !, X represents a switch that can be pressed at most n times.

We may derive a proof count, F!,Z ® N,, for any n by induction, representing a fini-
tary version of the object described in Section The crux of the proof is the con-
cluding application of the Py rule: this partitions interactions in !, Z®N,, into those that

start in !, Z (with a press) and those that start in N,, (with a read).

2
_count; ,

p Fe,T,!1,2
L2 F(e,Mo!,X
I FL(e,To!l,X
Lk 1,(8,T),,2
FN,,,Z=L1<(®,T),,Z
count, H!,Z®N,,

count}hn

1 P
P, FL,Z N, <

The proof count,ll,m F!'.Z,N,, for m > n represents an object whose second component
reveals how many times the first component has been invoked. We define count,ll,m for

m 2> n by induction on n. The base case is simple:

P1
count(l) m P02, Ny =1,N,,

For count?! we have:

n+l,m’



count?

p @y, T, 1,2
L2 Fe,No(l,X)
3 FL(epToe(,Y)

1
count;, . pe
. ” J_

: 5 FLlepnT, W2
P F.Z,N,, T L@, )2
= FLZeN,
pe FT,1,29N,,
P; 1,02, N,
P, F(To!,Z),N,,

F(Te!l,Z)oN,,

P+
Pg FL1,(Te!,Z)oN,
|g® F1,Te!, 2, N,

L +FLT,0,2,Ny,
T LT, 2N,
Fo1Z, Ny, =(L<T)e!l,2,N,,

P

Po

1
countn+1,m

The proof count? ,, F &,,T,!,Z for m > n uses the difference between m and n to deter-

mine the result of read: it responds with the number m — n in its first component.

counti,nm I!comnﬂ
_ N
F $n+aT,!nZ PT nyiﬂ
i —— FT8(®naT), 1z Pol m Lot
count,, a1 nta ’/scn @ count?Hl a1 TO@,T), 112
Then cou ntg o and lcom,, are given as follows:
’ .!comn
(=555
S
!
PT 2 P, T % 1 icomg F 1
county = T,1 F1. Tol,. X
’ pe " @&
P LORLTLE
T LT, LT

Po lcomps1 F(L<T)e!, 2
The interpretation of count,, is the history-sensitive strategy on !,Z ® N,, that behaves

as a counter, as in Section [2.1.4

2.3 Categorical Semantics of WS

We now describe a categorical model of WS together with a principal example based on
games and strategies. It will be based on the notion of sequoidal closed category [45]. We

use notation n: F = G : € — 2 to mean 7 is a natural transformation from F to G with



F.G:¢€—-2.

2.3.1 Categories of Games

First, we present some game categories that will be the intended instance of our cate-
gorical model. Objects in these categories will be negative games, and an arrow A — B
will be a strategy on A — B. We can compose strategies using “parallel composition plus

hiding”. Suppose 0: A — B and 7:B — C, define
(7||T:{S€(MA +Mp +Mc)>'< :s|t EPA/\S|2 e Pg Asls EPc}

and set

Too={sl13:s€0l}

It is well-known that 7o ¢ is a well-formed strategy on A — C (see e.g. [6]).

Proposition 2.3.1 Composition is associative, and there is an identity A — A given by
the copycat strategy: {s € Pao_.4 : y(s)} where y(s) holds if and only if t|1 = tls for all
even-lengthed prefixes t of s.

Definition The category ¢ has negative games as objects, and a map 0 : A — B is a

strategy on A — B with composition and identity as above.

This category has been studied extensively in e.g. [22,/52,[58], and has equivalent pre-
sentations using graph games [|37] and locally Boolean domains [47].
If A, B and C are bounded, 0 : A — B and 7 : B — C are total then 700 is also total.

We can thus construct subcategories of total strategies.

Definition The category ¥%; has bounded negative games as objects and total strategies

as maps. The category ¥ is the full subcategory of ¥; containing only finite games.

A map 0 : A — B is strict if it responds to Opponent’s first move with a move in A, if it

responds at all. Strict strategies are closed under composition and the identity is strict.

Definition The category ¥ has negative games as objects and strict strategies as maps.
The category %;; has bounded negative games as objects and strict, total strategies as

maps. The category ¥ r is the full subcategory of %; ; containing only finite games.

Isomorphisms in ¥ correspond to forest isomorphisms and all isomorphisms are total
and strict [54]].



Each of the above categories can be endowed with a symmetric monoidal closed struc-
ture, given by (I,®,—) where I is the empty game 1 and the actions of ® and — on
objects are defined as in Section The following relationships hold:

(full-on-objects)

Gs
(full-on-objects)
t S,t
(full) (full)
Gy Gs.f

(full-on-objects)

An arrow from category </ to category 28 indicates that </ is a symmetric monoidal

closed subcategory of 98. Some full and full-on-objects subcategories are identified.

2.3.2 WS-categories
The notion of sequoidal closed category was first introduced in [45].
Definition A sequoidal category consists of:

¢ A symmetric monoidal category (¥,1,®) (we will call the relevant isomorphisms
assoc:(A®B)®C=ZA®(B&C), lunitg :A®I Z A, runitg: I® A=l andsym: A®B =
BeoA)

* A category %,

* A right-action @ of 6 on ¥s. That is, a functor _ Q@ _: 65 x € — 6 with natural
isomorphisms unit, : A@I = A and pasc: A@(B®C) = (A ©B)© C satisfying the

following coherence conditions [38]:

Ao(Be(CeD) 2% (4oB)eCeD) 2% (AoB)oC)oD

) C
id @ assoc Q'a"”

Ao(BeC)eD) 2% (AoBeC)oD



Ao(IeB) 22X (AeDoB AoBel) 225 (AoB)ol

. . X2
id @ runite N

AoB AoB
e A functor J : 6s — €

* A natural transformation wk: J(_)® _ = J(_©_) satisfying further coherence con-
ditions [45]:

Ao MUNMte 4 AoB)eC Y% AoBsc YK AoB)oC
o O
.\'(D (9(1
wk 5\\3‘0\ assoc 3\&
wk
Aol ABxC) AoB&C)

Definition An inclusive sequoidal category is a sequoidal category in which %5 is a
full-on-objects subcategory of € containing the monoidal isomorphisms and wk; ¢/ is the

inclusion functor; and oJ reflects isomorphisms.

We can identify this structure in our categories of games: we can extend the left-merge
operator @ to an action 4, x¥9 - %4,. fc:A—-Bandt:C—-D,c001:A2C—-BoD
plays as 0 between A and B and as 7 between C and D. Note that this only yields a
valid strategy on (A @ C) — (B @ D) if o is strict. The isomorphisms pasc and unit, ex-
ist, and there is a natural copycat strategy wk: M ® N — M @ N in ¥, all satisfying the
required axioms [51]. The functor J reflects isomorphisms as the inverse of strict iso-
morphisms are strict. Thus (¥,%;) forms an inclusive sequoidal category; as do (%;,%; ;)
and (97, % r).

Definition An inclusive sequoidal category is Cartesian if 65 has finite products pre-
served by J (we will write t4 for the unique map A — 1). It is decomposable if the
natural transformations dec = (wk,wkosym) : A®B = (AQB)x(BQA): 65 x €s — €5 and
dec®=t;: I =>1:%, are isomorphisms (so, in particular, (¥¢,®,1) is an affine SMC).

A Cartesian sequoidal category is distributive if the natural transformations dist =
(m1@ide,m2@ide) : (AxB)QC > (A0 C)x(BQC):6s x €; x € — 65 and distg =tipc :

10C = 1:% — €65 are isomorphisms.

We write dist®: I @ C = I for the isomorphism (dec®) ! odistg o (dec’ @ id).



In the game categories defined above, M &N is a product of M and N, and the empty
game [ is a terminal object as well as the monoidal unit. The decomposability and

distributivity isomorphisms above exist as natural copycat morphisms [51].

Definition A sequoidal closed category is an inclusive sequoidal category where € is
symmetric monoidal closed and the map f — A(f owk) defines a natural isomorphism
Ag:6,(BOA,C)=> 6,(B,A—C).

We can show that ¥ is sequoidal closed, with the internal hom given by —o [51].

In any sequoidal closed category, define app, : (A —<B)©A — B as As_l(id), and app:
(A—B)®A — B =A"1(id), noting that app =app,owk. If f: A — B let A;(f):I - A —B
denote the name of f, i.e. A(f orunitg). We let AI_1 denote the inverse operation. Recall

that in any symmetric monoidal closed category the following hold:

A(fogoh®))=(j—f)oA(g)oh

Ar(fog)=(id — f)o Ar(g) = (g —id)o Ar(f)

A7 (Frog=A7 (g —id)of), go A ()= A7 (id — g)of)

(A1f,A18) =(id —omy1,id —o ma) o Af(f, &)

Proposition 2.3.2 In any sequoidal closed category, —o restricts to a functor €°° x €5 —
€65 with natural isomorphisms unit_,:I —o A=A and pasc_,:A®B—oCZA —o(B—0()
in 6s.

Proof We need to show that if g is in 6; then f — g is in 6;. But f — g = A(goappeo
(id® f)) = A(g oappgowko(id ® f)) = A(goapp, o (id @ f) owk) = Ag(g oapp, o (id @ £)) which
is in 6.

In any symmetric monoidal category the isomorphisms unit_, and pasc_, exist, but

we must show that they are strict.

* unit_,:I — A — A is given by apporunitg’. This app, owkorunity! = app; o unit;!

which is a map in €.

* pasc_,:A®B —oCZA —o (B —C(C)is given by A(A(appoassoc)) = A(A(appgowko
assoc)) = A(A(a ppSOpasc_loka(wk®id)) = A(A(appSOpasc_lowk)owk) = As(Ags(appgo
pasc™1)) which is in 6.

The inverses of the above maps are strict as J preserves isomorphisms. |

In distributive, decomposable sequoidal closed categories we can also define the following

natural transformations:



* The isomorphism psym: (A @B)o C = (A @ C) @ B given by pasco(id @ sym)opasc~!.

* The isomorphism psym_, :C —o (B — A) = B — (C — A) given by pasc_, o(sym —o

id)opasc~!

* The isomorphism dist_, : A — (B x () — (A — B) x (A — C) given by (id —o 71,id —o
7o), whose inverse is A{appo (w1 ®id),appo (w2 ® id)). This isomorphism exists in

any monoidal closed category with products.
* The map af : A = I given by (dec®! oty.

e The isomorphism dist®, : A — I — I given by af whose inverse is A(runite o(id ®af)).
We must check that these are inverses: af o A(runitg o(id®af)) = id as both are maps
into the terminal object, and A(runitg o (id ® af)) oaf = A(runitg o(af ® id)o(af ® id)) =
A(app) = id as required. We know that runitg o (af ® id) o (af ® id) = app as both are

maps into the terminal object.

We can use the structure described above to model the negative connectives of WS.
We will represent positive connectives indirectly, inspired by the fact that strategies
on the positive game P correspond to strategies on the negative game | P = P+ — 1
where | is the one-move game. The object L satisfies a special property: an internalised
version of linear functional extensionality [3]] which shows that any map from a linear
function space A — B into L can be decomposed into an argument A and a map from B
into L:

Definition An object | in a sequoidal closed category satisfies linear functional exten-
sionality if the natural transformation Ife: (B — 1)2 A => (A —oB) —o L : € x €°° — 6
given by A¢(app,o(id @ app)o(id @ sym)opasc™!) is an isomorphism.

Related properties have been considered for games models that are not history-sensitive
13,7, using a tensor rather than sequoid decomposition.

The linear functional extensionality property holds in the Curien-Lamarche games
model [51]], but fails in other sequoidal closed categories (e.g. Conway games). In a
sense, it is an algebraic representation of local alternation: using linear functional ex-
tensionality we can give a natural isomorphism abs: 1L @ A = 1 by noticing that L @ A =
(I—o1)oAZ(A —oI)—o1=]-—o1=1, and thus setting abs = unit_, 0((dist(lo)_1 —o
id)oIfeo (unit_! @id). In the Conway setting, this isomorphism doesn’t hold: consider a
play in a strict strategy on L — A @ 1, in which after the first two moves Opponent may

return to A.

Definition A WS-category is a distributive, decomposable sequoidal closed category

with an object L satisfying linear functional extensionality.



Proposition 2.3.3 (4,%,), (%;,%;,), (9r,%; ) all enjoy the structure of a WS-category.

The category of locally Boolean domains [47] is another example of a WS-category.

2.3.3 Semantics of Formulas and Sequents

Let 6 be a WS-category. We give semantics of both positive and negative formulas as
objects in € below. Note that in our semantics of formulas, [A] = [A+]. However, the
polarity of a formula will affect the type of the denotation of proofs of that formula, as

will be seen.

[1] = 1 [o] = 1
[L] = 1 [T] = 1
[MeN] = [M]e[N] [PeQ] = [Ple[Q]
[M&N] = [M]x[N] [Pe@] = [P]x[]
[MeN] = [M]e[N] [P<Q] = [Ple]R]
[M<Q] = [Q]—[M] [PoN] = [N]—[P]

We consider our list-connective comma to be a binary operator associating to the left.
Then [A,B] is [A] @ [B] if A and B are of the same polarity, and [B] — [A] otherwise.
2.3.4 Semantics of Contexts

A context is a (possibly empty) list of formulas. If I is a context, we give semantics [[F]]b

for b € {+,-} as endofunctors on %, below.

lel™ = id lel~ = id
[C,M]* = [M]—[r]" [P = [P]—[IT"
[T.P]* = [I]"e[P] [T, M]~ = [T e[M]

Proposition 2.3.4 For any sequent A,T we have [A,T] = [T]°([A]) where b is the polar-
ity of A.

Proof A simple inductiononI'. |
Proposition 2.3.5 For any context T, [I']® preserves products.

Proof We can construct isomorphisms disty,  : [[]?(AxB) = [I']°(A)x[[']°(B) and distg r
[T]2(I) = I by induction on T



dist?, = id dist? id

dist’ ., = dist?, o(id—dist’ ) dist’ . = dist’o(dist’ | @id)
dist .y = dist’ o(id—dist’ ) dist) [, = dist’o(dist [ oid)
dist_ ¢ = id dist, ¢ = id

dist_rp = dist_,o(id—odist_y) dist_ry = disto(dist_roid)
distyry = dist ,o(id—odist_r) distyrp = disto(dist_roid)

We only need to show that [[l”]}b(ni)Odistl:lr =1;, i.e. [I'](m;) = m; odisty r. Suppose
b = —. We proceed by induction on I'.

e IfI' =€ then [¢](n;) =m; =m; oid = m; odisty ¢.

e If I' =T',N then [I'|(n;) = [I"](n;) @id = m; odist_r @id = (7; @id) o (dist_ 1 @ id) =
m;odisto(dist_ v @id) = ; odist_ r as required.

e IfT'=T",P then [['](n;) = id —o [I'"](7;) = id — 7; odist_ i = (id —o 7;)o(id —o dist_ ) =

mjodist . o(id —o dist_ ) = m; odist_ r as required.

The case for b = + is entirely similar. |}

2.3.5 Semantics of Proofs

While the semantics of formulas are independent of polarity, semantics of proofs are not.
If p = A,T is a proof, we define [p - A,T] as an arrow 6(I,[A,T]) in the case that A is
negative, and as an arrow in €([A,T'], 1) in the case that A is positive. Semantics of the
core rules are given in Figure and the other rules in Figures and

In the semantics of P.,: we use an additional construction. If 7:I — [N,A] define
(strict) 73, - : [M,T,N+] — [M,T,A] to be unit_,o(r —o idpa,rp) if |Al = 0 and pasc”, o
(A Aj't —idpyrp if |Al = n+1. Define (strict) 75 : [P,T,A] — [P,T,N*] to be
(idﬂp)rﬂ ®‘r)ounit51 if |A] =0 and (id @A_nA;]'T)O((id[[p’r]] ésym)o pasc )" if |A|=n+1. In

some of the rules in Figure [2-6| we omit some pasc isomorphisms for clarity.

2.4 Full Completeness

We now prove a strong full completeness result for the games model of WS: every total
strategy on a game denoted by a formula is the denotation of a unique analytic proof
of that formula (i.e. one which only uses the core rules). This exhibits a strong corre-
spondence between syntax and semantics, and establishes admissibility of all non-core

rules.



Figure 2-4: Categorical Semantics for WS (core rules)

P Pr—
" dist® )i [ 1,T] TdL [T
P o:[FM,N,T] 7:[FN,M,T] P o:[FM,I] 7:[FN,I7J
° [[1"]]‘(dec_l)0dist:’1r o(o,7):[FM®N,I] « dist:}ro (0,7):[F M&N,T]
o:[FQ,P,T] o:[FP,Q,T]
Pos . Pt i
oo I (wkosym): [+ PeQ,T] oo [T (wk): [ P2@,I]
b o:[FP,A] b o:[FQ,A]
“1 oo [A]* () : [F PeQ,A] *2 0o [A]*(n9): [F P®Q,A]
P o:[FL,P2Q,T] p+ o:[FP]
L[]~ (pasc_, o(sym —oid))oo : [ 1,P,Q,T] L A70):[F L,P]
po o:[FL,PoN,I] p- o:[FNJ
L [r]-dfe Yoo : [ L,P,N,T] T unit_,o(g —oid): [F T,N]
be o:[F T,M&N,IJ o o:[FT.NaPT]
T oo[IT*((sym —id)opasc=): [~ T,M,N,T] T oo[I]*(fe): [ T,N,P,I]
_ o:[FL1,1] o:[FA,P,T]
PJ_ _ -1 P<1
[T] (@abs™H)oo: [+ L,N,T] o:[FA<P,T]
N o:[T,I] o:[FA,N,T]
° o:[FAoN.T]

& oo[Il]*(abs):[T,P,T]




Figure 2-5: Categorical Semantics for WS (other rules, part 1)

o:[FM'T,M,N,A]
[A]~(psym)oo : [ M',I',N,M,A]

o:[FM,T,P,Q,A]
[A] (psym_,)oo : [ M,T',Q,P,A]

o:[FP,T,M,A]
o o[A]*((af —oid)ounit™l): [- P,T,A]

o:[FM,T,A]

o:[FP,T,M,N,A]
oo [A]*(psym_,): [-P,I',N,M,A]

o:[FP,I,P,Q,A]
oo [A]*(psym): [+ P',T,Q,P,A]

o:[FN,T[,M,A]
[A]~(unitge(id@af))oo : [F N,T,A]

o:[FP,I,A*]

[A]~((af —id)ounit=yoo : [- M,T,P,A]

o:[FN,I[,A]
[A] (unit;Yoo: [F N,T,1,A]
o:[FM,T,A]
[A]”(unit™Hoo : [F M,T,0,A]

o:[FM ,T,M,N,A]
[A] (pasc)oo: [FM',T,M ® N,A]

o:[FP,T,P,Q,A]
oo [A]*(pasc™!): [F P',T,P5Q,A]

o:[FM,T,P;,A]
[[A]]_(T[i —oid)oo: [[l— M., T P @Pz,A]]

o [[l— N,F,Ml&Mg,Aﬂ
[[A]]_(id Q)00 : [[l— N,F,Mi,A]]

oo[A] (unityo(id@af)): [ P,T,Q,A"]

o:[FP,T,A]

oo [A]*(unit_): [~ P,T,1,A]
o:[FP,T,A]

oo [A]*(unite): [F P,T,0,A]

o:[FP,T,M,N,A]
oo[A]*(pasc_,): [P, T,M®N,A]

o:[FM,T,P,Q,A]
[A]*(pasc Yoo : [ M,T,P3Q,A]

o:[FQ,T,P;,A]
0o [[A]]+(id Qm;): [[l— Q,F,Pl EBPQ,A]]

0:[FQ,T,M1&Mj,A]
oo[A]*(n; —id): [FQ,T,M;,A]




Figure 2-6: Categorical Semantics for WS (other rules, part 2)

o:[FM,I,A"] 7:[FN,AT]
ArAwko (A7 o) @ A7Y(D): [F M,T,N,A*,A]

mul

o:[-M,T,N+Tq] 7:[F N,A"]
[T1]~ G5 oo [F-M,T,AT,T1]

Pcut

o:[FP,I,NLT1] 71:[FN,A"]
“C ool Gy [FP,T,A,TY]

P;
4 ALGd): [ N, N

PO o:[FN1] 7:[FN,Q]
cut oo AT (D) [FQ]

o:[FM,T,P] 7:[FN,A"]

P
psym_, 0 A7(A7 (1) — A;1(0)): [F M,T,P o N,A*]

o:[FN,Q,A"]
ArA(ido A1 A7 (o) o sym) o pasc, owkosym) : [ M,N,M* < @,A*]

Pido

We will first describe this proof-extraction procedure in our model of games and
strategies, and then give categorical axioms sufficient for a model of WS to enjoy this

full completeness result.

2.4.1 Reification of Strategies

We define a procedure reify which transforms a strategy on a formula object into a proof
of that formula. It may be seen as a semantics-guided proof search procedure: given
a strategy o on the interpretation of I', reify finds a proof which denotes it. Reading
upwards, the procedure first seeks to decompose the head formula into a unit (nullary
connective) using the head introduction rules. If this unit is 1, we are done. It cannot
be 0, as there are no (total) strategies on this game. If the unit is T or L, the procedure
then consolidates the tail of I' into a single formula, using the core elimination rules.
Once this is done, the head unit is removed using P or P7, strictly decreasing the size

of the sequent. These steps are then repeated until termination.
* The case I'=0,I" is impossible: there are no total strategies on this game.

e IfI"=1,I" then o must be the empty strategy, since it is the unique total strategy

on this game. This is the interpretation of the proof P;.



e IfI' =T then ¢ must similarly be the unique total strategy on this game, i.e. the

interpretation of P.

e IfI'=T,P,I" then o can never play in P since if it did the play restricted to T,P
would not be alternating. Thus o is a strategy on T,I”. We can call reify inductively

yielding a proof of - T,I", and apply P+ to yield a proof of T,P,T.

e If’'=T,N,P,I" then o is a total strategy on T,N <{P,T up to retagging and we can

proceed inductively using P?. IfT=T,N,M,T' we can proceed similarly, using P%.

e IfI'=T,N then o is a total strategy on | N: we can strip off the first move yielding
a total strategy on N, apply reify inductively yielding a proof of - N, and finally
apply P7 yielding a proof of - T,N.

¢ The case I' = | is impossible: there are no total strategies on this game. Other
cases where L is the head formula proceed as with T: if the tail is a single positive
formula, we remove the first move and apply P*, otherwise we shorten the tail

using P7, P§ or Pf.

e IfI' = Ao N,I"’ then ¢ is also a strategy on A,N,I'. We can call reify inductively
yielding a proof of - A, N, I that denotes o, and apply P,. We can proceed similarly
in the following case ' = A < P,T".

e IfI'= M&N,I' then we can split o into those plays that start with M and those
that start with N. This yields total strategies on M,I" and N, I respectively, which
we can reify inductively and apply Peg,.

e IfI'=M ® N,I” then we can split ¢ into those plays that start with M and those
that start with N. This yields total strategies on M,N,I' and N,M,I respectively,

which we can reify inductively and apply Pg.

e IfI'=PeaQ,I then o specifies a first move that must either be in P or in @. In the
former case, we have a strategy on P,I" and can reify inductively, finally applying
Pe1. In the latter case, we have a strategy on @,I" and can reify inductively and

apply Pg2. The case of I' = P2Q,T is similar.
In Proposition we show that reify is well defined by giving a measure on sequents
that decreases on each call to the inductive hypothesis.
2.4.2 Example of Reification

We next give an example of reification. We write reifyr for the operation of reification

from total strategies on [I'] to proofs of - I'. We will sometimes write proofs in term



notation, so Pg(p1, p2) denotes the proof obtained by applying the Pg rule to the proofs
p1 and ps.

We can restrict the counter strategy given in Section to the bounded types
given in Section In particular, we consider the counter strategy on the denotation
of Z9N; =(L<T)®(L<(TaT)). We will show how this strategy is reified to a proof of
this formula in WS.

To recall, the game [Z] acts as a button that can be pushed (we write ¢ for the
opening move and a for its response). The game [N;] acts as a Boolean (with an opening
move q and two responses 0 and 1). A play in [X®Nj] is either a play in [X] followed
by a play in [N1]), or vice versa (since the games are only two moves long, the switching
behaviour simplifies to this situation). Consider the strategy o : [X®N;] which responds
to the Boolean component with O if the switch has not been pressed, and 1 if it has
been pressed. Then the maximal plays in ¢ are qi1a1g21e and g202q1a1. Prefixes of the
former form a strategy o on [Z,N1]] = [Z@Nj] and prefixes of the latter form a strategy
o2 on [N1,2] = [N1 @ Z]. Then

* reifysgn, (0) = Pe(reifys n, (01), reifyn, 5(02)) as the outermost connective of the for-

mula is ®.
* For reify(oy):

- reifyy n,(01) = reify| o1 n,(01) = P4(reify | +n,(01)) as the outermost connec-
tive of the head is <.

- reify, 1n,(01) = P{(reify | 1on,(01)) as the head formula is | and the tail con-
sists of a positive formula followed by a negative formula.

- reify | 1oN,(01) = P (reifyr,n, (o)) where o7 is the strategy on [T @N1] whose
maximal plays are given by a1g21ls — we have removed the first move from
o1.

- reify,n, (0)) = Po(reify (o)) as the outermost connective is .

- reifyy N, () = P1(reifyn, (0)) where o7 : [N1] has maximal plays of the form
g1 — we have removed the first move from o’ (and relabelled).

- reifyn, =1 o(teT)(07]) = P4(reify| 147) as the outermost connective is <.

- reify) 147(0) = P (reifyr47(0")) where o' : [T ® T|] has a single maximal

play 1.

- To calculate reify+47(c]') we notice that the outer connective is @, so we must
look at the first move of o’ to determine which rule to use. Since o7’ be-
gins with a move in the right hand component, we note that reify, (") =

Psa(reifyr(a)) where a is the unique total strategy on [T].



- Then reifyt(a) = P.
So reify(o1) = P4(PY(PT(Po(PT(P4(PT(Pe2(PT)N)).

* We can similarly calculate

reifyn, ox(02) = Po(PS (P (Po(Pe1(PT(P4(PT(PT)M)).

So, reify(o) is the following proof:

P PT 7 PET ET
pf? FTeT p T FLT
P 1 -1, TeT Pfl FX=1<aT
po FNi=1<d(TeT) PT FT,X
T p FTNi P@l FTeT,Z
P+® FToN; 2 F(TeTeX
Pg F1,TeN; Pg FL(TeT)oZ
p L +1,T,N; P L FL1L,TeT,X
P<1 FX,Ni=1<T,N; T ENLZ=L<(TeT),Z
® FX®N;

2.4.3 Complete WS-categories

In the above procedure we use properties of the game model that do not follow from the
definition of a WS-category. We now give further categorical axioms in the style of [3],
capturing the properties of a WS-category which enable full completeness. Rather than
identifying a class of categorical models with many or varied examples (precluded by the
strength of the result itself), these axioms allow us to give a rigorous and abstract proof

of full completeness using the structure of a WS-category.
Definition A complete WS-category is a WS-category such that:
1la The unique map i : J = € (I, 1) is a bijection.

1b The map d =[Af.fonm,Ag.foma]l : €(M,L)+EWIN,L) => €M x N, 1) is a bijection.
(m-atomicity [3[]).

2 Themap _—o 1 :6(I,M)=>€(M — L,I — 1) is a bijection.

These axioms capture the properties of determinacy, totality and the object L.

Proposition 2.4.1 ¥, is a complete WS-category.



Figure 2-7: Reification of Strategies as Analytic Proofs

reify; r(o) = Py

reify| (o) = P (reify, p([I']"(abs)o o))

reify, p(o) = P(reifyp(A;1(0))

reify, por(o) = P¥(reify; pog r([I] ((sym —oid)opasc=too)))

reify, p yr(0) = P(reify, pon r([T]"(fe)o o)

reifyyrenvr(o) = Pglreifyy p(my odist_ o o))reifyy p((wg odist_roo))

reifyprenr(@) = Palreifyy yr(miod’),reifyy p r(m200")
where ¢’ =dist_ o [I'] "(dec)oo

reifyAQNI(a) = P®(reifyA7N,1—(0))

reifyaqpr(o) = Pg(reifyy p (o))

reify+(o) = Pt

reifyr pr(o) = P(reify, r(oo[I]"(abs™))

reifyr n(0) = P (reifyy((_ —o L) L(unit=} 0 0)))

reifyr y (@) = P3(reifyr yepr(oo[I]*(pasc_ o(sym —oid))))

reifyr y pr(0) = PI(reifyr yop (oo [I]T(fe™)

reifypegr(o) = [P@lOI’eifyp’r,P@gOFEinyyr]Od_l(o’odistl}r)

[P oreifyp g 1, P2 oreifyg prlod (oo [I]*(dec™ ) odist )

reifyp@Q,r(a)

Proof Axiom (la) holds as there are no total strategies on the game 1. Axiom (15)
holds since total strategies M x N — L correspond to total strategies on the positive
game M+ @& N' and any such strategy must either play its first move in M+ or N+ (but
not both). Axiom (2) holds since maps M — | — I —o | correspond to total strategies on
the positive game | M which correspond to total strategies on M. |

9y is also a complete WS-category, but ¢ is not: for example, partiality allows the empty

strategy on I — | violating axiom (1a).
2.4.4 Full Completeness for Core Rules
We prove the following full completeness result.

Theorem 2.4.2 In any complete WS-category, if o : [ '] then o is the denotation of a
unique analytic proof reifyr(o) FT.

reifyp is defined inductively in Figure

Proposition 2.4.3 reifyr is a well-defined, terminating procedure.



Proof We will define a measure on sequents that strictly decreases in the inductive call.
Thus, reify is defined inductively on this measure.

Let N denote the poset of naturals with the usual ordering, and N U {oo} its extension
with co dominating all finite elements in N. The codomain of our measure is N x Nu
{oo} x N, ordered lexicographically. This is a well-ordered set — there are no infinitely

descending chains.

¢ Let [I'| denote the total size of a sequent. Formally, |1|=[0|=|L1|=|T|=1,|A®B| =
|AoB|=1A&B|=|A<B|=|A%B|=|A®B|=|A,B|=1+|A|+|B|.

e Let tlI(A,T') denote the length of I' as a list if A € {T, L} or co otherwise.

e Let hd(A,T') denote |A|.

Our procedure is defined lexicographically on (|T'|,tl(T’),hd(I')). We can see that each time
reify is used recursively, this measure strictly decreases in the lexicographical ordering
on N x NU {oo} x N:

® In the case that I' = T,N or L,P the first measure decreases in the call to the

inductive hypothesis.

¢ In other cases where I' = AT’ with A € {T, L} the first measure does not increase,
and the second measure strictly decreases as the tail is shortened in the call to the

inductive hypothesis.

¢ In the case that ' = A, I’ with A ¢ {T, 1} the head formula is decomposed. The first
measure does not increase, and either the second or third measure does (the size

of the head is decreased, possibly to L or T).

For the concrete games model, we could replace the first measure by depth(c) (i.e. the
length of the longest play in o). Again, this measure strictly decreases if '=1,P or T,N

and does not increase in other cases.  |J

We can complete the proof of Theorem by showing that reifyr gives an inverse to

[Ir.
Lemma 2.4.4 For all o : [+ '] we have [reifyr(0)] = 0.

Proof We proceed by induction on our reification measure (|I'|,tl(I'), hd(I')) using equa-

tions that hold in the categorical model. We perform case analysis on I'.

e IfI"'=1,A then both LHS and RHS are mappings from I into the terminal object,

hence they must be equal.



The case I' = L is impossible, as by axiom (1la) there are no maps I — L.

IfT'= L,N,A then [reify y A(0)] = [P (reify ([A] (abs)o0))] =
[A] (abs™1)o [reify | A([A]"(abs)o0)] = [A] (a bs™1)o [A]~(abs)oo = o as required.

IfT = L, P then [reify | p(0)] = [P (reifyp(A;1(0)] = Ar([reifyp(A; Ho)]) = ArAT (o) =

g.

IfT'=1,P,N,A then [reify ) p y A(0)] =[P (reify | pon a([A] (fe)oo))] =
[A]~(fe Yo [reify ) pon A([A] (fe)oo)] = [A]~(ife™!)o [A]~(Ife)oo = o as required.

IfI'=1,P,Q,A then [reify, p o A(0)] = [P¥(reify | pgo a([A]™((sym —oid)opasc=l)o
0))] = [A](pasc_, o(sym —oid))o [[reifyl’P?Q,A([[A]]’((sym —oid)opasc l)o o)) =
[A]~(pasc_., o (sym —oid)) o [A] "((sym —o id) o pasc_}) oo = o as required.

For T = M&N,A we have [reifyyren 2(0)] = [Pe(reifyys a(mrodist_ a00), reifyy A(mg0
dist_ p00))] = dist:}Ao([[reifyM’A(nlOdist_,Aoa)]], [[I’Einy,A(JTQOdiSt_,A 00)]) = dist:’le

(m1,m9)odist_ po00 = dist" L oidodist_ ACO =0.
, A ,

For I'=M ® N,A we have [reifyyon A(0)] = [Pe(reifyy y (w1 odist_ o o [A] (dec)o
o), reifyn ar.a(m2 o dist_ o o [A]"(dec) 0 0))] = [A] (dec™)o dist:’lA o ([reifypr ; alm 0
dist_ ao[A]™(dec)od)], [reifyy p a(maodist_ ao[A] "(dec)oo)]) = [A](dec™ odist_}\o
(myodist_ a0 [A] (dec)oo, mgodist_ po[A] (dec)oo) = [[A]]‘(dec_l)odist:)lA o(my,Ma)0
dist_ poo[A] " (dec)oo = [[A]]‘(dec_l)Odist:’lAOid odist_ poo[A] (dec)oo = o as required.

IfT'= M @ N,A then [reifyr(0)] = [Po(reifyy y a(0))] = [reifyy v a(0)] = 0.
If T'= M < P,A then [reifyp(0)] = [P(reifyys p ()] = [reifys p A(0)] = 0.

IfI'=Ttheno:1L— 1. But 6(L,1)=6(U — L,I — 1) =%(,I) by axiom (2).

Hence there is a unique map 1 — L and we must have o = [P].

IfT =T,P,A then [[reifyT’p’A(a)]] = [[P?(reifyT’A(ao [[A]]*(abs_l)))]] =
[reify a(o o [A]*(abs )] o [[](abs) = oo [A] *(abs ™) o [A]*(abs) = o as required.

IfT=T,N then [reify y(0)] = [PT(reifyy(_ —oid1) Hunit—to0))] =
unit_ o ([reifyy ((_ —o id 1)~ (unit™t 0 )] —o id) = unit_ o (L —id 1) (unit T o o) —o

id) = unit_s ounit"l oo = 0.

IfT=T,N,P,A then [reifyt x p o(0)] = [PF(reifyr yp aloo [A]*(fe" 1] =
[reifyt yap.alo o [A]*(Ife )] o [A]*(Ife) = o o [A] *(Ife!) o [A] *(Ife) = o as required.



e IfI'=T,N,M,A then [reifyr j 3y A(0)] = [P3(reifyt ygpra(0 0 [A]*(pasc_, o(sym —o
id))] = [reifyt yepralo o [A] (pasc_, o (sym —o id)))] o [A]"((sym —o id) o pasc”l) =
oo [A]*(pasc_, o(sym —oid)) o [A]*((sym —o id) o pasc™l) = o as required.

* If T = P; &Py, A then [reifyp op, A(0)] = [[Po1 o reifyp, »,Pagoreifyp, n\lod™ (oo
dist;\)]. Suppose d"X(g odist;'y) = inj(1), so Tom; = godist;’y. Then [[Ps;o
reifyPl,A,Peazoreifsz,A]od_l(aodist;lA)]] = [Pei(reifyp, A(1))] = [reifyp, A()]o[A]*(m;) =
Tom;odist,a=00 distjr,lA odisty A =0.

* IfI'=Py®Py, A then [reifyp op, A(0)] = [[Pg10reifyp, p, r,Pg2oreifyp, p alod Hoo
[[A]]Jr(dec_l)Odist;,lA)]]. Suppose d"}(c o [[A]]Jr(dec_l)Odist;lA) =in;(1), so Tom; =00
[[A]]Jr(dec*l)Odist;’lA.

If i = 1 then [[Psp1 oreifyp p, n,Pg2oreifyp, p alod ™ (oo [A]*(dec)odist ;)] =
[Prg1(reifyp, p, A(O)] = [reifyp, p, A(D)] o [A]*(Wk) = [reifyp, p, A(D)] o [A]* (711 0dec) =
o[ A]* (m1odec) = Tomyodist, ao[A]*(dec) = ao[A]* (dec !)odist } odist ao[A] *(dec) =
o. ,

If i =2 then [[Psp1oreifyp, p, a,Po2oreifyp, p alod (oo [A]*(dec)odist, )] =
[Peeo(reifyp, p, A(T)] = [reifyp, p, a(D)] o [A]"(wkosym) = [reifyp, p, A(T)] o [A]* (720
dec) = 7o[A]"(mgodec) = Tomgodisty a0 [A](dec) = oo [[A]]*(dec_l)Odisthodist+,A o
[A]*(dec)=o0. ’

* IfI'=P o M,A then [reifypyp A(0)] = [Po(reifyp pr a(0))] = [reifyp yr al0)] = 0.

e If I'=P <@Q,A then [reifyp g A(0)] = [P4(reifyp g A(0)] = [reifyp g a(@)] =0. 1
Lemma 2.4.5 For any analytic proof p of T we have reifyr([p]) = p.
Proof We proceed by induction on p.

¢ If p = Py then our conclusion holds since there is a unique analytic proof of I 1.

This is also true for p = P~.

* If p=P7(p’) with T' = L, P then reifyr([p]) = PI(reifyP(Al_l([[p]])) =
PI(reifyP(A;IAI[[p’]])) =P (reifyp([p']) =P (") = p.

* If p =P (p") with T = L, M, A then reify, 3, A([P7(»)])
=P (reify, A([T]"(abs)o [P (p)])
= P (reify, A([T] (abs)o [I]~(abs™1)o [p'])
=P (reify | A([p'])
= P71 (p) = p as required.



If p = P¥(p') with T' = L,P,Q,A then reify, p g A([PT(p")])

= P®(reify | ppg.a([T] (sym —oid)opasc=1)o [PT(p")])
=P¥(reify | prgg a([I] ((sym —oid)opasc=t)o [I'](pasc_, o(sym —oid))o [p']))
= Pf(reifyl,p@Q,A([[p'}])) = Pf(p') = p as required.

If p = PS(p') with T = 1,P,N,A then reify, p x A([P7(p)])
=P{(reify ) pon a([T]"(fe)o [PT(pN])
=P2(reify | pon A([T](fe)o [T](Ife o [p'])

=P (reify | pon a([P'])

=P?%(p') = p as required.

If p =Pg(p1,p2) with ' = M&N, A then reifyp([p])

= Pg(reifyp p(m1odist_ a o [p]), reifyy a(mg odist_ a o [p]))

= P&(reifyM’A(nlOdist_,AOdist:}Aoq[p1]], [p2])), reiny,A(nzodist_,AOdist:,lA0<[[p1]], [p2]))
= Pg(reifypr a([p1]), reifyy a([p2]))

=Pg&(p1,p2) =p.

If p = Pg(p1,p2) with T = M ® N, A then reify([p])

= Peg(reifyy vy a(m1odist_ a0 [A] (dec)o [p]), reifyy pra(maodist_ a0 [A](dec)o [p]))

= P®(reifyM,N,A(nlodist_,AO[[A]]‘(dec)O[[A]]‘(dec_l)Odist:’lAO([[pl]], [p2])),reifyn pr a(moo
dist_ s o [A]"(dec)o [A]"(dec™Hodist=}y o ([p1], [p2]))

= Pg(reifyyr a([p1]); reifyy a([p2]))

=Ps(p1,p2) =p.

If p=P7(p) and T = T, N then reifyp([p]) = P (reifyx(_ —o id )" L(unit=t o [p]))) =
P (reify (L —oid )" L(unit=% o unit_, o ([p'] —o id)))) = P7(reifyy (L —oid 1)~ X([p] —o
id))) = P (reifyy [p']) = P7(p") = p.

If p = P¥(p") then reifyr p A([PF(p")]) = PE(reifyr A([PF(p")] 0 [A]*@@bs™ 1)) =
PT(reifyr A([p'] o [A]*(abs) o [A]*(abs™1y) = Pi(reifyr A([p'])) = P3(p") = p as re-
quired.

If p = P3(p") then reify y p A([PT(p")]) = PF(reify+ yop A ([PF(p)] o [A] *(Ife ™)) =
P (reifyr yapa([p'] o [A]*(fe) o [A]* (fe™) = PR(reifyT yap a([p']) = PR(P) = p
as required.

If p = P2(p") then reifyr y 3y A([P3(0)]) = P (reifyt yopra([PF(0"] o [A]*(pasc_. o
(sym —o id)))) = PS(reifyt nopra([p] o [A] " (pasc_, o (sym —o id)) o [A]*((sym —o id) o
pasc_}))) = P2(reifyr naya([p']) = P2(p") = p as required.

If p = Pgi(p) with T = P1 & Py, A then reify([p]) = reifyp([p'] o [A]* (7)) = [Po1 0
reifyp, A,Pez20 reifsz,A]Od‘l([[p’]] o [[A}]*(ni)Odist;}A) =[Pg1oreifyp a,Pagoreifyp, plo



d"([p'Jom;) =[Psyoreifyp, a,Pagoreifyp, Alod 1 (d(in;([p'])) = [Ps1ioreifyp, 4,Peg0
reifyp, Aloin;([p']) = Pe;oreifyp. A([p']) = Pei(p’) = p as required.

e If p = Pig1(p’) with T = P1’9Ps, A then reifyp([p]) = reifyp([p'] o [A] T (wk)) = [Prg1 0
reifyp, p, a,Pg2oreifyp, p, alod ™ ([p']o [A]* (wk)o [A]*(dec V) odist ) =
[Prg1oreifyp, p, as P>92°reifYP2,P1,A]°d_1([[p']]o[[A]]+(n1)°di5t;}A) =[Pg1oreifyp, p, a,Pr20
reifyp, p, Alod ™1 ([p'] o 1) = [Py oreifyp, p, a,Pg2oreifyp, p, alod (d(ini([p'])) =
Pe1(reifyp, p, A([p'])) = P51(p) = p as required.

o If p = Pyo(p) with T = P1’9Pg, A then reifyp([p]) = reifyr([p'] o [A] T (wk o sym)) =
[Prs1oreifyp, p, a,Proreifyp, p, alod ™ ([p]o[A] " (wkosym)o[A] *(dec™Hodist, ;) =
[P1oreifyp, p, a,Przoreifyp, p, aled ™ ([p'Jo[A]* (m2)odist, ) = [Pr1oreifyp, p, 1, P20
reifyp, p, alod  ([p'] o m2) = [Py oreifyp, p, 5, Pr2oreifyp, p alod ™ (d(ina([p']) =
Pa(reifyp, p A([p'])) = P52(p’) = p as required.

* Finally, if p = Po(p’) then reify([Po(p)]) = Po(reify([p'])) = Po(p') = p. If p = P4(p)
then reify([P4(p")]) = P4 (reify([p'])) = P«(p’) = p as required. ||

This completes the proof of Theorem This theorem yields the following conse-

quences:

Corollary 2.4.6 In any complete WS-category, morphisms €([M],[N]) correspond bi-
Jjectively to analytic proofs of - N,M* .

Proof Such morphisms correspond to €(I,[M] — [N]) =6, [N,M*]). |}

Corollary 2.4.7 For each proof p T, there is a unique analytic proof p' +T with [p'] =

[p]- Thus, all non-core proof rules are admissible.

Proof Let p T be a proof. We can construct the proof p’ = reify([p]) I using only the
core rules. By Theorem p’ is the unique analytic proof with [p'] =[p]. |

Remark The model of WS in % is equivalence complete [55] — each arrow on a type
object is the denotation of a unique proof, and each object in the model is isomorphic to

a type object (each finite tree of plays can be constructed using the lifts and additives).

2.5 Cut Elimination

We have shown that the non-core rules are admissible via a reduction-free evaluation
with respect to a particular complete WS-category. However we do not know that such a
procedure is sound with respect to any other WS-category. We will address this here in

the case of cut elimination, by defining a corresponding syntactic procedure.



2.5.1 Cut Elimination Procedure

We describe a syntactic procedure to transform an analytic proof of - A,I', N+ and an
analytic proof of = N, P into an analytic proof of - A,T",P. This is a special case of P,
with A" a single formula P and I'; empty. We proceed by induction. The interesting cases
are the lifts: if A,T = 1,Q then - 1,Q, N+ must have been concluded from - Q 9N, i.e.
FQ,Nt or - Nt Q. In the first case we can apply the inductive hypothesis, but in the
second case we cannot. We need an auxiliary procedure cutg which turns analytic proofs
of H N1,@ and N, P into a analytic proof of - @ 9P (from which we can deduce - L,Q,P
as required). If we think of this procedure as a representation of strategy composition,
this corresponds to the situation when some player is set to play in N next and so the
next observable move could be in @ or P.

In order to do define cut and cutg, we require further auxiliary procedures:

* A procedure symP’® mapping analytic proofs of - P’2Q,I" to analytic proofs of
QP,I'. All proofs of - P2Q,I’ must end with P17 or Pga. Set symP@(Px1(p)) =
Poa(p) and symP’@(Psa(p)) = Po1(p).

¢ A procedure wkp which takes a proof of - I" and produces a proof of -T',P.

* A procedure remg which takes a proof of - I',0 and produces a proof of -I'. From
it we define the procedure unP’$0 taking a proof of - 0’9P and yielding a proof of
F P defined by unP20(P-s2(p)) = remg(p) (noting that there are no proofs of - 0,P
and hence the argument must be of the form P.o1(p)).

The procedures can be defined using usual diagrammatic notation. For brevity, we
only give this exposition for some representative cases, as given in Figures and
The full procedures are defined using a term notation based on the names of the core
proof rules in Figures [2-10] 2-11] [2-12| and [2-13]

Examination of the tensor case shows that the right premise is duplicated at a single

step, and so elimination of a cut in WS can take exponential time in the worst case.
A machine-checkable Agda script is available at [[18] which formally shows that all

cases have been covered.

Termination

We need to justify termination of cut and cuta. In almost all cases, the inductive call is
structurally smaller (i.e. it is called on a subproof of the original proof). The exception is
in the case of cut(P}(y),g), where the inductive call occurs on wko(y). The issue is that
wko(y) is not a structurally smaller proof than P (y). However, we can define a measure

which strictly decreases.



Figure 2-8: Diagram notation for cut elimination

+M,L T Nt +FL,M,T,Nt

. FMeL,I,Nt- +N,P
cu FM®L,T,P
. FM,LT Nt FN,P . FL,M,T,Nt FN,P
cu -M,L,T,P cu FL,M,T,P
FM&L,T,P
QI[N+ ut FQ,I, N\ FN,P
u
, FQeRIN' _rNP = _FQLP
cu FQeR,I,P FQeR,I,P
FQ,N* FQ,N:t FN,P
QN cut FQ.P
F1,Q9eN+ - FQwP
F1,Q Nt N,P FL1,Q%P
cut FJ_,Q,P |—J_,Q,P
FNL,Q
1
FQ@eNt cuty FN7.Q -N.P
L N+ - _FQwP
L?l - 1,Q%P
e FLQN FN,P F10P

FL1,Q,P




Figure 2-9: Diagram notation for elimination of cuty

FT,MeLT FLMYgL-THP
FT,M,LT FLMMLLATLP —  cut

FL MboL- TL P FT,MeL,T

cut - 1 P
? FNLgP N
+P T wk ——£ P
FL,P FT,P — FP,N*
cuty —
FNbLgP FN©®P
FM,Nt Mt P
FM<N* FMbepP ut ML P FM,Nt
FT,MaN-  F 1, MigP — 2 - PeN-t
sympy ————
cut FT,M,N+t F1,M*%,P FNLgoP
? FNbL9P
FML LT P
FM,LT e FM,LT  FMLLLTLP
FMoLT  +MLt<aLlTLP — cuty -
cutg T NP
NP
Figure 2-10: Cut Elimination Procedure for Core Rules (wkp :-T —+T',P)
wkp(P1) = P wkp(Po(p)) = Po(wkp(p))
wkp(P4(p) = Palwkp(p)) wkp(Pg(p,q)) = Pg(wkp(p),wkp(q))
wkp(Po1(p) = Pei(wkp(p)) wkp(Pgo(p) = Pyalwkp(p))
wkp(Pg(p,q)) = Pglwkp(p),wkp(q))  wkp(Pe1(p) = Pgi(wkp(p))
wkp(Pe2(p) = Paa(wkp(p)) wkp(P(p) = P (wkp(p))
wkp(PT(p) = PE(PT(Psilwkp(p))) wkp(P¥(p) = P¥(wkp(p)
wkp(P?(p) = P%(wkp(p)) wkp(P7(p)) = PF(PT(P4(wkp(p)))
wkp(P7) = P*(P7) wkp(PX(p) = Pi(wkp(p))
wkp(P3(p) = P3(wkp(p)) wkp(PT(p) = PT(wkp(p))

Figure 2-11: Cut Elimination Procedure for Core Rules (rem0Q:-1,0 —+T')

remo(P1) = P remo(Po(p)) = Polremp(p))
remo(P 4(p) = P4(remy(p)) remo(Ps(p,q)) = Pglremy(p),remo(q))
remo(P1(p) = Pyi(remo(p)) remo(Pga(p) = Pialremo(p))
remo(Pg(p,q)) = Pg(remo(p),remo(q)) remo(Ps1(p) = Pai(remo(p))
remo(Pg2(p) = Pga(remo(p)) remo(P (p) = P (remo(p))
remo(PI( p)) never happens remo(P7(p)) never happens
remo(P?(p) = P%(remo(p)) remo(P3(p) = P3(remo(p))
remo(P¥(PT(P51(p))) = P (remo(p)) remo(P¥(p)) = P¥(remo(p))
remo(P3(P1)) = Pt remo(P3(p) = PI(remo(p))
remo(PF(PZ(P4(p)))) = PI(remo(p)) remo(PI(p)) = PI(remo(p))




Figure 2-12: Cut Elimination Procedure for Core Rules (cut)

A T cut:-AT,N'xFN,P — FA,LP

1 cut(Pq,9) = P1

1 € cut(P7(y),8) = P7(unP20(cuta(wko(y),£)))

L Q cut(P¥(PT(Ps1(»),8) = PT(PT(Pw1(cut(y,g))

L Q cut(PY(PT(Pg2(),8) = PT(Pt(cuta(y,))

1 Q.R,I" cut(P?(y),g) = P%(cut(y,g)

1 Q.M,T" cut(P{(y),g) = P%(cut(y,g))

1 N, T’ cut(P7(3),8) = Pj(cut(y,g))

T € cut(P(P),8) = PI(P7)

T M cut(PF(PT(P4(»)),g) = PF(PT(P4(cut(y,g)))

T M,Q,I" cut(P7(y),8) = PF(cut(y,g)

T M,L,T"  cut(P3(y),8) = P3(cut(y,g))

T RJT cut(Pi(y),8) = Pi(cut(y,g))

_®_ cut(Pe(v,5),8) = Pg(cut(y,g),cut(y’,g))

-3 cut(P1(y),8) = Pygi(cut(y,g))

-3 cut(P1(y),8) = Pxalcut(y,g))

_o_ cut(Po(y),8) = Pelcut(y,g))

< cut(P4(y),8) = P4(cut(y,g))

& cut(Pg1(y),8) = Pgilcut(y,g)

_e_ cut(Pg2(y),8) = Pgalcut(y,g))

& cut(Pg(y,v"),8) = Pglcut(y,g),cut(y’,g))
Figure 2-13: Cut Elimination Procedure for Core Rules (cutg)

Q T cuty:FQ,T,Ntx @I, Tt P — FNbtoP

T € cuta(PT(P1),PT(y") = Poa(wkye(y')

T M cutz(PF(PT(Poy(PT (PT(P51(y)) = symP(cuta(y',y)

T M cuta(PT(PL(PayMPPT(PT(Pg2(y)) = Pgalcut(y’,y)

T MLT cuta(P(y),PT() = cuta(y,y")

T  MRT cuts(P7(y),Po(") = cuta(y,y")

T RT cuta(PE(y), P7(5)) = cuta(y,y")

e cute(Ps1(y1),Pe(y2,¥3)) = cuta(y1,y2)

9 cutg(P@2(y1),P®(y2,y3)) = cuta(y1,¥3)

. cuta(P4(y1),Po(y2)) = cuta(y1,y2)

_o_ cuta(Po(y1), Po(y2)) = cutay1,y2)

_®_ cuta(Pe1(y1), Pe(y2, ¥3)) = cuta(y1,y2)

_®_ cuta(Pe2(y1),Pe(ye, y3)) = cuta(y1,y3)




Call a rule a lift if it is P] or P7. By inspection, wko(y) contains precisely the same
number of lifts as y. We can see that each of the recursive calls in cut and cute are
to a structurally smaller argument, or an argument with a strictly smaller number of
lifts. Since if p is structurally smaller than ¢ it contains no more lifts, we can see that
cut/cuty terminates by defining it inductively on the lexicographical ordering (I/(p),|p!)
where [(p) is the number of lifts in p and |p] is the size of p.

2.5.2 Soundness

Despite the fact that we are emulating the mechanics of strategy composition in WS,
we can show that the procedure is sound with respect to any WS-category. This proof
is included here for completeness, but is tedious and routine. The reader may wish to
move on to Section

First, we show that some equations hold in any WS-category, and then go on to prove

soundness of wkp, remg, cut and cuts.
Proposition 2.5.1 In any WS-category, the following equations hold:
1. pasc_,oAj(f)=Ar(Af)
2. unitj = pasc_, o (lunitg —o id).
3. unit_,o(Arf —id)olfe=app,o(idof)
4. abs=unity o (id @ af)
5. absowko(f ® g) = f orunitg o (id ® af).
6. (((af —oid) o unit=!) —oid) o Ife = unit, o (id @ af)
7. Ifea rounity! = (unit_, —oid)
8. absy = unit,
Proof 1. pasc_,oAj(f)
= A(A(appoassoc))o As(f)
= A(A(appoassoc)o(A(f orunitg) ®id))
= A(A(appoassoco((A(f orunitg) ®id) ® id)))
= A(A(appo (A(f orunitg) ® id) o assoc))
= A(A(f orunitg 0 assoc))
= A(A(f o (id ® runitg)))

= A(A(f) orunitg)
= Ar(Af) as required.



2. pasc_,o(lunitg —oid)
= A(A(appoassoc))o(lunitg —oid)
= A(A(appoassoco (((lunitg —id) ® id) ® id)))
= A(A(appo((lunitg — id) ® id) o assoc))
= A(A(appo(A(appo(id ® lunitg)) ® id) o assoc))
= A(A(appo(id ® lunitg) 0 assoc))
= A(A(appo(runitg ®id)))
= A(A(app) o runitg)

= A(runitg) = unit~! as required.

3. unit_,o(A7(f) —id)olfe
= unit_, o(A(f) —oid) o A(app, o (id @ app) o pasc ™! owk)
= unit_, o A(app, o (id @ app) o pasc ! owk o (id ® Af(f))
= unit_, o A(app; o (id @ app) o pasc™! o (id @ A7(f)) o wk)
= unit_, o A(app, o(id @ app) o (id @ (id ® A7(f))) o pasc ! o wk)
= unit_, o A(app, o (id @ (appo(id ® A7(f)))) o pasc™! owk)
= unit_, o A(app; o (id @ (f o runitg)) o pasc ™t owk)
= unit_ o A(appg o (id @ f)orunite)
= unit_, o A(app, orunitg o ((id @ f) ®id))
= unit_ o A(appg o runitg)o(id @ f)
= unit_ o A(runitg o (app, ® id))o(id @ f)
= unit_ o A(runitg)cappgo(id@ f)
=unit_.o unitj oappge(idef)
=app,o(id @ f) as required.

4. abs
= unit_ o (A(runitg o (id® af)) —id) o IfeO(unitj 2id)
= unit_o(A(runitgo(id®af)) —o id)oA(appso(id®app)o(id®sym)opasc_1owk)o(unitj@
id)
= unitﬂOA(appso(id®app)o(id®sym)opasc_lowko(id®A(runit®o(id®af))))o(unitj®id)
= unit_, o A(app;o(id@apposym)o pasc_1 o(id@ A(runitgo(id® af)))owk)O(unitj oid)
= unit_, o A(app,o(id@apposymo(id ® A(runitg o(id ® af))))o pasc™! owk)o(unit_! @id)
= unit_ o A(appo(id@appo(A(runitgo(id®af))® id)osym)Opasc_1 owk)O(unitj oid)
= unit_, o A(app, o (id @ runitg o (id ® af) osym) o pasc_1 owk)o (unit:cl) 2id)
= unit_ o A(app, o (id @ runitg osymo(af ® id)) o pasc_1 owk)o (unitj 2id)
= unit_, o A(app, o (id @ lunitg o (af ® id)) o pasc™! owk)o (unit_! @id)
= unit_ o A(appgowko (unite ® id)o((id@ af) ® id))O(unitj 2id)
= unit_, o A(app) o unity o (id @ af) o (unit~! @ id)



= unit_, ounit, o (id @ af) o (unit_! @id)
= unit_, o unit, o (unit_! @id) o (id @ af)
=unit_,o unit;l, ounity o (id @ af)

= unity, o (id @ af) as required.

5. absowko(f ® g) = unityo(id@af)owko(f ® g) = unity owko(f ®afog) = runitgo(f ®af) =
f orunitg o (id ® af).

6. (((af —oid)ounit™l) —id)olfe
= A(app, o(id @ app)o(id @ sym)o pasc_1 owko(id® ((af —id)o unitj)))
= A(app; o (id @ app) o (id @ sym) o pasc L o (id @ ((af —o id) o unit~1)) o wk)
= A(appg o (id @ app) o (id @ sym)o(id @ (id ® ((af —id)o unitj)))o pasc!owk)
= A(app;o(id@app)o(ida(((af —id))®id))o(id @sym)o(id @(id®unitj))0pasc‘1owk)
= A(app,o(ideapp)o(ida(A(appo(id®af))®id))o(id@sym)o(id@(id®unit~1))opasc~Lowk)
= A(app;o(id @ (appo(id®af)))o(id @sym)o(id o (id® unit~1))o pasc™ 1 owk)
= A(app;o(id @ (appo(id®af)osymo(id® unit=1))) o pasc™ owk)
= A(appgo(id @ (appo(id® af) o (unit_! ® id) osym)) o pasc™! owk)
= A(app;o(ido (appo (unit=! ®id) o (id ® af) o sym)) o pasc™ L o wk)
= A(app, o (id @ (app o (A(runitg) ® id) o (id ® af) o sym)) o pasc 1 o wk)
= A(app; o (id @ (runitg o (id ® af) osym)) o pasc ! owk)
= A(app, o ((unity o (id @ af)) @ id) o wk)
= A(apps o wk o ((unite o (id @ af)) ® id))
= A(app; owk) o unite o (id @ af)
= A(app)o unity o (id @ af)

= unity, o (id @ af) as required.

7. IfeA,Iounit;1 = (unit_, —o id). We show that (unit~! —o id)olfe = unit,. Well (unit_} —
id)olfe
= (unit_} —id)o A(appg o(id @ app) o (id @ sym) o pasc ™t owk)
= A(app, o (id @ app) o (id @ sym) o pasc ! owk o (id ® unit=1))
= A(app; o (id @ app) o (id @ sym) o pasc L o (id @ unit 1) o wk)
= A(app,;o(id @ app)o(id@osym)o(id @ (id® unit=1)) o pasc! owk)
= A(app;o(id@app)o(id@ (unit_! ®id)) o (id @ sym) o pasc™! owk)
= A(app, o (id @ app o (A(runitg) ® id)) o (id @ sym) o pasc_1 owk)
= A(app, o (id @ runitg) o (id @ sym) o pasc 1 o wk)
= A(app, o (unitp, @ id) o wk)
= A(app; owko(unity ®id))
= A(app; owk) o unite
= As(appg)ounite



= Ag(A;1(id)) o unit,
=ido Unit@

= unity, as required.

8. abs; = unit,. Well absy = unit_,o(dist’, = —o id)olfes so(unit=l @id) = unit_,o(dist’ , = —o
id)o(unit_, —o id)ounite o(unit~! @id) = unit_, o(dist®, ~* —o id)o(unit_ —o id)ounit~lo
unity = unit%O(unitﬂOdistOﬂ_1 —o id)ounitjounit@ = unitwOidounitjounit@ = unite
using the fact that (dist®,); = unit_, since both sides are maps into the terminal ob-
ject. 1

Proposition 2.5.2 If p is a proof of = A,T then in any WS-category [remo(p)] = unit_ o
[p] if A is negative and [p] ounit,! if A is positive.

Proof Induction on p. First, we consider the cases where A is negative:

e If p = Py then [remo(p)] = [P1] = unit_ o [P1] as the codomain is the terminal
object.

o If p =P (p') then [remo(p)] = [P (remo(p")] = [I]~(abs™!)o[remo(p")] = [I]~(abs™)o
unit_oo[p] = unit_,o[T,0] (abs™!)o[p'] = unit_.o[p]. The second case of p = P¥(p")

and the case of P7(p’) are similar, replacing abs™! for the appropriate morphism.

¢ For the first case of Pf(p’), when I' = 1,P we have [[remo(Pf(PI(ngl(p))))]] =
[Pt(remo(p))] = Ar([p] o unit,'). We need to show that this is equal to unit_o
[PT(P*(Ps1(p))] = unit_sopasc_,o(sym —o id)o A7([p]owk) = unit_,opasc_,o(sym —o
id)o(wk —oid)o A7([p]) = (unit;t —oid)o A7([p]) = Ar([p] o unit,!) as required.

* If p=Pg(p1,p2) then [remo(p)] = [Pe(remo(p1),remo(p2))] =
dist:}r0<[[rem0(p1)]], [remo(p2)]) = dist:,lFO(unitH,O[[pl]], unit_copa]) = dist:,lFO(unitﬂ x
unit)o([p1], [p2]) = dist_} o unit_ o dist =3 o ([p1], [p2]) = unit— o (id —o dist})o

dist o ([p1], [p2]) = unit%Odist:,lr,OO([[pl]], [p2]) = unit_so[Pg(p1,p2)] as required.

* The case of p = Pg(p1,p2) is similar. If p = Pg(p1,p2) then [remg(p)] =
[Pe(remo(p1),remo(p2))] = [I']~(dec) o dist_ - o ([remo(p1)], [remo(p2)]) = [I]~(dec)o
dist:}FO(unit_OO[[pl]],unit_OO[[pz}]) = [[F]]’(dec)Odist:’lFO(unit_oxunit_o)O([[pl]], [p2]) =
[T~ (dec) o dist . o unit o dist"1 o ([p1], [p2]) = [I]"(dec) o unit o (id —o dist~})o
dist"1 o ([p1], [p2]) = unit o o(id — [I]~(dec)) o (id — dist_}) odistL o ([p1], [p2]) =
unit_ o [T,0] (dec) Odist:}r,0 o([pi],[p2]) = unit_o[Ps(p1,p2)] as required.

e If A is negative and p = Po(p’) then [remo(p)] = [Po(remo(p')] = [remo(p”)] =
unit_ o [p'] = unit_. o [Po(p)] = unit_ o [p]. The case for P4(p) is similar.



We next consider the cases where A is positive:

* In the case of p = PX(Pt), then [remo(p)] = [P7] = id, = absounit,’ = [PX(P1)]o
unit;)1 using abs; = unity, from Propositionm

* In the second case of p = P7(p') then [remo(P7.(p"))] = [remo(p")] o [T, P]*(abs) =
[p']ounit,*o([T]*(abs)@id) = [p']o[T,0] *(abs)ounit,* = [PE(p")]ounit," as required.
The second case for cases for P? and the case of P$ are similar, replacing abs by

the appropriate morphism.

* In the case of p = PF(P7(P4(p")) we have [remo(p)] = [P7(remo(p))] = unit o
([remo(p")] —oid) = unit_ o (unit_ o [p'] — id) = unit_ o ([p'] — id) o (unit_, —oid) =
unit_oo([p'] —o id)olfeounit,! = [p]ounit,! using the fact that Ifeounit,! = (unit_, —o
id) from Proposition [2.5.1]

* If p = Pq;(p’) then [remo(p)] = [Pei(remo(p’)] = [remo(p")] o[I]* (i) = [p']ounit, o
[T]* ) =[p'] o [T,0]* (n;) ounity! = [p] ounit,! as required.

* The case for p = Px;(p’) is simpler, replacing 71 for wk and 7o for wk o sym.

e If A is positive and p = P(p’) then [remq(p)] = [P<(remo(p)] = [remo(p")] = [p'] ©

unit;! = [p] ounit;! as required. The case for Po(p’) is similar. ||
Proposition 2.5.3 [unP90(p)] = [p] o lunit;?

Proof We show that [unP’90] o lunitg = [p]. We must have p = Pga(p’) and the LHS
is [unP20(Pxga(p))] o lunitg = [remo(p”)] o lunitg = [p'] o unit;* o lunitg = [p'] owk osym =
[Pgao(p)] as required. ||

Proposition 2.5.4 If p is a proof of - A,T then in any WS-category [wkp(p)] = [P}, (p)].
(This is (af —oid)ounit™1 o [p] if A is negative and [p] o unit, o (id @ af) if A is positive.)

Proof Induction on p. We first consider the cases where A is negative:

 If p = Py then [wkp(p)] = [P1] = (af —o id)ounit! o [P1] as the codomain is the

terminal object.

o If p = P7(p') then [wkp(p)] = [P (wkp(p")] = [T,P]~(abs™1) o [wkp(p")] = (id —o
[T]~(abs™1)) o [wkp(p")] = (id — [I']~(abs™1)) o (af —o id) o unit=2 o [p'] = (af —o id)o
(id — [T]~(abs 1)) o unit= o [p'] = (af —o id)ounit=L o [I]~(abs 1) o [p] = (af —oid)o
unit"lo [P (p")] as required. The case of p = Pf(p’) and P?(p’) are similar, replac-
ing abs™! by the appropriate morphism.



e If p =P (p') then [wkp(p)] = HPE(PI(P@l(WkP(p/))))]] = pasc_,o(sym — id)oAr([p']e
unite o (id @ af) owk) = pasc_,, o ((unite o (id @ af) owk o sym) —o id) o Af([p']) = pasc_, o
((unity owk o symo (af ® id) —o id) o A7([p’]) = pasc_, o (af ® id —o id) o (lunity —o id) o
Ar([p']) = (af —oid)o pasc_, o (lunitg —o id)o A7([p']) = (af —o id)ounit™2 o Af([p']) =

(af —oid)ounit™l o [p] as required.

* If p = Pg(p1,p2) then [wkp(p)] = [Pe(wkp(p1),wkp(p2))] =
dist_} po([wkp(p1)], [wkp(p2)]) = dist_}. po((af —id)ounit—lo[p1],(af —o id)ounit_lo
[p2]) = dist:’lr’PO(((af —oid)ounit=1)x((af —o id)ounit=1))o([p1], [p2]) = (id —o dist:)lr)o
dist"1 o (((af —o id)ounit™}) x ((af — id)ounit™1))o([p1], [p2]) = (id — dist_T) o ((af —
id) o unit™}) o ([p1], [p2]) = (af —o id) o (id —o dist:}r)o unit=t o ([p1], [p2]) = (af —o
id) o unit~} Odist:,lr o{[p1], [p2]) = (af —oid)ounit~l o [p] as required.

* The case of p = Pg(p1,p2) is similar. If p = Pg(p1,p2) then [wkp(p)] =

[Pe(wkp(p1),wkp(p2))] = [[F,P]]_(dec)Odist:’lF’P o([wkp(p1)], [wkp(p2)]) =

[T, P]~(dec)odist_}. po((af — id)ounit=to[p1], (af —id)ounit=lo[ps]) = [I',P](dec)o
dist_} po((af —oid)ounit™}) x ((af — id)ounit=1)) o ([p1], [p2]) = [T, P]~(dec)o(id —
dist_)edist "} o((af — id)ounit™}) x ((af — id)ounit™})o([p1], [p2]) = [, P]~(dec)o
(id —o dist:’lr)o((af —o id)ounitj)O([[pl]], [p2]) = [T, P]~(dec)o(af —oid)o(id —o dist:}r)o
unit"t o ([p1], [p2]) = [T',P] (dec) o (af — id) o unit} odist_} o ([p1], [p2]) = (id —
[T](dec)) o (af —o id) o unit™ odist_}. o ([p1], [p2]) = (af —o id) o (id —o [T] (dec))o
unit"! Odist:’lr o{[p1],[p2]) = (af —o id) o unit~} 00[[1“]]_(dec)0dist:’1F o([pi],[p2]) =
(af —oid)ounit™l o [p] as required.

e If A is negative and p = P,(p’) then [wkp(p)] = [Po(wkp(p"))] = [wkp(p")] = (af —o
id)ounit™l o [p'] = (af —oid)ounit=l o [Po(p")] = (af —o id)ounit=2 o [p]. The case for

P 4(p) is similar.

We next consider the cases where A is positive:

 If p = Py then [wkp(P1)] = [PT(P1)] = abs = unit, o (id @ af) by Proposition m
This is [Pt] o unit, o (id @ af) as required.

* If p = P1(p') then [wkp(P$(p")] = [wkp(p")] o [I',P]*(abs) = [p'] o unite o (id @ af) o
([T]*(abs)@id) = [p']o[I']*(abs)ounitgo(id@af) = [P (p")]ounity o(id@af) as required.

The cases for P$ and P are similar, replacing abs by the appropriate morphism.

* If p = P7(p") then [wkp(p)] = [P (PT(P<(wkp(p"))] = unit_, o ((af — id)ounit=o
[p']) —id)olfe = unit_, o ([p'] —o id) o (((af —o id) o unit=l) —oid)olfe = unit_, o ([p'] —o
id) o unit,, o (id @ af) by Proposition [2.5.1] This is [p] o unite o (id @ af) as required.



e If p =Pgsi(p’) then [wkp(p)] = [Pei(wkp(p")] = [wkp(p")]o[[,P]"(x;) = [p']ounityo
(id @ af) o ([I']*(7r;) @id) = [p'] o [I] " (7;) o unite o (id @ af) = [p] o unite o (id @ af) as

required.
* The case for p = Pr;(p’) is simpler, replacing 71 for wk and ¢ for wk osym.

e If A is positive and p = P4(p') then [wkp(p)] = [P«(wkp(p)] = [wkp(p)] = [p'] °
unity o(id @ af) = [p] ounit, o(id @ af) as required. The case for Py (p’) is similar. |

We can now show the main result of this section, i.e. that [cut(p1,p2)] = [Pcut(p1,p2)]-

Proposition 2.5.5 In any WS-category, if p1 is a proof of = A, T, N+ and ps is a proof of
FN,R then [cut(p1,p2)] = [Pcut(p1,p2)]. That is,

* [cut(p1,p2)] = Ar(A Y ([p1]) o A7 ([p2])) if A is negative.
* [cut(p1,p2)] = [p1] o(id@ A7 [p2]) if A is positive.

* [cuta(p1,p2)] = [p1] owkosymo(id @ A7 [pa]).

Proof We show these three facts by simultaneous induction, following the cases defined
in the definition of cut and cuts.
We first show that [cut(p1, p2)] = Ar(A; ([p1]) o A7 ([p2])) if A is negative.

¢ If A =1 then the hom-set in question is singleton, since the codomain is isomor-
phic to the terminal object, hence any two elements of this hom set are equal, in
particular [cut(Py,pg)] = AI(AEI([[Pﬂ])OA;l([[pz]]))-

* If A=_1 and T = ¢ then [cut(P{(p),h)]
= [P} (unP®0(cutz(wko(p), h))]
= Ar([cuta(wko(p), A)] o lunitz1) by Proposition [2.5.3]
= A7(Jwko(p)] owkosymo(id ® A;l([[h]])o lunitz1) by Propositionm
= A7([p] o unity o(id @ afg) owk o symo(id ® Al‘l([[h]]) o Iunitgl)
= A7([p] ounity oidowkosymolunitg!o A;l([[h]]))
= Ar([p] o A7H[A])
= Ar(ATHAL([p]) o AR
= Ar(ATH[PT ()] o A H([R])) as required.

* IfA=1andT =P,Q,I" then [cut(P%(p), )]
= [P¥(cut(p,h))]
= [[I‘,R]]_(pascj o(sym —oid))o [cut(p,h)]



= [, R]~(pasc_to(sym —oid))o Ar(A; ' [p] o A7 [R])

= (id —o [T']~(pasc= o (sym —oid))) o AI(Afl[[p]] o AI—1 [2])
= A7([T] " (pasc=to(sym —oid) o A7 [p] o A7 [R])

= Ar(A71((id —o [T (pasc=2 o(sym —o id))) o [p]) o A7 [])
= Ar(A7H([T, N+~ (pasc=t o (sym —oid)) o [p]) o A7 [A])

= Ar(A;H[P% ()] o A7 [R]) as required.

If A=1 and I' = P,M,I’ then the proof is entirely similar, replacing Ife™! for

pasc_Lo(sym —oid).

If A=1 and I' = M,T then the proof is entirely similar, replacing Ife™! for the

isomorphism abs.

If A=1 and I'=P then [cut(P®(PT(P51(3)),8)]

= [P¥(P* (Pg1(cut(y,&)))]

= pasc_L o(sym —oid)o A7([y] o (id @ A7 [g]) o wk)

=pasc o Ar([y]o(id @ A7 [g]) owkosym)

= A7(A([y] o(id @ A7 [g]) o wk o sym)) using Propositionm
= A7 A([y] owkosymo (A;l[[g]] ®id))

= Ar(A([y] owkosym)o A7 [g])

= Ar(A; T ATA([y] owkosym)o A7 [g])

= AI(Afl(pascj o Ar([y] owkosym))o AI_1 [g]) using Proposition
= Ar(A; Y (pascZlo(sym —oid) o Af([y] owk)) o A7 [g])

= Ar(A; [P (PT (Ps1(y))] o A7 [g]) as required.

Similarly, [cut(PT (Pt (Ps2(y), )]

= [P (Pt (cuta(y,g))]

= pasc_! o(sym —oid)o A7([y] owkosymo(id® A7 [g])

= pasc_lo(sym —oid)o A([y] oka(Al’l[[g]] ®id)osym)
=pasc_lo Ar([y] owko(Al_l[[g]] ®id) osymosym)

=pasc_lo A7([y] oka(Al_l[[g]] ®id))

= ArA([y] owko(A;![g] ®id)) using Propositionm

= Ar(A([y] owk) o A7H([g])

= Ar(AFIATA([y] owk) o ATL([g]))

= AI(AI_I(pascj o Ar([y] owk)o A;l([[g]])) using Propositionm
= AI(AI‘I(pascj o Ar([y] owkosymosym)o A;l([[g]]))

= AI(AI_I(pascj o(sym —oid)o Az([y] owkosym)o Al_l([[g]]))
= Af(ATH([PE (P (Pg2(y]) o A7 ([g])) as required.

If A= M&N then [cut(Pg(pq,pp),8)] = [Pelcut(pqg,8),cut(pp, 2))]



=dist_ - p o ([cut(pa, @], [cut(ps, D))

=dist_} g o (Ar(A; [pa] o A7 €D, Ar(AT [pb] o AT [8])

=dist_}. o (id —omy,id —o m3) 0 Ar¢A7* [pa] 0 A7 €], A7 [po] o A7 [g])
= dist:’lr’R o(id —o mq,id —o 79) oAI(AI_I[[pa]],Afl[[pb]]) oAl‘l[[g]]

= dist:’lr,R o(id —o 71,id —o 719) o (id —o <A;1[[pa]]’A;1[[pb]]>)OAIAI_IHg]]

= dist_} g o (id —o 71,id —o m9) 0 (id — (A7 [pa], A7 [p5])) o [£]

= (id — dist_ 1) o (id — (A7 [pa], A7 [p6]) 0[]

= (id —dist_}) o (A7 [pal, A7 o] o [&]

= (id — dist_1) o (A7 [pal, A7 [po]) 0 AT AT 8]

= A(dist_T oA [pal, A7 [ps]) 0 A7 8]

= Az(dist_ o A7 A(AT [pa], A7 [ps]0 0 AL [g])

= Af(A7Y((d —dist=}) o Af<AT [pa], A7 o] o A7 [g])

= AI(AI‘I(dist:’lr,N o (id —o 7r1,id —o mg) o Af(AT [pa], A7 [P6]N 0 A7 ]
= Ar(ATMdistZ Ty o (ATAT [pal, ATAT [P ])) 0 A7 [g])

= Ar(A;Mdist 1y o ([pall, [ps])) o A7 [2])

= Ar(A; [Pg(pa, pp)] o A7 [g]) as required.

* If A = MoN then [cut(Po(p),8)] = [Polcut(p,g))] = [cut(p,g)] = Ar(A; [p]oA; [g]) =
Ar(A;H[Po(p)] o A7 [g]) as required.

e If A = M<P then [cut(P4(p),g)] = [P«(cut(p,g))] = [cut(p,g)] = AI(AI_I[[p]]oAI_I[[g]]) =
Ar(AF[Po(p)] o A7 [g]) as required.

* If A=M®N then [cut(Pe(pg,ps),8)] = [Pelcut(py,g),cut(py, g))]
= [[F,R]]‘(dec_l)Odist:’lr,R o([cut(pq,8),cut(pp,8))
= [, R]"(dec™Hedist_}. p o (Ar(A} [pa] o A7 []), Ar(AT [ps] o AT [E]))
= [, R]~(dec™Hedist . potid —o m1,id —o ma)o A (A7 [pa]o AT [g], A7 [Po]o AT [8])
= [T, R]"(dec Yedist_}. o (id —o m1,id —o w2y o Ar(A7 [pal, A7 [p5]) 0 A7 [g]
= [, R]~(dec™Hodist_}. po(id —o m1,id —o mg)o(id —o (A7 [pal, A7 [po] oA AT [g]
[T, R]™(dec™Hodist_}. o (id —o 1,id —o 72) o (id — (A7 [pal, A7 [p5])) o [€]
= [T, R]~(dec V)0 (id —o dist_}) o (id —o (A7 [pa], A7 [P5])) 0 [£]
= (id — [T]~(dec ") o (id — dist_ ) o (id — (A7 [pa], A7 [P ] 0[]
= (id — [T]~(dec™ Y odist_ 1) o (id — (A7 [pal, A7 [p6]) o [£]
= (id — [T]~(dec Y odist_T. o (A7 [pa], A7 [ps])) 0 [£]
=(id —o [[1"]]_(dec_1)0dist:71r o (AT [pal, A7 [Po])) 0 AT AT ]
= A7([T]~(dec™Modist 1 o (A7 [pal, A7 [Po]) o A7 [g])
= A7([T](dec™Modist_} o A7 A (AT [pa], A7 [ps])) 0 A7 [g])
= Ar(A7Y((d — [I]~(dec™ Mo dist= ) o Ar(AT [pal, A7 [ps]0) 0 A7 [g])
= A(A7 (T, N~ (dec™Medist . yolid —o m1,id —o ma)o Ar(AT [pal, A7 [Ps 1)) AT [g])



= Af(A;M([T,N]~(dec Dedist_} y o (ArAT [pal, ArAT [P ])) 0 A7 [g])
= Af(ATH([T,N]~(dec Hodist_}. y o ([pal, [ps])) o A7 8]
= Ar(A; [Pe(pa,ps)] o A7 [g]) as required.

We next show that [cut(p1,p2)] = [p1] o (idr @ A7 [p2]) if A is positive.

If A= P& @ then [cut(Pe1(y),8)] = [Ps1(cut(y,g))] = [cut(y,g)] o [T,R] (1) = [y] o
(ido A gD o ([T (rp) @id) = [y] o ([I]*(r1) @ A7 g]) = [y] o ([I]* (1) @ id) o (id @
A7 gD = [y]o[T,N+]*(rp)e(ido A [g]) = [Peo1(y)]o(ido A [g]) as required. Case
for [cut(Ps2(y),g)] is similar.

If A =P oM then [cut(Po(y),8)] = [P @ (cut(y,g))] = [cut(y,g)] = [y] o(id @ [g]) =
[Po(y)]e(ide[g]). If A =P <@ similar reasoning applies.

If A = P9Q then [cut(Ps1(y),8)] = [Pei(cut(y, )] = [cut(y,g)] o [T, A] T (wk) = [y] o
(ido A7 [g]) o ([I]H(wk) @id) = [y] o ([T]* (wk) @ A7 [g]) = [y] o ([I]*(wk) @id) o (id @
AFY[gD = [y] o [T,N*]*(wk) o (id @ A7 [g]) = [Pe1(»)] o (id @ A7 [g]) as required.
Case for [cut(Psa(y),g)] is similar.

IfA=TandI'=N,L,I" then [cut(P%(y),8)] = [P$ (cut(py, p2))] =

[cut(y, &)]o[T, A]* ((sym —e id)opasc_.) = [y]o(id@ A7 [g])e([I]* ((sym —o id)opasc )@
id) = [y] o ([T]*((sym —o id)o pasc_,) @ A7 [g]) = [y] o ([T]*((sym —o id) o pasc ) @

id)o(ide A7 [g]) = [y] o [T, N*]*(sym —oid)opasc_,)o(ido A7 [g]) = [P2(»](id e

Al_lﬂg]]) as required. Cases for I' = N,P,I" and I' = P,I" are similar, replacing

(sym — id) o pasc_, with the appropriate morphism.

IfA=Tand T =N then [[cut(P?(P}(PQ(y))),g)]] = unit_ o (Jeut(y,g)] —oid)olfe =
unitH,O(AI(AI‘1 Iv] OAI‘1 [g]) —id)olfe = app,o(id @A;lyOAflg) by Propositionm
This is appso(id@ A1 y)o(ide Al g) = unit_oo(A7 A [y] —id)olfec(id@ A} g) again
by Proposition This is unit_ o([y] —oid)olfec(id@ A;'g) = [PF(PT(P4(y)))] o
(ide A71([g])) as required.

If A=T and I = € then [cut(P7(PT),8)] = [PF(P7)] = idL oabs = abs = abso(id @
A (gD = [PH(P)]e(de A;l([[gﬂ)) as required.

Finally we show that cutg is sound, i.e. [cuta(p1,p2)] = [p1] owkosymo(id® A;l[[pg]]).

If @ = Q19 Q2 then [cuta(Pe1(y),Pala,b))]
= [cuta(y,a)]

= [y]owkosymo(id® A [a])

= [y] owkosymo(id @ my o (A7 [a], A7 [B]))



= [y] owkosymo(id® [I]* (1) odisty ro (A [a], A7 [B])

= [yJowkosymo(id® [T]* (1)) o (id @ dist, r o (A7 [a], A7 1[B]))

=[y]o([I]*(m1) @id)owkosymo(id @ dist, r o (A7 [a], A7 1 [6]))

= [y] o [T,N1]* (1) owk osymo(id ® (dist, 1 o (A;l[[a]],Afl[[b]])))

= [y]o[[,N4]* (1) owkosymo(id® A7 As(dist, ro (A7 [a], A7 [B]))

= [y]o [T,N*]*(m1) owkosymo(id ® A7 ((id —o dist, 1) o Ar(A7 [a], A7 [B]))
[y]o[I,N+]*(m1)owkosymo(id® Ay (dist_ r1 po(id —o 1,id —o maYo Az (A [a], A7 [6]))
[y]o[T,N+]*(m1) owkosymo(id ® Ay (dist_ i p o (ArAT [a], A7 AT [B]))

=[y]o [T, N*]* (1) owkosymo(id® Ay (dist_ . po([a], [6]))

=[Ps1y] owkosymo(id® Al‘l[[P&(a,b)]]) as required. The case for Pgg is similar.

If @ = Q' o L then [[cuta(Po(y),P«(2))] = [cuta(y, )] = [y] owkosymo(id ®A;1[[g]]) =
[Po()] owkosymo(id® A7 [P4(g)]) as required.

The case for @' <1 P’ is similar.

If @ = Q1’5Q2 then [cuta(Pg1(y), Pe(a,b))]

= [cuta(y,a)]

= [yJowkosymo(id® A [a])

=[y] owkosymo(id®myo (Afl [[a]],Afl [o10

= [y]owkosymo(id @ [[]* (1) o dists r o (A7 [a], A7 1 [6])

=[y] owkosymo(id® [[']*(wko dec™)o dist, ro <Al_l[[a]]’AI_1[[b]]>)

= [y] owkosymo(id ® [[]*(wk)o [[]*(decH) odist, r o (A7 [a], A7 [6]))

= [y] o (IT]* (Wk) @ id) o wk o sym o (id @ [T *(dec V) odist. o (A7 [a], A7 [B]))

= [ylo [T, N*]*wk)owkosymo(id @ [T *(dec™ ) o dist.,r o (A7 [a], A7 [6]))

= [y]o [T, NL]*(wk)owk osym(id® A7 Az([T]*(dec M) odists ro (A7 [a], A71[6]))

[y]o [T, N4+ (wk)owkosymo(id® A ((id —o [I']*(dec™1)o A(dist. ro¢A; [a], A7 [6]))
[y]o[T, N4 (whk)owkosymo(id® A7 *([T, PA]*(dec™Mo(id —o dist, r)oAr(A7 [a], A7 [5]))
= [y] o [T, NL]*(wk)owkosymo(id & A;l([[rl,Pﬂ_(dec_l)Odist+’r’PL o(id —omy,id —o
moyo Ap(A7 a], A7 [B]))

_ Hy]]o[[F,NJ_]]+(Wk)owkosymo(id®A;1([[FJ‘,P]]_(dec_l)Odist_,rL,pO(AIAl_l [a], AIAI_I 6]
= [y] o [T, N*]* (wk) owk osymo(id & A;l([[FJ‘,P]]_(deC_l)O dist_ r1 po([a], [6]))
= [Pg1y] owkosymo(id® A;![Pg(a,b)]) as required. The case for Pxg; is similar.

IfI'=L,P,T' and @ = T then [cuta(P3(y),P?(g))]

= [cut(y,g)] = [y] owkosymo(id® A;l[[g]])

= [y]owkosymo(id® [I']*(Ife) o [I']*(Ife™ ) o A7 []))

= [y]owkosymo(id® [I']*(Ife)o A7 ((id — [I']*(ife 1)) o [g]))
= [y] owkosymo(id ® [["]*(Ife)o A7 ([I",P]*(Ife™ ) o [g]))



= [y o [I",N+]*(ife)owkosymo(id ® A7} ([T"*,P]~(Ife") o []))
= [Psy]owkosymo(id ® A;*[P?g]) as required.

e The cases for I = L,N,I” and I = R,I" are similar replacing Ife and Ife”! by the

appropriate isomorphism.

* If A=T and T = ¢ then we have [cut2(PT(P1),P (y)] = [Peawkyr(y)] = [y] o
unitylo(id@af)owkosym = [yJounit, owko(id®af)osym = [y]orunitglo(id®af)osym =
absowk o ([y] ®id) osym using Proposition This is absowkosymo(id® [y]) =
[PE(PT)]owkosymo(id ® A7 ([P (»)])) as required.

e If A=T and I' =@ then we have [cuta(PF(P7(P4y)), Pf(PI(ng)))]]
= [symPg(cuta(g, )]
= [glowkosymo(id ® A7 [y]) osym
=appo(A([g]owkosym)®id)o(id® A7 [y])osym
=app, owk o (A([g] owkosym)® A7 [y]) o osym
= app, owko(id ® A7 [y]) o (A([g] o wkosym) ®id) osym
=app, o(id@ A7 [y]) owko(A([g] o wkosym)®id)osym
=app,o(ido A, [y]) owkosymo(id ® A([g] o wkosym))
= unit_ o([y] —id)olfeowkosymo(id ® A([g] o wk o sym)) using Propositionm
=unit_o([y] —id)olfeowkosymo(id® Al_l(AIA([[g]] owk osym)))
= unit_ o([y] —id)olfeowkosymo(id ® Al‘l(pascj o Ar([g] owk osym)))
=unit_o([y] —id)olfeowkosymo(id® Al_l(pasc;} o(sym —oid)o Az([g] owk)))
= unit_ o([y] —id)o Ifeo(Afl(pascj o(sym —oid)o Az([g] o wk)) @id) o wk o sym
= [PF(PT(P4(y)] o(A;l[[Pf(PI(Pgl(g)))]] @id)owkosym as required.

Finally, [cuta(PT(PT(P4y)),P¥ (Pt (Pig28)))]

= [Prg2(cut(g, )]

=[g] o (d ®Afl[[y]])owkosym

=[g] owko(id ®A;1y)osym

=appo(A([g]owk)®@id)o(id® A1 y)osym

=app, owko (A([g] owk)® A;1y)osym

=app, owko(id® A71y) o (A([g] owk) ® id)osym

=appo(ido Al—ly)owkosym o(id® A([g] owk))

=app,o(ido Ay y)owkosymo(id® A (pasc=! o Ar([g] o wk)))

=app,o(id @ A7'y)owkosymo(id ® A7 (pasc_! o (sym — id) o Az([g] owk osym)))
= unit . o([y] — id)o feowkosymo(id® A7 (pasc™l o (sym —o id)o Ar([g] owkosym))
= [PF(PT(PoyN] owk osymo(id® A;X([PT(PT(Pg2(g))]) as required. [



2.5.3 Isomorphism of Complete WS-categories

We can use the soundness of cut elimination to show that the composition operation
in a complete WS-category is in some sense determined, between objects that are the

interpretation of some WS formula.

Definition Let € be a WS-category. We define V> to be a category whose objects are
WS-formulas and an arrow M — N is an element of €([M], [N]).

Theorem 2.5.6 If € and @ are complete WS-categories, then €V° and 2" are isomor-

phic.

Proof Given a proof p of a sequent of WS, we will write [p]« for the denotation of p in
the category €.

First, we make an observation. In any complete WS-category, [cut(reify(Azf), reify(A1g))]
= Ar(A7 ([reify(Ar )] o A7 ([reify(Azg)]))
= Af(ATY A1) o ATH(A19))
=A1(fog)
= [reify(Ar(f og))]. Since reify(Az(fog)) and cut(reify(A;(f)), reify(A7(g))) are two analytic
proofs with the same semantics they must be equal, by Theorem [2.4.2]

We define an identity-on-objects functor F : €S — 2WS. On arrows, we set F(f) =
AN ([reify(Ar(F)] o).

* F preserves composition: F(f o g)
= A7 ([reify(Ar(f ° gN]2)
= A7 ([cut(reify(Ar f), reify(Arg))]»)
= A7\ ([reify(ArF)]9) 0 AT ([reify(Arg)] o)
=F(f)oF(g)

* F is surjective on hom-sets: We have f = F(A7'([reify(A7(f))]«)). To see this, note
that F(A;([reify(Ar(f)]«))
= A7 L([reify(Ar(AT Y ([reify(Ar(FD]))]2)
= A7 ([reify([reify(Ar(F )]« )]2)
= A7 ([reify(Ar(F)]2)
= AU (AL(F)
=f.

* F is injective on hom-sets: If F(f) = F(g) then A ([reify(A7(f)]o) = Ay ([reify
(A1(g)]2) so [reify(Ar(f))]2 = [reify(A1(g))]». Then by applying reify to both sides,
we see that reify(A7(f)) = reify(A;(g)). By taking the semantics of both sides in €
we see that Aj(f)=Aj(g),and so f =g.



e F preserves the identity: We can show that F(id) is the identity in 2"° using the
above facts. In particular F(id)of = F(id)oF(F~1(f)) = F(idoF "X (f) =FFXf)=f
and foF(id) = FFY(f) o F(id) = F(F1(f)oid) = FF1(f)) = f.

* F is surjective on objects: This is clear, as F is identity-on-objects. |

2.6 Embedding Polarized Linear Logic in WS

Polarized Linear Logic [53]] is a polarisation of linear logic into negative and positive
formulas, representing computation and value types, broadly speaking. The linear frag-
ment MALLP can be embedded in WS, as families of formulas and proofs. We describe
the embedding here, which will be of use in Chapter 5.

In the proof derivations in the rest of this thesis, we will not always label core rules
when the label can be inferred from the premises and the conclusion. Further, we will
often combine sequences of core rules into a single rule, when the sequence is unique
and can be inferred (in particular the core elimination rules and P,,P ).

The formulas of MALLP are as follows:

P= 1] 0 | PeQ | P®Q | |IN
Ni= L | T | MgN | M&N | 1{P

There is an operation (—)* exchanging polarity, swapping 1 for L, 0 for T, ® for 2, and
S0 on.

We can immediately note the similarity between the connectives of LLP and some of
the connectives of WS!, although the polarities do not match up (see Section [2.2.1).

A sequent of MALLP is alist of MALLP formulas. The proof rules for Polarized Linear
Logic are given in Figure I'” ranges over lists of negative formulas, and I’ over lists
where at most one formula is positive. Each provable sequent has at most one positive
formula, so we can restrict our attention to sequents of this form. It is possible to give
semantics to MALLP proofs as innocent strategies [53]], which do not have access to the
entire history of play.

We next describe an embedding of MALLP inside WS. Apart from some renaming
of units, connectives in LLP will be interpreted by the connective of the same name in
WS. Broadly speaking, positive formulas of LLP will be mapped to negative formulas
of WS, and negative formulas of LLP to positive formulas of WS. However, under this
scheme there is a mismatch for the additives: we will resultantly need to map formulas
of LLP to families of WS formulas. For example, we can represent a “disjunction” of

negative formulas by a family of negative formulas together with a proof of one of them.



Figure 2-14: Proof rules for MALLP

FN,N cut FT,A FT,A,PRQ
FT,M,N -T,P FT,Q
P O —— By —— 2
FT,MsN FT,PoQ FT,PoQ
FT,M FI,N 1—— T
& I T.M&N F1 LTI
T — FIT™,N FT,P
T VETLIN =y
. FLABA
FT,B,A,A

The formulas that have a lift as their outermost connective will be mapped to singleton

families.

2.6.1 Translation of Formulas

Let WS~ denote the set of negative WS formulas, and WS* the set of positive WS formu-

las.

Definition A finite family of negative (resp. positive) WS formulas is a pair (I, f) where
I is a finite set and f : I — WS™ (resp. I — WS™).

For brevity, given such a family F = (I, f) we will write |F| for I and F, for f(x).

We will interpret a negative formula of MALLP as a finite family of positive WS
formulas, and a positive formula of MALLP as a finite family of negative WS formulas.
We describe this mapping in Figure We can see that |i(A1)| = |i(A)| and i(AL)y =
i(A)y.

By composing this mapping with our interpretation of WS formulas, one obtains a
semantics of LLP formulas with respect to families of games, inverting polarity. This dif-
fers from the original innocent games model of LLP [53]], which does not invert polarity.
In Laurent’s setting, the interpretation of tensor is a non-standard operation on positive
games, where Player starts and Opponent may switch. This is facilitated by the fact that
Player’s first move in P ®  is a pair of moves (p, q) from each component. We could give
an embedding of LLP into WS based on this semantics by defining Laurent’s positive ®
operator as a macro on positive WS formulas and appealing to full completeness, but we

instead chose this embedding to use the non-core rules of WS directly.



Figure 2-15: MALLP formulas as families of WS formulas

AelLLP | i(A)e Fam WS

1 ({*},_—1)

0 ({«},_— 1)

PoQ (1P > [L@Q)], (x, y) — i(P)x ® 1(Q)y)

PeoQ (1Z(P) W [1(@)], [in1(x) — 1(P)y, in2(y) — i(Q)y]

I|N ({*},_‘_’&j€|i(N)|(L<i(N)j)
1 ({x},_—0)
T {x},_—T)

M3®N (2(MD] x [E(N)I, €, ) — 1(M)’81(N)y))
M&N | (li(M)|wi(N)],[in1(x) — i(M)y,ing(y) — i(N),]
1P ({*}, _— Djejipy (T @i(P);)

2.6.2 Translation of Proofs

We translate proofs of LLP to families of proofs of WS in the following manner:

® Given an LLP proof p of - N1,...,N, and x; € |i(V;)| for each i, we construct a proof
i(p,x;) of b L,i(N1)x,,...,i(Np)x,

¢ Given an LLP proof p of - N1,...,N;,Q,N;+1,...,N, and x; € |i(N;)| for each i, we
construct a pair i(p,x;) = (y,q) where y € |i(Q)| and q is a proof of
Fi@)y, i(N x5, iN Ry, -

Proposition 2.6.1 For each LLP formula P, y € |i(P)| and sequence of negative WS for-
mulas A~ there is a WS proof P; y Fi(P)y,A”, T

Proof Simple induction on P. Set PI* =Py and Pg .=

T
LT
FLAT,T

(PD*
where (P7)" denotes repeated use of P|. Let PT

PioPyini(q)
T T T .
P®(PP1,y1’ sz,yz). PlN,* is defined as follows:

T T _
PPMI and PP1®P2,(y1,;V2) -

FT
FL,T
P— * )
&ﬁ FL1,AT,T
wk b 1iN)j, A7, T
FL<iN);, A7, T




with each branch following the same shape. |
We next show how each of the MALLP proof rules are translated.

* The ax rule, with p = ax: For each x € [i(IN)| we set i(p,x) = (y,q) where y =x €
li(N1)| and q is the proof of - i(N1),,i(N), given by Piq.

* The cut rule, with p = cut(q,r):

Suppose I' = Ny,...,N, and A= M;,...,M,,. Let x; € |i(]N;)| and y; € |i(M;)|. Then
i(r,y;)=(y,t) with y € |i(N+)| and ¢ - i(Nl)y,i(Ml)yl,...,i(Mn)yn. Then i(q,x;,y) -
L,i(N 1Dz, 1(Np)y,,i(IN),. Applying Py to this proof and ¢ results in a proof g
of H L,i(N1)x,,...,i(Np)x,, i(M1)y,,...,i(Mp),, and we set i(p,x;,y.)=g.

Suppose I' = Ny,...,N;,P,N;+1,...N, and A=M;,...,M,,. Let x; € |i(N;)| and y; €
li(M;)|. Then i(r,y;) = (y,t) with y € |{(N1)| and ¢ i(NL)y,i(Ml)yl,...,i(Mn)yn.
Then i(q,%;,y) = (y',q") where y' € |i(P)| and q' F i(P)y,i(N1)x;,---,i(Np)x, ,i(N)y.
Applying P, to this proof and # results in a proof g of

Fi(P)y,i(N Dy iN g, iM Dy, i (M),

and we set i(p,x;,y;) = (¥, ).

* The ® rule, with p = ®(q1,q92): Suppose that I' = N1,...,N, and x; € |i(V;)| and
A =Mjy,...Mp, with y; € [i(M;)|. Let i(g1,x;) = (w,q}) with w € [i(P)| and ¢/
i(P)uyyi(N1) gy -, i(N )y, - Leti(ga,y;) = (2,q5) with g4 F i(Q),,i(M1)y,,...,i(Mpy),y, .
By applying P, and Pg, we construct a proof

PqFi(P)y ®i(Q),,i(N Dy, ilNp )y, ,i(M1)y,, ..My,

We set i(p,x;,y:) = ((w,2),pq).

* The @ rule, with p =9(q1,q2):

Suppose that I' = Ny,...,N,, and «x; € |i(V;)| and x € |i(M’9L)|. Then x = (m,[l) with
m e |i(M)| and [ € |i(L)|. Then i(q,x;,m,l) = g where
g+ LiNDzxys o, iRz, , i(M)pm, i(L);. Let ¢ = P;(q), a proof of

FLiN1x,. s i)y, , iM) 01 (L);

We set i(p,x;,x)=q".

Suppose that I' = Ny,...,N;,P,N;.1,...,N, and x; € |i(V;)| and x € [i(M’$L)|. Then
x = (m,l) with m € |i(M)| and [ € |i(L)|. Then i(q,x;,m,l) = (y,q’) where y € |i(P)|



and ¢’ i(P)y,i(N1y,,...,i(Np)x,,i(M)p,i(L);. Let ¢" = PL(g), a proof of
Fi(P)y, ilN Dy, ..., i)y, , i(M)p®i(L);. We set i(p,x;,x) = (y,q").

The @1 rule, with p = 1(g): Suppose that I' = Ny,...,N, and x; € |i(N;)|. Then
i(q,%;) = (y,q") where y € [i(P)| and ¢’ F i(P)y,i(N1)y,,...,i(Np)x,. We set i(p,x;) =
(in1(y),q"). The case for 2 is similar.

The & rule, proving -T',M1&My with p = &(q1,q2):

Suppose that I' = N1,...,N,, and x; € |i(N;)| and x € |i(M1&M5)|. Then x = inj(x’)
with ' € |i(M;)|. Then i(q;,%;,x") = q' with ¢’ F L,i(N1)x;,..,i(Np)sx,,i(M ;). Set
i(p,x;,x)=q'.

Suppose that I = Ny,...,N;,P,N;.1,...,N, and «x; € |i(N;)| and x € [i(M1&M>)|.
Then x = in;(x') with &’ € |i(M)|. Then i(q;,x;,x') = (y,q") with y € [i(P)| and ¢’ I
i(P)y,iN1)z, -, i)y, , i(M)y. Set i(p,x;,x) = (y,q").

The 1 rule: We set i(1) = (x,Pq).

The L rule, with p = 1(q):

Suppose that I' = Ny,...,N, and «x; € [i(N;)|. Then i(q,x;) = q' which is a WS proof
of H L,i(N1)x,5...,i(Ny)y,. By applying Pg this yields a proof

q"F LiN1)yy,...,i(Ny)y,,0. We thus set i(p) =¢q".

Suppose that I' = Ny,...,N;,P,N;,1,...N, and x; € |i(N;)|. Then i(q,x;) = (y,q")
with y € [i(P)| and ¢’ F i(P)y,i(N1)x,,...,i(Np)y,. By applying POT this yields a
proof ¢ b i(P)y,i(N1)x,,--.,i(INp)y,,0. We thus set i(p) = (y,9").

The T rule:
Suppose I' = N1,...,N,, and x; € |i(IN;)|. We must give a proof of
FL1,i(N1)x,,...,i(Np)x,, T and we use Pg* of Propositionm

Suppose I' = Ny,...,N;,P,N;.1,...N,, and x; € |i(V;)|. We must give a y € |i(P)|
and a proof of - i(P),,i(N1)y,,...,i(Np)y,, T. Since |i(P)| is finite, we can chose an
arbitrary element, and give the proof of - i(P),,i(N1)y,,...,i(N)y,, T using P;’y of
Proposition [2.6.1]

The | rule: Let I'” = Ny,...,N, and x; € |i(N;)|. For each j € |i(N)|, i(qg,x:,j) F
L,i(N1)x;5..,i(Ny)y,,i(N)j. We then perform the following derivation r:

p i(q,x;,n) F Li(N1)z,, ..., i(Np)x, , i(N);
m FLi(N)j, iV i(N )y,
FL<9iN)j, iN Dy, i Ny,




Using many applications of Pg we can construct a proof
rk &jeli(N)I(J- < i(N)j), i(Nl)xly cee i(Nn)xn

We then set i(p,x;) = (x,7).

The 1 rule, with p =1 (q): Let I'= N1,...,N, and x; € |i(N;)|. Then i(q,x;) = (y,q)
where q Fi(P)y,i(N1)y,,...,i(Ny)y,. We set i(p,x;) to be the following proof:

qFi(P)y,i(N1)g,,...,i(Ny)y,
FT,i(P)y,i(N1)x5. .., i(Np)y,
Poy FT@i(P)y,i(N1)x,...,i(Np)y,
F®jciipy T @i(P)j,i(N1)xy, -, 1(Np)x,
= J_, i(Nl)xl? .. -?i(Nn)xn?(eajeﬁ(PN To i(P)J’)
FLiNDxy, - iRz, , Djejipy T @ 1(P);

Note that in the semantics of this rule two moves are played: the opening lift
overall (O-move) and the the opening lift in the derelicted component (P-move),
which corresponds to “focusing” on that component.

The ex rule, with p = ex(q):

If either A or B are positive, then we can set i(p) = i(q).

Next suppose A and B are both negative, I' = N1,...,N,, and A = Mq,...,M,,.
Let x; € [i(N))| ; yi € liM;)| ; a € 1i(A)| and b € [i(B)|. Then i(q,x;,a,b,y;) -
L,i(N D51 Nz, , 1(A)g, i(B)y, 1(M1)y,,,i(Mp,),, and by applying Ps,m we ob-

tain a proof q' of
FLiNDxp,- - iR, 1By, i(A) g, i(M 1)y 5. .., 1M )y,

and set i(p,x;,b,a,y;)=q'.

Next suppose A and B are both negative, with I' = Nq,...,N, and
A=My,....M;,P,M;.1,...M,,. Let x; € |i(N;)| ; y; € [i(M;)| ; a € |i(A)| and b € |i(B)|.
Then i(q,x;,a,b,y;) = (y,q') where y € |i(P)| and

qFi(P)y,iN1)x;,. .-, iWNp)x,, 1(A)q, i(B)p, i(M1)y,, ..., 1(Mp),y,,
and by applying Psym we obtain a proof ¢’ of

Fi(P)y,i(N1)x;,- .-, i(Np)x,, 1(B)p, i(A)g, i(M1)y,,...,i(Mp)y,,



and set i(p,x;,b,a,y;)=q'.

The case where I' = Ny,...,N;,P,N;.1,...,N, is entirely similar.

We can hence interpret proofs in MALLP as (families of) proofs in WS.
This concludes our treatment of the multiplicative-additive kernel of WS. In the next
chapters, we will see how further expressivity can be added. First, we will consider an

exponential structure that leads us into the realm of infinite games.



Chapter 3
Exponentials

The logic introduced in Chapter 2 is affine — a proof of A — B may use its argument at
most once. We next introduce exponentials into WS, yielding the full expressivity of Intu-
itionistic Linear Logic. This leads us to consider infinite games and winning conditions.

In this setting we represent the exponential in the logic explicitly as a final coalgebra.

3.1 Introduction

3.1.1 Exponentials in Game Semantics

We next introduce exponential modalities into our logic. This is a unary operator ! that
transforms a resource A that can only be used once to a reusable resource ! A: there are
maps !A —!A®!A and ! A — A. Since proofs correspond to games, it is in the spirit of
our programme to explicitly base the exponential on some exponential comonad in the

category of games. As identified in [58], there are multiple choices:
* A non-repetitive backtracking exponential introduced by Lamarche [52]
¢ An exponential based on infinitely many copies of the subgame [7,/36]
¢ A backtracking exponential where repetition is allowed [31]].

We will choose to study the second exponential, for its use in modelling imperative
programming languages. For example, the game model of Idealized Algol given in [8]]
is set in the Kleisli category of this comonad. Thus, we will be able to embed Idealized
Algol over finitary ground types in our logic. The other exponentials also have uses in
modelling languages: for example, a fully abstract model of PCF with catch can be given
using the first exponential [22] and the third can be used to formalise innocent strategies

over an arena [|31], an interpretation of purely functional programs.



3.1.2 Chapter Overview

In this chapter, we will first describe this exponential on games. We will observe that
this second exponential !A is the carrier of the final coalgebra of the functor X — Ao X
and show how this fact can be used to derive both the usual linear exponential structure
(promotion) and also stateful behaviour: for example, a reusable Boolean cell is the
anamorphism of a finite strategy.

We can represent the fact that !A is the final coalgebra of this functor in the logic, in
the style of [20]. Using the above observations, we can then encode both full Intuition-
istic Linear Logic and stateful objects such as a Boolean cell. We give semantics to the
resulting logic.

We will then consider full completeness. The reification procedure from Chapter 2
extends in a simple manner, but it only terminates for finite strategies (without the
exponentials, all strategies are finite). However, we will see that we can reify arbitrary
total strategies as infinitary analytic proofs — analytic proofs that may have infinite
depth — and so for each proof, we can construct the unique infinitary analytic proof with

the same semantics.

3.1.3 The Need for a Winning Condition

Our proofs are interpreted as total strategies on the appropriate game. However, total
strategies only compose when the underlying games are bounded. For example, we note
that there are unique total strategies o0 :1 — XZ* and 7:Z* — | where X* is as in Section
However the composition 7o : I — L is the empty strategy, which is not total. The
source of the problem is that ‘infinite chattering’ can occur in the hidden component, so

the three-way dialogue continues to be live but no moves are externally visible.

I - 2 - 1
q

QR Q 8 X
O v O 7TvOo

For the semantics of WS, this is not a problem as the denotation of every formula is
bounded. However, our exponential of choice does not preserve boundedness.
A standard solution to this problem is to introduce winning conditions on games: we

add an extra component to the definition of game describing which infinite plays are won



by Player and which are won by Opponent. We follow the approach of [36]]. In particular,
an infinite play on A — B is P-winning if it is P-winning on B or O-winning on A. We
then require that strategies contain only winning plays. This breaks the example above,
as the unique infinite play in £* must be designated either P-winning or O-winning. In

the former case 7 is not a winning strategy; in the latter case ¢ is not a winning strategy.

3.2 Games and Winning Conditions

3.2.1 Win-games

If A is a set, let A” denote the set of infinite sequences on A; and if s is such a sequence
write ¢ C s if ¢ is a finite prefix of s. We extend the restriction notation in Section [2.1.2
to infinite plays, noting that s|; may be finite or infinite. Dually, if s € X;’ we write in}’(s)
for the corresponding sequence in (X7 + X9)®.

If A is a game, let Py={se Mﬁ V¢ s.t€Py). Thus Py represents the infinite limits
of plays in P4 (the ‘infinite plays’). We add a notion of winning conditions to games, as
in [36].

Definition A win-gameis atuple (Ma,A4,b4,PA,Wa)where (Ma,A4,b4,P4)is a game
and W4 < P4.

Wy represents the set of infinite plays that are P-winning; we say an infinite play is
O-winning if it is not P-winning. We can extend the notion of winner of a play to finite
plays, where the last player to play a move in that play wins. More formally, let we let

W:{ =W, UE 4 where E 4 is the set of plays that end in a P-move.

3.2.2 Connectives on Win-games
We extend our connectives on games to connectives on win-games.

e Units — For A €{1,0,T, 1}, P4 =  — there are no infinite plays, and so we take

W4 = @, as we must.

¢ Tensor — An infinite play in M ® N is P-winning if its restriction to M is P-winning

w

and its restriction to IV is P-winning. Formally, Wyen ={s € Pren

W),

:slieWy Aslg€

* Sequoid — Similarly, an infinite play in A@N is P-winning if both of its restrictions

are P-winning: Wyen = {s €PX®N :s|1 € WX AS|g € W]’f,}.

¢ Par — An infinite play in P’9Q is P-winning if its restriction to P is P-winning or

its restriction to € is P-winning. Formally, Wpq ={s € P}‘,’?Q :sl1eWpvslg€ Wé}.



* Cosequoid — Similarly, an infinite play in A play in A <{P is P-winning if either of

its restrictions are P-winning: Wy 49 ={s € PX<Q :slieWy vslge WQ*}.

¢ Product — An infinite play in M&N is P-winning if its restriction to M is P-
winning (if it is a play in M) or its restriction to N is P-winning (if it is a play
in N). Thus, Wyrgn = {in](s) : s € Wyt U{ing(s) : s € Wy}

®* Sum — Similarly, an infinite play in P ¢ @ is P-winning if it is P-winning in the

relevant component: Wpeg = {in{'(s) : s € Wp} U {ing(s) : s € Wg}.

We extend negation AL to win-games by setting W4. = P4 — W4. We have the usual
duality between ® and 9, @ and <, & and &.

Again we set M — N = N <M*. Then a play s € Py;_.n is P-winning if s|y is P-
winning or s|y. is P-winning, i.e. if s|y is P-winning or s|ps is O-winning, i.e. if s|y

P-winning implies s|n; P-winning.

3.2.3 Winning Strategies

Our notion of (total) strategies on games lifts to win-games.

Definition A strategy ¢ on a win-game A is winning if
* (o is total

e Ifse P4 and all prefixes of s ending in a P-move are in o, then s € Wy4.
It is known that the composition of two winning strategies is itself winning [36].

Proposition 3.2.1 If 0 : M — N and 7 : N — L are winning strategies then Too is

winning.

Proof If 700 is not total then there must be an infinite interaction sequence s with all
finite prefixes in o||7 with infinite chattering in N: s = tr where all moves in r occur in N.
Suppose s|y = t|nr € Wy. Then since 7 is winning and ¢|y 1.7 € 7 it follows that ¢|z, € WE.
Since this play is finite, it must end in a Player-move. But this is impossible since in any
play in M — N it must be Player who switches components. So we must have s|y ¢ Wy.
But then since ¢ is winning we must have ¢|y ¢ WZtI i.e. t|pr ends in an O-move. But
this means that ¢|pr_on |y ends in a P-move, which is again impossible by the switching
condition for . Thus such infinite chattering cannot occur, and 7 oo is total.

We can also show that 700 satisfies the second condition. Let t € Py, , be such
that each prefix of ¢ ending in a P-move is in To¢g. Then there is a unique interaction

sequence s such that s|p 1 =t and each finite prefix of s is in oll7. We need to show



that s|yr € Wy —r, i.e. sly € W;‘,I = 3| € Wi‘ Suppose that sy € Wy,. Then since o is
winning and all finite prefixes of s y are in o, we must have s|y n € Wy—.n. But since
sl € WZT/I we must have s|y € W]’\*, Then since 7 is winning and all finite prefixes of s|y ,

are in T we must have s € W;'. Thus, ¢ = sly 1 € Wy oL, as required. [ |

3.2.4 Categorical Structure

We know that winning strategies compose, and it is easy to see that the identity strategy
idg : A —o A is winning for any A. We can thus construct a category # of win-games and
winning strategies. This category is symmetric monoidal closed with respect to (I,®,—)
and (I, &) provides finite products [36]. Once again we can identify a sequoidal closed
structure with an action @ : #; x # — #; where ¥; is the full-on-objects subcategory of #’
given by strategies that are both strict and winning. The mediating isomorphisms are

all essentially copycat strategies, as in 4.
Proposition 3.2.2 # is a complete WS-category.

We can thus interpret WS inside # in a fully complete manner.

There is a functor U : # — ¥ that simply forgets the winning condition. There is
also a functor F' : ¢; — # with F(A)=(Ma,Aa,Pa,®). Note that U(F(A))=A and if A is
bounded then F(U(A)) = A.

We will write ¢, for the category of win-games and (not-necessarily winning) strate-
gies. Since ¥, is equivalent to ¢, we will often omit the subscript ,, if its presence is

irrelevant or can be inferred.

3.3 Sequoidal Exponential as a Final Coalgebra

We now describe the exponential comonad on # that we have chosen to study. This

appears in [7,,36].
3.3.1 Sequoidal Exponential

Exponential Connectives

Let N be a negative win-game. We can consider ! N to be the game consisting of an infi-
nite number of copies of NV, where Opponent can spawn new copies and switch between
copies he has opened. The game !N is played over My x N and copies must be opened
in successive order. An infinite play is winning just if it is winning in each component.

Thus, we define

IN =(Mn xN,Anomy,{s:Vi.sl; € PNy As|; =€=sl|i11 =€}, {s: Vi.s|; € Wy).



As with the tensor, there is an implicit switching condition: since the play overall must
be alternating, and the play restricted to each component must be alternating, it follows
that only Opponent can switch between copies and open new copies.

Dually, if @ is a positive game we define ?@ to be the game consisting of an infinite
number of copies of @, where Player can spawn new copies and switch between them.

An infinite play is winning if it is winning in at least one component.
?Q = (MQ X N,AQ Oﬂl,{S : Vi.s|i EPQ /\S|i =€= S|i+1 = 6},{8 : E|i.s|i € Wé})

Given a strategy o : N, we can construct a strategy o' : | N which, in each copy, be-
haves as 0. However, since our strategies are history-sensitive, there are also strategies
on ! N which behave differently in each copy, and whose behaviour in one copy can depend

on what has previously happened in other copies.

Linear Exponential Comonad

It is well known that we can model the exponential modality of linear logic in a sym-
metric monoidal closed category by a linear exponential comonad [72]. This is a functor
1: € — ¢ with maps der:!A — A, mult:!A —o!!A and d:!A —!A ®!A satisfying
some further structure and properties. There is a promotion operator ()" taking a map
!A — B to amap !A — !B. Each of the exponentials defined in Section [3.1.1] are linear
exponential comonads.

For our chosen exponential, the der, mult and d operators are all copycat strategies.

* The strategy der:!A — A simply uses the first copy of A in ! A.

® In mult:!A — 1A, each time a copy of A is opened on the right in !! A (whether it

is an ‘inner’ copy or an ‘outer’ copy) a new copy of A is opened on the left.

e For d:!A —o!A®!A, each new copy of A in !A ®!A (whether it is in the left

component or the right component) opens a new copy of A in the argument.
e If0:!A — B the strategy o' :! A — | B behaves as o in each copy.
For any linear exponential comonad, we have isomorphisms !(A&B) =!A ® ! B: again
in our current setting these are just copycat strategies.
Cofree Commutative Comonoid

It is also known that a cofree commutative comonoid [42,62] is sufficient to model the
linear logic exponential in a symmetric monoidal category. This also provides the opera-

tions described above, derived from a stronger universal property.



A comonoid in a category € is an object A together with maps m:A —o A ® A and
u : A — I satisfying some coherence conditions (associativity and identity). In our setting
since I is the terminal object, u =t and we need not consider it as part of the data for a
comonoid. A morphism of comonoids f :(A,m4) — (B,mp) is a morphism f : A — B such
that mpof =(f®f)omy.

A comonoid is commutative if symom = m. In a decomposable sequoidal category
there is an isomorphism dec: A® A =Z(A2A) x(A @A), and the symmetry law is equiva-
lent to w1 odecom = mgodecom, i.e. decom = (d,d) for some mapd:A — A2A. Thus,ina
sequoidal closed category, a commutative comonoid is equivalent toamapm:A —- Ao A
satisfying some coherence conditions (associativity and identity). Note that morphisms
of commutative comonoids in a sequoidal closed category do not admit a similar treat-
ment (one would like to consider maps [ :(A,d4) — (B,dp) suchthat daof =(f@f)odp,
but this is only well-defined for strict f).

We next speak of cofree commutative comonoids. Given a symmetric monoidal cate-
gory % one can construct the category of commutative comonoids comonoids(%’), where
an object is a commutative comonoid and a morphism is a comonoid morphism. There is
an evident forgetful functor U : comonoids(€¢) — ¢ and one may ask if this functor has
a right adjoint F': if it does, then F(A) is the cofree commutative comonoid over A. This
states that for each A there is a commutative comonoid mp4): F(A) - F(A)® F(A) and
map 14 : F(A) — A, such that for any commutative comonoid mp : B — B® B and map
f : B — A there is a unique morphism /7 : B — F(A) such that mF(A)OfT =(fTefHomp
and f=naof'.

na MmF(A)

A F(A) ——— F(A)®F(A)

-~

Fi fleft

BB B®B

In the case that F(A) = (!A,d) then dereliction is 4 and promotion is f — f'. The

sequoidal exponential is the cofree commutative comonoid in ¢ and #  [51].

Boolean Cell Strategy

Since our strategies are history-sensitive, we can construct strategies on ! N that are not
merely the promotion of a strategy on N. For example, let B be the game of Booleans
1 <(TeT) (we will call the opening move q and its two responses tt and £f — a dialogue
consists of Opponent asking for a Boolean, and then Player giving him one). Then there

is a strategy on !B which alternates between tt and ff responses:



qg O
tt P
qg O
ff P
qg O
tt P

More elaborately, let Bi = (L& 1) <1 T (here Opponent gives an input tt or £f and
Player responds with a). Then !B ® !Bi = !|(B&Bi) represents the type of a Boolean
storage cell: it has a ‘read’ method (where Opponent asks for a Boolean and Player gives
him one) and a ‘write’ method (where Opponent specifies a value to be written, and
Player gives a confirmation). The exponential ensures that these methods can be ‘called’
arbitrarily many times. Thus we have a strategy cell on this type representing a reusable
Boolean cell. This strategy is used to give the semantics of the new-variable constructor

of Idealized Algol in the fully abstract game semantics given in [8]. An example play is

as follows:

B & Bi)
tt O
a P
q 0]
tt P
q 0]
tt P
ff O
a P
q 0]
ff P

Here the behaviour of the strategy in each copy depends on what has previously hap-
pened in other copies (in the diagram above, all copies are compressed into a single
column, the moves in odd positions each open a new copy).

The above discussion is specific to our choice of exponential, and demonstrates how it

is well-suited for modelling imperative behaviour. The key isomorphism is I N =N o!N.



3.3.2 Final Coalgebra

Using our sequoidal operator @, we can describe a canonical property that our specific
exponential | N satisfies. As well as being the cofree commutative comonoid [51}62] it is
the final coalgebra of the functor X — N o X.

Final Coalgebras

Recall that a coalgebra for a functor F : ¥ — % is an object A and a map A — F(A).
A final coalgebra is a terminal object in the category of coalgebras, that is a coalgebra
a :Z — F(Z) such that for any f : A — F(A) there is a unique C f ) : A — Z such that
aoCfdD=F(fYof.

f

A F(A)
@) F(f D)
VA FZ)

We call C f D the anamorphism of f. There are some standard properties of anamor-
phisms [74]]: as well as 0 = ¢ D if and only if @ o0 = F(0) o ¢ the following hold:

e Cancellation — aoC p D=F(C ¢ D)o¢p
¢ Reflection —id=C a )
¢ Fusion — oo =F(o)oy=>C P Doo=Cy D

e Isomorphism — a~! = F(a) ).

Exponential as a Final Coalgebra

We define the map a : !N — N @!N by the copycat strategy wko(der®id)od. This relabels
in1(a) on the right to (a, 1) on the left and ins(a,n) on the right to (a,n + 1) on the left.

Proposition 3.3.1 (!N, a) is the final coalgebra of the functor N @ _in the category 4.

Proof Letc: M - NoM. Define (o Dy M—>(INo_)"(M)by Co Y)o=id and C 0 Dp+1 =
(ide_)"(o)oC g Dp.

Codp (ide_)"(0)

M (N o )" (M) (No_ )*(NeM)=(N o_)"*1(M)



The strategy C o ), is a partial approximant to (o ) : M — !|N. We can show by
induction on n that ( 0 D41 = (id@( 0 Dp)oo. For n =0 we have C 0 D1 = (ido_)%o)oid =
o = (ideid)oo = (ideC o Dg)oo as required. For n = m+1 we have C 0 D42 = (id 2 )™ 1(g)o
C 0 D1 = (ida(id@_)™(0))o(id@C o D)oo = (ide(ide_)"(0)oC 0 Dp)oo = (idoC 0 Dy y1)o0
as required.

Similarly, we can define a;, : !N = (No_)*(IN): a,;l by performing the above construc-
tion on a. Consider the sequence of maps M — ! N defined by s, = a;lo(id o ) (e)oC o D
for £ € w. We show that s;.1 2 s, and so (s;) is a chain. For £ =0, the RHS is ¢ and so
we are done. Otherwise, sp.9 = a,;i2 o(ido )*2(e)oC 0 Dpro=a Lto(ido a];il)O(id o(do
DFl(e)o(ido o Dps)eo=ato(idoa,t o(ido )t (e)od o Dpi)ooEa tolidoas o
(ide_)(e)oC o dp)oo =a;} olide Yt(€)oC o Dpsr.

Set (o dD=] algl o(id@_)*(e)oC o D, where € is the empty strategy. It is well-known
that ¢ is cpo-enriched with bottom element € [51]].

We wish to show that C ¢ ) is the unique strategy such that aoC o ) =(ideC o D)oo.
To show that the equation holds, note that aocCo D> =ao L]a,;l o(ido )Yi(e)ot oDy =
aollayl olide )i e)oC o i1 =Uaoay!  olide ) e)oC o D1 =LUidoa;Ho(ido
(ide )*e)olided o dp)oo =(idola; oide Y (e)ot o D)oo =(ide o d)oo.

For uniqueness, suppose that y: M — !N is such that aoy =(id2y)oo. We wish to
show that y=Co > = L]a,;l o(id@_)*(e)oC 0 Dy,. To see that y 2 C o ), it suffices to show
that y is an upper bound of the chain, i.e. y = a,;l o (id @_)k(e)o(( o Dy, for each k. We
proceed by induction on k. For 2 = 0 we are done, as the RHS is €. Then a,;il o(do
D le)oC o Dpyr=ato(idoa;olide(ide Y(e)o(ided o Dp)oosato(idoy)oo =7.
Hence y is an upper bound of this chain, so y 2 C o ).

To see that y = ( 0 ), we show that each play in y is also in ( o ). Consider a play
sey:M —!N. Since s is finite, it must visit only a finite number of copies of N — say, %
copies. Then s is also a play in a;l o(ido )Yr(e)o apoy. If we show that a;l o(ido )Yr(e)o
apoyL a,;l o(id@_)*(e)oC o D then we will be done, as we would have shown that s is a
play in one of the finite approximates of ( o ), and so s€ { ¢ ).

It is thus sufficient to show that (ide_)*(¢)o apoy E(id o )e(e)od o ). We show this by
induction on k. If £ = 0, then the right hand side is € and so we are done. If £ = j+ 1 then
(ido_Y*l(e)oa 410y = (ido(ido_Y(e))o(idoa;)oaoy = (ide(ido_Y (€))o(idoa;)o(idoy)or =
(ide(ide_Y(e)oajoy)ooc(ide(ide_V(e)oC o D)oo =(ido Y e)o(idoC o D)oo =
(ide Y*l(e)oq o D;j+1 as required. |

Note that the above construction follows from the fact that !N is the minimal invari-
ant of N @_ in ¢ [51]l, from which it also follows that !V is also the initial algebra of
the same in 4. This stronger property does not hold in #/, although the final coalgebra

property does. This depends on the choice of winning condition for !, and alternative



winning conditions on the same game have been used elsewhere to move between initial

algebras and final coalgebras of a given functor [20].
Proposition 3.3.2 (!N, a) is the final coalgebra of N @ _in the category W .

Proof The construction given above can take place in #. Given winningo: M — No M
we only need to check that C ¢ ) is winning.

To see that C o D is total, let s € C o D and so € P . Then so visits only finite £ many
copies of N, and so up to retagging it is a play in M — (N @_)*(M), and s a play in C o Dp.
By totality of C o Dg, there is a move p with sop € C 0 D;. Then, up to retagging, sop is
also a play in C g .

We next need to check that each infinite play with all even prefixes in ( 0 ) is win-
ning. Let s be such an infinite play, with s|p; winning. We must show that s|iy is
winning, i.e. sl ;) is winning for each i. The infinite play s corresponds to an infinite

interaction sequence:

M—2 Nom 929 Nyowon d2(deo)

Then s|v,;) can also be found in the ith column of the above interaction sequence. By
hiding all columns other than the first and the ith, we see a play in M — (N @ _)*(M) in
C o D;. The first column is s|j; (which is winning), and the ith component of the second
is s|(v,;). Since since ( o D; is a winning strategy, this play is winning, by the winning

condition for .  J]

We will later need a further coalgebraic property of the operation ! in ¢, following

the observations above.

Proposition 3.3.3 Suppose ¢ :M - NoeM, 0 :M — !N and v :!N - No!IN. 1. If
aoogd(idoeog)optheno 2P D. 2. If (doo)opTwoo then CPDPECY Doa.

Proof 1. Suppose aoo 3(id@o)o¢p. Then 0 Zalo(idoo)ogp. To show that o 3T ¢ D, it
suffices to show that for all &, o = a;l o(id )k (e)o( ¢ Dp. For k =0 we are done as the
RHS is €. For & = j + 1, note that aj‘.jl o(ide Y *l(e)oq G Dji1= alo(ido aj‘.l)o(id o(do
Y(E)olidod ¢ dp)opEalo(ideo)opEa.

2. To show that C ¢ > = C ¥ Yoo it is sufficient by 1 to show that (idey Yoog)ogp =
ao( Y Yoo. Since ao( ¥ Y =(idoC ¢ D)oy we need to show that (ideC ¥ Doo)opE(ido
C ¥ D)owoa. But this is clear as (ido @ Doo)o¢p = (idoC ¥ D)o(ideo)op E (idod ¥ D)owoor

asrequired. ||



Boolean Cell and Stack Example

We can express our Boolean cell strategy as the anamorphism of a finite strategy. Define
a parametrised cell cell’ : B — !(B&Bi) as ( f ) where f :B — (B&Bi)2B. The strategy f
is defined as follows, with b ranging over {tt,ff}:

B - B & Bi) o B B - (B & Bi) o B
q (0] b
q P a
b (0] q
b P b
q (0]
b P

Then cell = cell’ o tf where tf is the strategy on B specifying the starting value of the cell.
We can see the parameter to cell’ as being the explicitly propagated ‘state’ between the
interactions in the subsequent copies of B&Bi.

We can perform a similar treatment to construct a Boolean stack, with unbounded
memory. We can construct this using the anamorphism of a strategy that is a finite
sequence of moves followed by copycat. The type of the stack strategy is also !(B&Bi)
— the B component represents a ‘pop’ method and the Bi component a ‘push’ method.
We can consider a strategy stack’: !B — !(B&Bi) which represents a stack parametrised
by a ‘starting stack’ (the argument represents the behaviour that would be observed
by running ‘pop’ an arbitrary number of times). We set stack’ = ( g D where g:!B —
(B&Bi) 2 !B is as follows:

B - (B & Bi) o !B B - (B & Bi) o 'B
q (0] b
q P a
b (0] q
b P b
q o q
q P g
b’ 0 b’
b' P b’

After the first four moves the strategy enters copycat. The initial stack s:!B can also be

defined by an anamorphism. For example, a stack containing ff elements can be defined



as ( g ) where g:I — B oI contains the unique maximal play gff.

Deriving the Exponential Structure

Just as we can derive dereliction from the fact that ! N is the final coalgebra of X — NoX,
we might hope to derive contraction, promotion and multiplication as well. This does not

seem to be possible, but starting from any one of the three the other two are derivable:

1. Contractiond:!N — !N ®!N (or equivalently con:!N — !N o!N)
2. Comonad multiplication mult:!N —!!N

3. Promotion (-)' constructing a map !N — ! M from a map !N — M

For (1) = (2) we can set mult = con ). For (2) = (1) we have con = (idoder)oaomult. For
(1) = (3) we can set o7 = C wko(o ®id)od . For (3) = (2) we have mult =id".

We can make use of this in our categorical axiomatics. If we assume that !N is the
carrier of a commutative comonoid with d:!N — !N ®! N, we can use the final coalgebra
property to define the cofree commutative comonoid structure of IN. We can define ny4
and fT using the final coalgebraic and comonoid structure. Let n4 = der = unit, o (id @
t)oa. If mg:B — B®B is a commutative comonoid and f : B — A, then we set fT =
Cwko(f®id)omp D. The condition for ! to be the cofree commutative comonoid is that
fT:B — 1A is unique comonoid morphism such that f = naof T. Thus, if this property
is satisfied, our final coalgebra structure can be used to derive a cofree commutative
comonoid structure and be an instance of a known categorical characterisation of the

linear logic exponential.

Definition A sequoidal closed category ¥ has a coalgebraic exponential comonoid if:

* The endofunctor N @ _ on ¥ has a final coalgebra (! N,ay) where ay € 6;. Let
der:!A — A be unitgo(idot)oa

¢ For each N, !N is the carrier of a commutative comonoid whose multiplication d is

strict and wko(der®id)ocd =«

[0

1A AolA
d wk
1aeia 9r®id 401



* For each commutative comonoid m:B —B®B and f:B — A, fT = Cwko(f ®id)o

m ) :B — A is the unique comonoid morphism such that f = dero f7.

A coalgebraic exponential comonoid is a cofree commutative comonoid, and so can be
used to model the exponential modality.

We pause to note that using the above construction ! f = (f oder)’ = ¢ wko(f oder®
id)od ). In the case that f is strict, this is ( (f @id)owko(der®id)od ) = (f @id)oa ).
Also, the family of maps d:IN —!N®!N is natural in N: this is equivalent to ! f being a

comonoid morphism, which holds using the third condition and the above expansion of

lf.

Proposition 3.3.4 The sequoidal closed categories W and 4 are both equipped with a

coalgebraic exponential comonoid.

Proof Follows from Propositions [3.3.1] and the fact ! is the cofree commutative
comonoid in ¢4 and # [51]]. The coherence condition wko(der®id)od = @ can be easily
checked. |1

3.4 The Logic WS!

We next add the exponential operators to WS, with proof rules explicitly based on the
fact that ! N is a final coalgebra. We call this extended system WS!.

3.4.1 Proof System
Formulas of WS!

The formulas of WS! are those of WS extended with exponentials:

| PeQ@ | P®Q | P<Q | PoON | ?P

P= 0 |
1 | NeM | M&N | NoM | N<P | IN

1
N := | T

The new exponential operators will be interpreted by the exponential modalities in Sec-

tion[3.3.11

Proof Rules

Sequents of WS! are again lists of formulas, and the proof rules of WS! are those of WS
extended by the additions in Figure 3-1

We can interpret the new rules as operations on strategies as follows:



Figure 3-1: Proof rules for WS! — extends Figure

Core rules:
p FN,IN,T p ~P,?P,T
"TRINT T RPT
Other rules:
. FLIMLA p! FT,IM,A +M,PL P
der T M, A con T IM,!M,A Pana HIM,P
p? FI,P,A p? =1,?P,?P,A
der |-T 2P A con  T,?2P,A

The P, rule is interpreted by noting that a strategy on the premise corresponds to

a strategy on the conclusion, via the isomorphism !N = No!N.

The P» rule is interpreted by noting that a strategy on the premise corresponds to

a strategy on the conclusion, via the isomorphism ?P = P <?P.

The Péer and Pzer rules are interpreted by composition with the dereliction map

der:!M — M which uses only the first copy on the left.

! ? . o . . .
The P, and P, rules are interpreted by composition with the contraction map
con : !M — !M®!M which opens a new copy on the left for each copy in either

component on the right.

The P,,, rule is interpreted by using the final coalgebra property of ! V, as described

above.

3.4.2 Embedding ILL in WS!

We have already seen how we can use anamorphisms and contraction to define promo-

tion. This is reflected in the logic, as we can define promotion as a derived rule in WS!.
We can extend Proposition to full Intuitionistic Linear Logic (over the units 1 and
1). The proof rules of ILL are those of IMALL in Figure [2-3|together with the exponential

rules given in Figure [[72] ('\T" ranges over contexts where every element is of the form

Figure 3-2: Proof rules for ILL — extends Figure

I'N-M ILIN,INFM =M THEN
LINFM ILINFM ININFM I'-IN




Proposition 3.4.1 For each proof p of M1,...,M, = N in ILL there is a proof x(p) in WS!
of FN,M7,....M,.

Proof We have already described the translation of the exponential-free fragment in
Proposition|2.2.1
The first three exponential rules correspond to P(?jer, onn and P\J;Ik respectively. We

next give the translation of the right ! rule (promotion). This makes use of the explicit

anamorphisms found in WS!. We first assume I consists of a single formula L.

FN,2L* Pia HIL, 2Lt

» FN,L2L‘ 2L+
©n b N,IL?L*
LN oLt

PmuI

We will later refer to this derived rule as Pyom. If I' contains more than one formula, we
use the equivalence of !M®!N and (M &N) in WS!.
The first direction p; HIM®!N —!(M &N) is defined as follows:

Pid Pid

p. p. P HIM, Mt FIN, 2N+t
o Pt T RNeNt ™Y M, M N
™ HIM N, 2M Nt 5" FIM,IN,IN,2M* 2N
con 1 1 sym 1 1
o FIM,IM,IN,?2M* 2N bt FIN,IM,IN,?M" 2N
P"%f +M,\M,IN,?M* 2N+ P‘*%f +N,!M,\N,?2M* 2N+t
Pf:’ +M,!M,!N,?ML 9Nt Pfi’ FN,!M,IN,?2M 9N+
® +M,IM8!N,?MY 9Nt ® FN,IM!N,?MY9?Nt

Pg

FM&N, M!N,?ML9?N+
FI(M&N),?M+9?N+

ana

The second direction po FI(M&N) —!M®!N is given as follows:

Pig ———— Pig ————
2 M MteNt %2 FN,MteNt
e M 2AM e N N, 2(M e N

prom prom

HIM,2(M+ e N*t) HIN,2(M* o N*)
»  FIMSIN,2M*eoN*),AM*+eN")
cor HIM®IN,2(M* o N*)

mul®

The interpretations of these maps are the standard copycat morphisms in #'.

We can then generalise Pyrom to



FM,?P,?Py,...,?P,_1,?P,

7 FM,2(P1®Pye...eP,_1),?P,

PP)? FM,?(P1oPo®... o P, 1)2?P, P2
°“Pt FM,2(Pi®Ps&...eP,_1oP,)

Pem HIM,2(P1®Py®...9P,_1®P,)

HIM,?(P1®Ps),...,7P,_1,7P,, p1
pT HIM,?P19?Py,..., 7P, _1,7P,
¥ FIM,?P1,7Ps,..., 7P, _1,7P,

Pcut

and interpret the right ! rule of ILL. |}

3.4.3 Boolean Cell and Stack

We will next show how some infinitary imperative objects can be expressed as proofs in
WS!.

A Boolean Cell

We next give a proof that denotes our Boolean cell strategy cell :!(B&Bi) from Section
We first define cell’ : B —!(B&Bi) giving the behaviour of the cell parametrised by
a given starting value. In particular, we take the anamorphism of a map B — (B&Bi)2B.
This proof is given in Figure Its semantics is the history-sensitive Boolean cell
strategy given in [8]. The proof preaq corresponds to the map B — B @ B which reads
its argument and propagates it to the next call, and py,ite corresponds to the map B —o
Bi 2 B which ignores its argument and propagates the written value to the next call.
We can use cell (together with the ILL embedding) to give an embedding of recursion-
free Idealized Algol with finitary datatypes into WS!. We will explore this theme in
Chapter 5, also considering other imperative programming constructs that can be rep-

resented by Pjp..

A Boolean Stack

We can similarly give a proof denoting our Boolean stack in Section We first define
a proof !B —!(B&Bi), representing a parametrised stack as above. This is given in
Figure An initial stack (proof of !B) can be defined easily using Pprom.



Figure 3-3: Proof Denoting a Boolean Cell

Pwrite Dread
FL&L)<ITE&(L<(ToT),L<1(ToT), To(L&l)
FI((L&L)<M&(L<(TaT)), To(L&Ll)

Pana

where prite is

T T
FT,(To(L&l)) FT(To(L&l))

L T T, (To(L&L)) 2 ToT,(To(L&L))
FH(TeT)(To(L&L1)) H(TeT)2(To(L&L1))
FL(TeTys(To(L&l)) FL(TeTys(To(L&L))
F(L<a(TeT)<(To(L&L)) F(L<a(TeT)<a(T o(L&L))
FT,(L<a(TeT)<(To(L&L)) FT,(L<(TeT)<(To(L&L))
F(Te(L<(TeT)),To(L&L) F(To(La(TeT),To(L&l)
F(To(La(TeT)s(T o(L&L)) F(Te(L<(TeT))s(T o(L&L))
FL(To(l<(Te)s(To(l&L) FL(To(l<a(Ten)s(To(L&l))
FLT,la(TeT),To(L&L) FLT,La(TeT),To(l&l)

F1&L,T,l<a(TeT),To(Ll&L)
F(L&LD<T,La(TaT),To(Ll&L)

and pread 18

Poy T Papg— T
FTeT FTeT
FL(TeT) FL(TeT)
b FT,L<(TeT) b FT,L<(TeT)
®l  TeT,La(ToT) 2 TeT,La(TaT)
Fl(TeTe(La(TaeT) FL(TeTe(La(TeT)
Fl& L (TeTo(L<a(TaT))
FT,(L&L)<((ToeT)o(La(TaT)))
FTo(l&L),(TeTo(La(TeT))
F(TeT)o(L(TaT)ye(To(L&l))
FL(TeTo(Li(TeTN(T o(L&1))
FL<i(TaeT),L1(TeT),To(lL&l)




Figure 3-4: Proof Denoting a Boolean Stack

o Pid F(L<(ToT), AT o(L&L))

son (L <(Te 1), (L <(TeT), AT o(L&L))

Dwrite der ] Q(TeT),(L<(TeT),ATo(L&L))

F(L&L)<IT)&(L<(ToT)),(LI(ToT)),ATo(L&L))

Pana FI((L&L) <1 T)& (L <(TaT))), AT o(L&L))

where pyrite 18

1 2
pwrite pwrite

FL&L ST, NL<(TaT)), AT o(L&l))

i fae
and p; .. 1s:

P T e N, AT o(L&L))
b FTILA(TeT)ATo(l&L)
T T,(L<(ToT)),ATo(L&L))
F(TeTol(L<(TeT),ATo(L&Ll))
F(TeTol(La(TaT)))2A(To(L&1))
FL(Teel(La(TeT)eXT o(L&L))
FL(TeT),(L(ToT),ATo(L&L))
Fl<a(ToT,(L<(TeT),ATo(L&L))
FIL<(ToT)), AT o(L&L))
FTol(L<(TeT)),2(To(L&l))
F(Tol(L<(TeT)))2AT o(L&L))
FLAT,(L<(TeT),ATo(L&L))




3.4.4 Embedding LLP in WS!

In Section[2.6|we embedded MALLP inside WS. Full Polarized Linear Logic (LLP) can be
embedded in WS!. LLP extends MALLP with exponential connectives:

P= 1 | 0 | PeQ | P®Q | |N | N
N= L1 | T | M®N | M&N | 1P | ?P

Remark The presentation of LLP given in [53]] omits the linear lifts 1 and | of MALLP.

We will include them in our presentation of LLP and its embedding, for use in Chapter
5.

We say a negative LLP formula N is reusable (and write reuse(N)) if every occurrence
of 1 occurs under a ?. If we exclude the linear lifts | and |, all negative formulas are
reusable. reuse(I'”) holds if all formulas in I'™ are reusable. The additional rules of LLP

are given in Figure (3-5)

Figure 3-5: Proof rules for LLP — extends Figure [2-14]

FI™,N
p_— b LIV -
'"TTUN reuse(I'")
FI,P FI,N,N T
b b b ?
?2d FT.7P ?2c FT.N reuse(N) 2w FT.N reuse(INV)

We next extend the embedding in Section to full LLP. The LLP exponential is
translated to a combination of the corresponding WS exponential and a lift. We set
i(IN) = ({*},_ =& je ;v (L <i(N);)) and i(?P) = ({*},_ —~? D jeji(py (T @ i(P);)).

First, we show that each WS! formula in the translation of a reusable LLP formula

is equivalent to one with a leading exponential.

Proposition 3.4.2 Suppose N is reusable. Then for any x in |i(N)|, there is a formula @
with proofs p F1Q*,i(N), and p' - i(N)},?Q where [p] and [p'] are inverses.

Proof We proceed by induction on N. If N = 1 then i(V), = 0 and the corresponding
proofs apply:

1,11,0

—
1,20 11,0

If N =T then i(lV), = T and the corresponding proofs apply:



=T ET

FT,?2T LT
F?T 1L, T
HL1,?7T HIL,T

If N = M’$L then M and L are reusable, and i(N), = i(M),’®i(L), for some y € [i(M)|
and z € [i(L)|. By induction, there are formulas € and P with i(M), =?P and i(L), =7Q.
We then use the isomorphism p;:!M ®!N = !(M&N): py defined in Proposition [3.4.2]

FiDE2P FiNE2Q HPLiM),  HIQLiN),
e My ei(N)E,2P,7Q ™ HPLelQL,iM),, i),
b ‘;’ iy ®iN);, PR (p:;’ HPLe!QL,i(M)y9i(L),
S D e i APeQ) FIPL&QD), M)y RilL),

Suppose N = M&L and x € [i(N&M)| = [i(M)| v [i(N)|. Then M and L are reusable.
Suppose that x = in1(y) for y € |[i(M)|. Then i(M&L), = i(M),. By induction, there exists
Q and proofs - i(M)L,Q and + Q*L,i(M )y as required. The case when x = ina(y) is similar.

If N =?P then we can take @ = @ jc|;p)(T @i(P);) and use the Pjq rule in each direc-
tion. |

Next, we must extend Proposition [2.6.1| with the exponential case, to extend the trans-
lation of the T rule of MALLP. PEV , is defined as follows:

FT
(PD)* - L’T. =
p+ |—J_,!&j€|i(N)|(J-<]l(N)j),A T

WK LN, & gy (L <IN ), AT, T

We next show how the additional LLP proof rules are translated.

e The ! rule: Let " = Ny,...,N, and x; € [i(N;)|. For each j € |i(N)|, i(q,x;,j) F
L,i(N1)x;5. .-, 1(NR)y, , i(IN)j. We then perform the following derivation r;:

P i(q,x;,n) F L itN Dz, ..., iRy, , i(N);
m F L), itN D5 iV s,
Fl<« i(N)j,i(Nl)xl,...,i(Nn)xn

We perform this construction for each j, and using Pg we obtain

rt &j(—:li(N)I(J‘ < l(N)_]),l(Nl)xp,l(Nn)xn



We then set i(p, x;) = (*,q) where q is:

rF & e (L <IN}, ilNDay, -, i),
F&jcjiany (L 11N, ?Q1,...,7@n
H& jepiny (L <iN))),2Q1, ..., 2Qn
& e i (L <LV ), 1N Dy 5 -+, 1N,

I:)prom

Here we use the proofs in Proposition that show that i(V;),, is isomorphic to
7Q;.

¢ The ?d rule, with p =?d(q): Let I' = N1,...,N,, and x; € |i(N;)|. Then i(q,x;) = (y,q)
where g - i(P)y,i(N1)x,,...,i(Ny)y,. Then i(p,x;) is:

qFi(P)y,i(N1)x5.- -, i(Np)y,
FT,i(P)y,i(N1)x;, ..., i(Np)y,
P FT@i(P)y,i(N1)x,...,i(Np)y,
’ &Y Djelip) T @i(P)j,i(N1)xy,.- ., i(Np)x,
der BB jejipy T @i(P)j),i(N1)xy, - -, i(Np)x,
H1, i(Nl)x1>9 .. .?i(Nn)xn ??(@jeli(P)l To i(P)j)
F L i Day o i)y, 2B jeiry T 00P))

® The ?c rule, with p =?¢(q):
If T = Ny,...,N, and «x; € |[i(V;)| and x € |i(N)| then i(q,x;,x,x) is a proof of -
L,i(N1)xys - 1N Ry, , 1N )y, i(IN ). We can apply Proposition and use ?-contraction
in WS to yield a proof ¢’ of - L,i(N1),,,...,i(Ny)y,,i(N), and we set i(p,x;,x) =¢q'.
IfT' =Ny,...,N;,P,N;,1,...,N, and x; € |i(N;)| and x € |i(N)| then i(q,x;,x,x) =
(5,9") where ¢' F i(P)y,i(N1)xy,...,i(Np)x,, i)z, i(N);. We can apply Proposition
and use ?-contraction in WS to yield a proof q” of

Fi(P)y, i(N1)x;s. o, 1N )y, , 1N )x

and we set i(p,x;,x) = (y,q").

® The ?w rule, with p =?w(q):
If T =Ny,...,N, and x; € |i(N;)| and x € [i(N)| then i(q,x;) - L,i(N1)y,,--.,i(Np)x, -
We can apply P, in WS to yield a proof ¢’ of - L,i(N1)x,,...,i(Ny)x,, i(IN)x and we
set i(p,x;,x)=q’.
IfI'=Nq,...,,N;,P,N;;1,...N, and x; € |i(N;)| and x € |i(N)| then i(q,x;) = (y,q")
where g’ - i(P)y,i(N1)x,,...,i(Nn)zx,. We can use P, to yield a proof ¢” of
Fi(P)y,i(N1)x,,-.-,i(Np)y,,i(N), and we set i(p,x;,x)=(y,q").

We can hence interpret proofs in LLP as (families of) proofs in WS!.



3.5 Semantics of WS!

Definition A WS!-category is a WS-category with a coalgebraic exponential comonoid.
We will give semantics of WS! in any WS!-category.

Proposition 3.5.1 # and 4 are WS!-categories.

Proof Follows from Propositions and |

3.5.1 Semantics of Sequents

We extend the interpretation of formulas and sequents in Section to WS! by setting
[IN] =![N] and [?P] =![P].

3.5.2 Semantics of Proofs

The interpretations of the new proof rules are given in Figure Once again, proofs of
F N,T are interpreted by arrows I — [N,I] and proofs of - P,T by arrows [P,I] — L.

3.6 Full Completeness

We will next extend the full completeness result of WS to WS!. We restrict our attention
to the concrete games model. We first show that each bounded winning strategy on a

type object is the denotation of a unique analytic proof.

Definition Let o be a winning strategy on a (win-)game G. We say o is bounded if there

is n € N such that Vs € o, |s| < n.

Note that a bounded winning strategy on a win-game is precisely a bounded total strat-
egy on that game.

Interpretations of proofs in WS are bounded. Winning strategies on games involving
the ! operator are typically not bounded, e.g. there is no bounded winning strategy on
(L < T). However, strategies on e.g. !B — B that interrogate their arguments only a

finite number of times are bounded.

3.6.1 Reification of Bounded Strategies

Let o : [ I'] be a bounded winning strategy on the denotation of a WS! sequent. We
define reify(o) as an analytic proof of - I'. This is defined in Figure|3-7
We can use the measures defined in Proposition to show that reify terminates.

However, for the first measure, we must use depth(o) rather than the size of the sequent.



Figure 3-6: Semantics for WS! — extends Figures

Core rules:
o:[FN,IN,T] o:[FP,?P,I]
M@ oo [FIN,T] 7 oI (a): [F2P,T]
Other rules:
b o:[-M,P+P]
" AHC AT 0) D) [FIM,P]
o:[+P,T,\M,A] o:[FIM,A]
oo[A]*(der —id): [FP,I',M,A] [A]"(der)oo: [+ M,A]
o:[FP,T,!M,A] o:[FN,T,!M,A]
oo[A]*((d—oid)opasc™)): [ P,T,!M,!M,A] [A]~(deder)oo: [+ N,T',M,A]
o:[FN,I,IM,A] o:[FM,A]
[A] (pasco(ided))oo: [-N,T,!M,!M,A] [A] (con)oo : [FIM,!M,A]
o:[-M,T,?P,7P,A] o:[F?P,?2P,A]
[A]~((d —id)opasc })oo : [ M,T,?P,A] oo [A]*(con): [F?P,A]
o:[FQ,T,?P,?P,A] o:[FP,A]
oo[A]*(pasco(idod)): [FQ,T,?P,A] oo [A]*(der): [F?P,A]
o:[FQ,T,P,A] o:[FM,T,P,A]
oo[A]*(ideder): [FQ,T,?P,A] [A] (der —id)oo: [ M,T,?P,A]

e IfI'=!N,I” then the in the inductive call of reifyr, the first measure depth(o) stays
the same. If N = 1L then the second measure tl(I') decreases. If N # 1L then the

second measure stays the same, and the third measure hd(I') decreases.

e IfI'=?P,T’ then the in the inductive call of reifyy, the first measure depth(o) stays
the same. If P = T then the second measure tl(I') decreases. If N # T then the
second measure stays the same, and the third measure hd(I') decreases.

3.6.2 Soundness and Uniqueness

We can show that reify(o) is the unique analytic proof p with [p] =o.
Proposition 3.6.1 For any bounded winning strategy o : [I'], [reify(o)] = o.

Proof We proceed by induction on the termination measure. In the case when the head
formula of I is not an exponential, we proceed as in Proposition using the fact that
W is a complete WS-category. In the other cases:



Figure 3-7: Reification of Strategies for WS! — extends Figure

Pi(reifyy v r([T] (@) 0 0))
P?(reifyp,?p,p(o' o [[F]]+(a_1)))

reify!N,r(U)
reifyop (o)

e IfT' =!N,I" then [reify(o)] = [Pi(reify([T] (a)o0))] = [[F]]’(a’l)o[[reify([[l“]]’(a)oa)]] =
[T]- (@Yo [I] (a)oo = o as required.

o IfT =?P,T’ then [reify(0)] = [Po(reify(ao[I] (@~ 1)))] = [reify(ao[I] (@ 1)]o[I] ()
oo (a™Y)o[I]"(a) =0 as required. ||

Proposition 3.6.2 For any analytic proof p, reify([p]) = p.

Proof We proceed by induction on p. In the cases when p uses one of the core rules of
WS, we can proceed as in Proposition [2.4.5| since # is a complete WS-category. In the

other cases:

o If p = Py(q) then reify([p]) = reify([T]~(a1)o[q]) = Pi(reify([T] ~(a)o[T] (a~1)o[q])) =
Pi(reify([q])) = Pi(g) = p as required.

* If p = P2(q) then reify([p]) = reify([g] o [T]*(a)) = Pa(reify([q] o [T]* (@) [I]* (@™ ") =
Po(reify([q])) = P2(q) = p as required. |}

Remark Note that the only place we have used the concrete games structure above is
in the termination argument, using the depth of a strategy. The reification procedure
can be defined in any WS!-category that is a complete WS-category. If it can be shown
to terminate in that category, the above propositions show that reify(o) is the unique
analytic proof p with [p] = 0.

3.7 Proof Normalisation

We have seen that any bounded winning strategy is the denotation of a unique analytic
proof of WS!. We cannot use this to normalise proofs to their analytic form as for WS,
because proofs in WS! do not necessarily denote bounded strategies. We will next show
that our reification procedure can be extended to winning strategies that may be un-
bounded, provided the resulting analytic proofs are allowed to be infinitary — that is,
proofs using the core rules that may be infinitely deep. More precisely, we will show that
total strategies on a type object correspond precisely to the infinitary analytic proofs.
Thus we can normalise any proof of WS! to its infinitary normal form, by taking its se-

mantics and then constructing the corresponding infinitary analytic proof. Two proofs



in WS! are semantically equivalent if and only if they have the same normal form as an

infinitary analytic proof.

Remark Systems such as Intuitionistic Linear Logic have exponentials, and cut elimi-
nation theorems where the normal form is still a finite proof. This raises the question:
why are normal forms of WS! proofs infinitary? We give an informal answer. Proofs in In-
tuitionistic Linear Logic can be given semantics as innocent strategies [10[], and any in-
nocent strategy o : | N must behave the same in each thread (equationally, o = (deroo)").
Thus, if there are finitely many innocent strategies on N, there are finitely many inno-
cent strategies on ! N. Proofs in WS! represent history-sensitive strategies, which may
behave differently in each of the w copies of N in ! N (where behaviour in each thread can
be dependent on behaviour in other threads). For example, a strategy on !B represents
an arbitrary infinite stream of Booleans, which may not even be computable. Thus it

will not be expressible by any standard notion of finite analytic proof.

3.7.1 Infinitary Analytic Proofs

We next give formal definitions of analytic proofs that may be infinitary.

Infinitary Proofs as a Final Coalgebra

Let L be a set. Let 97 denote the final coalgebra of the functor X — L x X* in Set.
The inhabitants of T7, are L-labelled trees of potentially infinite depth. We let a : 97, —
L x g, describe the arrow part of this final coalgebra: this maps a tree to its label
and sequence of subtrees. Given a natural number n, we define a function N, : 97, —
P(L x I;"), by induction:

* No(T)=¢

¢ Npit(T) = {a(T} w UINL(T") : T' € ma(a(T))}
We define the set of nodes N(T') to be {N,(T):n € N}.

Let Prf be the set of (names of) proof rules of WS! and Seq the set of sequents of WS!.

Definition An infinitary analytic proof of WS! is an infinitary proof using only the core
rules of WS!. Formally, this is an element T' of .¥ = Ipf.seq such that for each node
((Py,=T1),¢) € N(T) we have |c| = ar(P,) and if (13 o1 o a)(¢;) = FT'; then the following is

a valid core rule of WS!:

FT'q |—F|C|
FT

Py



We let .t denote the set of infinitary analytic proofs of -T.

Remark Alternatively, we could formulate the core proof rules as an endofunctor on
Set>d. The analytic proofs then represent the initial algebra of this functor, and the
infinitary analytic proofs represent the final coalgebra. We chose the above formulation

for simplicity. However, the generated coinductive principle needs refinement.

Let {Ar : T € Seq} be a family of sets indexed by sequents. We next show that we
can construct a family of maps Ar — 41 by giving, for each I' and a € Ar, a proof rule
that concludes - T' from - TI'q, ..., FI'; and for each i an element a; € Ar,. To see
this, let f : YreseqAr — (Prf x Seq) x (reseqAr)* be a function such that for each a,
f(inr(a)) = ((Py,-1I),inr,(a1)...inr,(a,)) where P, has arity n and the following is a valid

core rule in WS!:

FI'y I,

Py

=

Then we can use the final coalgebraic property of .# to construct a map } reseq Ar — #:

Z Ar —f> (Prf x Seq) x ( Z Arp)*

I'eSeq T'eSeq
<f »\ \id X f D"
54 (Prf xSeq) x #*

We need to check that for all inp(a), C f D(inp(a)) € $r. That is, for any n and any
inr(a), each element of N,(C f d(inr(a))) specifies a valid instance of a proof rule of
WS! as described above. We proceed by induction on n. If n = 0 this is vacuously
true. If n = m +1 then each node in N,(C f d(inr(a))) is either in N,,(C f d(inp(a))) or
is a(C f D(int(a))). In the former case we are done (by induction). In the latter case, we
know that a(C f d(inp(a))) = (id x C £ D*)(f(inr(a))) using the diagram above. By require-
ment, this is (id x ¢ f D*)((Py,+I),inr,(a1)...inr,(a,)) where

Iy FI,
=

Py
is a valid proof rule. Thus this node is of the form
((Py, =), f d(inr,(@1)...C f Dinp, (an))).

Since a(C f d(inr,(a;))) = ((id x C f D*)o f)inr,(a;)) and f(inr,(a;)) is of the form ((_,+
I';),_), sois C f Xinr,(a;). Thus (Py,FI),C f dinr,(a1))...C f Xinr,(ay))) does have the

structure of a valid proof rule of WS!.



Infinitary Proofs as a Limit of Paraproofs

We can consider an alternative approach for presenting our infinitary analytic proofs.

We consider partial proofs, that may give up in the style of [29].

Definition An analytic paraproof of WS! is a proof made up of the core proof rules of

WS!, together with a diamon rule P, that can prove any sequent.

Note that each analytic proofis also a analytic paraproof. Let 6t represent the set of
analytic paraproofs of - I". We can introduce an ordering = on this set, generated from
the least congruence with P, as a bottom element. We can take the completion of %6r
with respect to w-chains generating an algebraic cpo 2r. The maximal elements in this
domain are precisely the infinitary analytic proofs .-, and the compact elements are the

analytic paraproofs 6T.

3.7.2 Semantics of Infinitary Analytic Proofs

We next describe semantics of infinitary analytic proofs via the semantics of analytic

paraproofs.

Semantics of Analytic Paraproofs

We can interpret analytic paraproofs as partial strategies. We interpret paraproofs in ¢,
the category of (win) games and strategies. For the rules other than P., we use the fact
that ¢ is a WS!-category. We interpret P, as the strategy {¢} where ¢ denotes the empty
play on any game. We can hence interpret an analytic paraproof of - I" as a strategy on
[FT7].

The category ¥ is cpo-enriched, with ¢ = 7 if 0 S 7 as a set of plays. The bottom

element is {¢}. Composition, pairing and currying are continuous maps of hom sets.
Proposition 3.7.1 If p and q are analytic paraproofs of T and p € q then [p] E [¢].

Proof A simple induction on ¢, using the fact that composition, pairing and currying

are monotonic operations. Note that [—] is also strict, as [P ={e}. |}

Semantics of Infinitary Analytic Proofs

Both Zr and hom sets of ¢4 are algebraic domains: each element is the limit of its com-
pact (finite) approximants. Our monotonic map 6r — [+ I'] thus extends uniquely to a

continuous map 2r — [ I']. By construction this agrees with the semantics given above



for analytic paraproofs in 9r. Given any infinitary analytic proof p if p | is the set of
analytic paraproofs less than p then [p] =[p |] using the cpo structure in ¥4.
We can show that this really does capture the intended semantics of infinitary ana-

lytic proofs.

Proposition 3.7.2 The equations for the semantics of analytic proofs given in Figures
B-4land [3-6hold for infinitary analytic proofs.

Proof We use the fact that the constructs used in the semantics of the core proof rules
are continuous. We proceed by case analysis on the proof rule.

We just give an example. In the case of Pg, note that [Ps(p,q)] = U{[r] : 7 £ Ps(p, @)} =
L[Pe®',¢"] : p' Ep A g’ E g} = LH[T] (dec™Hodist L o([p',[¢') : P’ EpAG E g} =
[[F]]_(dec_l)Odist:}r o([Ltp":p =P}, [LHe" : ¢' = q}]) = [[F]]_(dec_l)Odist:,lr o([p],[q] as
required. All other cases are similar. |}

We next show that the semantics of an infinitary analytic proof is a total strategy.

Totality

We need to show that given p € .91, [p] is a total strategy. Note that this is not true of
arbitrary paraproofs in 9r, nor is it true for infinite derivations in full WS! (for example,
one could repeatedly apply the Py, rules forever).

To show this fact, we first introduce some auxiliary notions.

Definition Let o : N be a strategy on a negative game. We say that o is n-total if

whenever se o A|s|<nAsoePy=3p.sopeo.
It is clear that a strategy is total if and only if it is n-total for each n.

Proposition 3.7.3 The following facts hold:
1. If o is n-total and 7 is an isomorphism then 1 oo is n-total.
. If 0 is n-total and T is an isomorphism then o1 is n-total.

. If 6: A®B — C is n-total then A(0) is n-total.

2
3
4. Ifo0:A—Band 1:A — C are n-total then {0,T) is also n-total.
5. Ifo:A; — B is n-total then com; : A1 x Ag —o B is n-total

6

. If 0 : A — B is n-total then 0 —id : (B — 0) — (A —0 0) is (n + 2)-total.



Proof 1. Suppose 0:A —o B is n-total and 7 : B — C is an isomorphism. Note that
7 induces an isomorphism of plays f; : Pgp = Pc. This extends to an isomorphism
of plays fao_or :PA-oBEPpa_oc. If |s|<n,seocor and so € P4_.¢ then f;lﬂr(so) €
P4 _.g. We know that f;ior(s) €0, |fgi,f(3)| <n and |f;£of(80)| extends |fgi,r(3)|
by a single O-move. Thus by n-totality of g, there is a move p such that fgiar(so) p E
0. Then fa_.:( fgior(so)p) € 1. This is a play that extends so by a single P-move q.

Thus 7 o0 is n-total.
2. Similar to the previous case.

3. Let s € A(0) with so € Py_B_c) and |s| < n. Then so corresponds to a play s'o’
in Paogp_oc, With s’ € g, as the A operation renames indices of moves in a bijective
fashion. Since o is n-total, there is a response p’ with s’o’p’ € 0. Then by applying
the appropriate relabelling we see that this is corresponds to a play sop € A(g), as

required.

4. Let s € {(o,7) with so € P4_,gxc. Each nonempty play in A — B x C corresponds
either to a play in A — B or A — C depending on the first move. Assume wlog so
is a play in A — B. Then since o is n-total, so has a response in g, and hence in
(0,T), as required.

5. Let seoon; withso€e Ay xAs —B and |[s|<n. Thensisalsoaplayinoc:A; —-B
up to retagging, and so a play in A; — B by the switching condition. Thus by n-
totality of o, o provides a response p in A; —o B. Then sop € ¢ is also in o o 7;, as
required.

6. Let s € 0 —oid be such that |s| <n+2 and s0 € P(_op)—o(4—0). If s =€ then o must
be the initial move, and we know that o — id provides a response to this move.
Otherwise, one can remove the first two moves of so, to generate a play s’o’ in
P,4_.p with s’ € 0,Is'| < n. By n-totality of o, there exists p’ with s'o’p’ € 0. By
applying the appropriate relabelling we find a move p such that sop € 0 —id, as

required. ||
Proposition 3.7.4 Given any infinitary analytic proof p of =T, [p] is total.

Proof We show that [p] is n-total for each n. We proceed by induction on a compound

measure.
* Define tI"*(A,T) to be the length of T as a list if A = T or oo otherwise.
¢ Define hd*(A,T’) to be |A]| if A is positive or co otherwise.
* Define tI"(A,T) to be the length of I as a list if A = L or oo otherwise.
® Define hd™(A,T’) to be |A| if A is negative or oo otherwise.



We proceed by induction on f(n,T) = (n,tI*(I'), hd* ('), tI"(I'),hd (')} in the lexicographi-
cal ordering on N x N U {oo} x N U {oo} x NU {oo} x NU {oo}. We proceed by case analysis on

p.

If p = Py or Pt then p is a finite proof, hence [p] is total by semantics of WS.

If p = Pg(p1,p2) then by Proposition we see that [Pe(p1,q2)] = [[] (dec™1)o
dist:,lr o([p1],[p2]))- We know by induction that [p1] and [p2] are n-total. The call
to the inductive hypothesis is valid because f(n,(M;,I) < f(n,(M1® My,I')) — it is
smaller in either the fourth or fifth components, and equal in previous components.
Thus by by Proposition [3.7.3| [Ps(p, )] = [p] is n-total.

If p = P51(q) then [p] = [¢] o A™(wkosym) = [g] o A" (1 o decosym) = [g] o A™ (1) 0
A*(decosym) = [q] o w1 odist; A o A*(decosym). By induction (smaller in the second
or third component), [g] is n-total, and so by Proposition [p] is n-total. The

case of p = Pio(q) is similar.

The remaining cases work in an entirely analogous way. For PI we must use the

fact that currying preserves n-totality. For termination:

- In the case of Pg, Pg, P the first three measures (n,tI"(I'),hd* (I)) stay the
same and either the fourth measure tI™(I') decreases, or the fourth measure
stays the same and the fifth measure hd™(I') decreases.

— In the case of Pf, P9, P7 the first three measures stay the same and the fourth
measure decreases.

— In the cases of PI, P, Ps, P2 the first measure n stays the same and either
the second measure tI*(I') decreases, or the second measure stays the same and
the third measure hd*(I') decreases.

- In the case of P}, P?, P the first measure stays the same and the second
measure decreases.

— In the case of P}, the first measure decreases. In particular, [[P}(q)]] = unit_, o
([q] —e id). By induction [q] is (n —2)-total, and so [q] — id is n-total, and so
[p] is n-total by Proposition |

Note that there are infinitary analytic proofs that denote strategies that are total, but

not winning. For example, there is an infinitary analytic proof of - 1L,?(T <1 L) given by

P71 (k) where h is the infinitary analytic proof of F?(T < 1) given by

h = Po(P 4(PF(PZ(P4(P1(R))))). But there are no winning strategies on this game.



3.7.3 Reification of Total Strategies as Infinitary Analytic Proofs

We next show that any total strategy ¢ on the denotation of a sequent is the interpreta-
tion of a unique infinitary analytic proof reify(o).

We first define reify for winning strategies. We have seen that we can construct a
family of maps Ar — 41 by giving, for each I" and a € Ar, a proof rule that concludes I

from -T'y, ..., FT; and for each i an element a; € Ar,.

Y Ar —f> (PrfxSeq)x( ) Ar)*

I'eSeq I'eSeq
«f »\ \id xCf D"
5 (Prf xSeq) x .#*

Note that our reification function reify defined in Figure is exactly of this shape.
In this case Ar = Winr, the set of winning strategies on [I']. The function specifies,
for each strategy, the root-level proof rule and the derived strategies that are given as
input to reify coinductively. In the case that ¢ is bounded, we have seen that the process
terminates and reify(o) is a finite proof.

In fact, we note that this family of maps are still well defined if Ar is the set of total
strategies on [+ I7.

Proposition 3.7.5 reifyr is well defined for total strategies on [+ I'].

Proof Our reification procedure uses the fact that # is a complete WS!-category. We
cannot construct a category of unbounded games and total strategies, as composition is

not well-defined in general. However:
¢ The composition of a total strategy and an isomorphism is a total strategy.
* The composition of a total strategy and a projection is a total strategy.
® The completeness axioms in Definition [2.4.3|are satisfied:

— There are no total strategies on L.

— The map d sending pairs of total strategies on (M — 1, N —o 1) to total strate-
gies on M x N —o | is an isomorphism.

— The map _ —o | sending total strategies on M to total strategies on (M —o 1) —o

1 is an isomorphism.

Thus (looking at each case) we see that reifyr is well-defined on total strategies. In

particular, the procedure provides, for each total strategy on I', a proof rule P, concluding



I from T7,..., T, and total strategies on each [+ I';]. We write this map as reifr.

)" Totr _reif (PrfxSeq)x (Y Totr)*

I'eSeq I'eSeq
reify = C reif id x reify*
54 (Prf xSeq) x .#*

Thus we can take the anamorphism of this map yielding a map from total strategies

on I to 1, as required. JJ

Propositions [3.6.1] and ensure that in the case that ¢ is bounded, reify(o) is the
unique analytic proof whose semantics is 0. We next wish to give the analogous result

for our infinitary version of reify.

3.7.4 Soundness and Uniqueness

We can show that given any winning strategy o, reify(o) is the unique infinitary analytic
proof p such that [reify(p)] = 0.

For soundness, we first introduce some auxiliary notions.

Definition Let 0 and 7 be strategies on A. We say that o =, 7 if a) each play in o of

length at most n is in 7 and b) each play in 7 of length at most n is in o.
It is clear that =, is an equivalence relation, and ¢ = 7 if and only if o =,, 7 for each n € N.

Proposition 3.7.6 1. If 0 =, 7 and p is an isomorphism then o op =, Top.
2. If 0 =, T and p is an isomorphism then poo =, poT.
3. If o =, 1 and p =, 6 then {(g,p) =, (1,0).
4. If 0 =, T then A(o) =, A(7).
5 Ifo=,Tthenoom; =, T0Tm,.
6

. Ifo=,Tthen 0 —id=,,97 —id.

Proof Similar to Proposition [3.7.3] noting that plays in the left (resp. right) hand side
of the conclusion equation have corresponding plays in the left (resp. right) hand side of

the hypothesis equation. |

Proposition 3.7.7 Given any total strategy o on [\ T'], we have [reify(o)] = o.



Proof We show that for each n, [reify(0)] =, 0. The structure of the induction follows
that of Proposition lexicographically on (n,tI*(I'),hd*(I'),tI™(I),hd~(I)). In each
particular case, the reasoning follows the proofs of Proposition and using =,
in the inductive hypothesis rather than =, and propagating this to the main equation
using Proposition In the case of I' = T,N we use the inductive hypothesis with a
smaller n, using the final clause in Proposition[3.7.6 |}

Proposition 3.7.8 Given any infinitary analytic proof p, reify([p]) = p.

Proof Since id = a ), we know that id is the unique morphism f such that:
a *
Ir — (Prf xSeq) x .#
f idx f*
a *
Ir — (Prf xSeq) x .#

Thus to show that reify o [-] =id it is sufficient to show that aoreifyo[-] = id x
(reifyo [-])* o a, i.e. that for each infinitary analytic proof p we have a(reify([p])) =
(id x (reify o [-])* N a(p)).

* For binary rules P, we must show that reify([P.(p1,p2)]) = Px(reify([p1]), reify([p2])).

* For unary rules P, we must show that reify([P.(p))] = P.(reify([p]))

* For nullary rules P, we must show that reify([P,]) = P,.

For each proof rule, we have already shown this in the proof of Proposition or
Proposition Proposition ensures that the proof applies in this setting. ||

3.7.5 Full Completeness and Normalisation

We have thus shown:

Theorem 3.7.9 Each total strategy o on [+ T'] is the denotation of a unique infinitary
analytic proof reify(o).

We hence have a bijection between infinitary analytic proofs of a formula, and total
strategies on the denotation of that formula, via the semantics. Since any proof in WS!
can be given semantics as a winning strategy, and winning strategies are total, we may

reify the semantics of a WS! proof to generate its infinitary normal form reify([p]).

Theorem 3.7.10 For each WS! proof p, there is a unique infinitary analytic proof q such
that [p] = [q].



Proof Let g = reify([p]). Then [q] = [reify([p])] = [p] by Proposition If ¢’ is an
infinitary analytic proof with [¢'] = [p] then [¢'] = [¢] and so reify([¢']) = reify([q]) and

Proposition ensures that ¢'=q. |

While infinitary analytic proofs may denote strategies that are not winning, any infini-
tary analytic proof generated as a result of the above normalisation denotes a winning
strategy. The above result also ensures that proofs p; and pg in WS! denote the same

strategy if and only if their normal forms (as infinitary analytic proofs) are identical.

3.8 Cut Elimination for Analytic Proofs

We can extend our syntactic cut elimination procedure of Section to WS!. This
maps (finite) analytic proofs of - A,I', N* and + N, P to an analytic proof of - A, T, P.

3.8.1 Cut Elimination Procedure

In Figure 3-8, we extend the syntactic cut elimination procedure to WS!.

Figure 3-8: Cut Elimination for WS! — extends Figures|2-12] [2-13] [2-10] [2-11]
A T cut:FALN'x-N,P — FA[ILP

M cut(P(y, g)) = Py(cut(y,g)
?P cut(P(y,2)) = Polcut(y,g))
Q@ I cuty:FQ,I,N*x+Q-Tt,P — FNb 9P
?_ cuta(Pq(y), Pi(g)) = cuta(y,g)

wkp(Pi(p)) = Pilwkp(p)) wkp(P:(p)) = Polwkp(p))
remo(Pi(p)) = Pilremo(p)) wkp(P2(p)) = Palremo(p))

3.8.2 Soundness

We can show that this elimination procedure is sound with respect to any WS!-category.

Proposition 3.8.1 In any WS!-category, if p1 is a proof of - A,I,N* and ps is a proof
of = N,R then [cut(p1,p2)] = [Peut(p1, p2)].

The proof is an easy extension to Propositions [2.5.5] 2.5.4] and [2.5.2] The cases for the

new rules follow precisely the same pattern as other cases whose interpretation is an

isomorphism, e.g. PY.
This concludes our treatment of the sequoidal exponential. In the next chapter, we

will extend WS! to a first-order logic.



Chapter 4

Atoms and Quantifiers

We have seen that WS! has expressive computational power. But from a logical perspec-
tive, it is somewhat limited: any proposition must ultimately be composed of units and
connectives. In this chapter we introduce atoms, predicates, quantifiers and equality into
our logic. Formulas are interpreted as a family of games indexed by first-order models,

and proofs as families of strategies that must behave in a uniform manner.

We next introduce WS1, adding atoms and quantifiers to our logic, significantly in-
creasing its expressive power. Semantically, formulas represent families of games, in-
dexed over models: a (negative) atom a may either be true (in which case it is interpreted
by 1 and has a total strategy) or false (in which case it is interpreted by L and has no
winning strategy). A proof of a formula denotes a winning strategy that works regard-
less of the truth values of the atoms: a family of winning strategies that behave in a
uniform manner.

The atoms themselves are predicates applied to variables, and formulas are inter-
preted with respect to a given first-order model. Our logic has first-order quantifiers V
and 3. In the game denoted Vx.N(x), Opponent specifies an element a in the model and
play proceeds in N(a). Thus, a winning strategy on Vx.N(x) must provide a winning

strategy on N(a) for each a in the model.

We will first show how atoms, equality and quantifiers can be accommodated in the
logic WS. The treatment of atoms and equalities are non-standard, chosen so that we
can extend the full completeness results of previous chapters. We give motivation for
these rules based on their (informal) semantics: formulas as families of games (indexed
over first-order structures) and proofs as families of strategies upon them. We show how
first-order Intuitionistic Linear Logic can be embedded, and identify formulas which are

not provable in Intuitionistic Linear Logic but are provable in WS1, including a medial



rule which Blass noticed has a (uniform) winning strategy but no proofin ILL [[14].

We then formalise the semantics of WS1. Proofs in WS1 denote strategies which are
uniform — the family of strategies behaves (in some sense) in the same manner regard-
less of the underlying model. We formalise this notion using lax natural transformations:
a formula is represented as a functor from the category of first-order structures to a cate-
gory of games, and proofs are represented as lax natural transformations between these
functors. To reuse the semantics constructed in previous chapters, we construct a WS!-
category of such functors and lax natural transformations. To interpret the quantifiers
we exhibit an adjunction and use standard techniques.

We will then show full completeness: each finitary uniform winning strategy is the
denotation of a unique analytic proof. To do this, we must show some strong properties
of uniform winning strategies with respect to existential quantification and disjunction.
Infinitary uniform total strategies correspond to infinitary analytic proofs, and so once
again we can normalise proofs to their unique analytic form.

Finally, we show how the syntactic cut elimination procedure can be extended to
WSI1.

4.1 The Logic WS1

4.1.1 Syntax and Informal Semantics
Formulas of WS1

Our syntax and semantics are given with respect to a particular first-order language.

Definition A (polarized) first-order language consists of:

* A collection of complementary pairs of predicate symbols ¢ (negative) and ¢ (posi-
tive), each with an arity in N such that ar(¢) = ar(¢). This must include the binary

symbol = (negative), and we write # for its complement

* A collection of function symbols, each with an arity.

We fix a set of variables 7. Given a first-order language £, we define the set of terms
to be the set freely generated by the variables and the function symbols. The formulas
of WS1 are defined as follows:

M,N:= 1 |1 | ¢(3) | MeN | M@N | N<P |
VxN | M&N | IN

P,Q:= 0 | T | o) | P9Q | P<Q | PoN |
WP | PeQ | ?P



Here s ranges over terms, x over variables, and ¢(’s) over n-ary predicates ¢ applied to
a tuple of terms s =(s1,...,s,). Equality and inequality are special cases of atoms.

The involutive negation operation (_)* sends negative formulas to positive ones and
vice versa by exchanging each atom, unit or connective for its dual — i.e. 1 for 0, L for
T, () for ¢(5), ® for %, @ for <, V for 3, & for @ and ! for ?.

Interpretation of Formulas

Definition An Z-structure is a set |L| together with an interpretation map I, sending:

* each predicate symbol ¢ (with arity n) to a function I7(¢): |L|" — {tt,ff} such that
I1(p)(@) # IL((,_b)(?i) for all @ and I'.(=)(a,b)=tt ifand only ifa = b

¢ each function symbol f (with arity n) to a function I7.(f):|L|" — |L|.

If X €V an £-model over X is a pair (L,v) where L is an Z-structure and v : X — |L|
a valuation function. If (L,v) is an Z-model over X and s a term with free variables
in X, we can define inductively Iz, ,)(s) € |L|. If ¢(s1,...,s,) is an atomic formula we
write (L,v) | ¢(s1,...,50) if IL(P)T (1 )(s1),..., L1 v)(s,)) = tt, and say that ¢(s1,...,s,)
is satisfied in (L,v).

Given an %-model (L,v) over 7 we interpret positive and negative formulas as

games:

¢ Positive atoms which are satisfied in (L,v) are interpreted as the game T with a
single (Player) move; positive atoms which are not satisfied are interpreted as the
game 0 with no moves.

* Negative atoms which are satisfied in (L,v) are interpreted as the empty game 1,
whilst negative atoms which are not satisfied are interpreted as the game 1 with

single Opponent move.
* In Vx.N(x), dialogues are played in N(a) for some value a € |L| chosen by Opponent.
* In 3x.P(x), dialogues are played in P(a) for some value a € |L| chosen by Player.

We see that the game ¢(s) has a winning strategy if (L,v) = ¢(s) and ¢(s) has a
winning strategy if (L,v) = ¢(s).

Proof Rules

With this interpretation in mind, we can define proof rules for WS1. A sequent of WS1 is
of the form X;0 T where X <7/, O is a set of atomic formulas and I' is a nonempty list of
formulas such that FV(0,I') € X. We must specify X explicitly due to the strength of our

correspondence between syntax and semantics. For convenience, we assume all bound



Figure 4-1: Proof rules for WS1 — extends Figure[3-1

Core rules:
X;0,¢(s)FL,T b X;0,0(s)FT,T
X0 ¢(3),T " X;0,6(3)F p(xX),T
(X;0FD)%,2] X;0,x£yHT P
x7y7z x y # .
P&y XOrT X;0,x#x+T
Xwi{x};0-N,T X:0F Pls/x],T
b b PS b b
P X.orven,r “FFVEOD I X0raep,r VWX
Other rules:
X;0+T,Yx.N,A X:0-T,P A
pr LOFLVXN.A pyyex pr XOFLPISALA Ly x

Y X;0FT,Nl[s/x],A
p X;0,s#t+T
ea X0, f(8) 2 f(H F T

X;0FT,3x.P,A

variables are distinct, and distinct from any free variables (perhaps achieved using an
initial a-conversion). We can interpret each sequent as a family of games, indexed over
O-satisfying £-models over X.

We assume a notion of capture-avoiding substitution, using the usual notation N[s/x]
to mean the formula N with free occurrences of x replaced for s. This can be extended
to substitution on the X ;0 component. The proof rules associated to our new operators
are defined in Figure We include all of the rules of WS! with the X;0 contexts
propagated additively (to be precise, we require that the X ;0 context of the conclusion
is the same as in each of the premises).

We next informally describe interpretation of the core rules.

* P,_: ¢(s),T, is interpreted by 1,T if (L,v) = ¢(s) or L,T if (L,v) £ ¢(s). In the
former case, there are no moves to respond to, so we only need to consider the case

when (L,v) |= ¢(5), which is given by the premise.

* P.i.: For each O©,¢(s)-satisfying £-model (L,v), the premise yields a strategy on
T,T(L,v) = ¢(s),T(L,v), as required.

e Py: To give a strategy on Vx.N,I'(L,v) for each O-satisfying #-model over X (L,v),
we must give a strategy on N,I'(L,v) for each choice of x — that is, a family of

strategies on the set of @-satisfying £-models over X v {x}.

* P3: To give a strategy on 3x.P,I'(L,v) we must choose a value a for x and give a
strategy on Pla/x],I'(L,v). By setting a = v(s), we may use the interpretation of the

premise at (L,v).



* Tointerpret P,, we use the empty family of strategies, since there are no ©-satisfying
Z-models if © contains x # x.

e To interpret P2, we note that the collection of ®-satisfying %-models can be

decomposed into those where x and y are identified (the left-hand premise) and

those where they are distinct (the right-hand premise).

* To interpret Pseq We use the fact that all models satisfying f(s) # f(¢) also satisfy
S #L.

We will present the formal semantics in due course. Strategies will be interpreted as
uniform families, which must (in some sense) behave in the same manner across all

components.

4.1.2 Embedding of FOILL

We can embed first-order Intuitionistic Linear Logic in WS1. This logic is defined by
extending ILL with atoms ¢(s) and quantifiers together with the rules given in Figure
Our logic WS1 allows the empty domain asa model and so we must consider a
formulation of first order intuitionistic logic that admits the empty domain (so-called

free logic, considered in [33]) using explicit variable sets.

Figure 4-2: Proof rules for FOILL — extends Figure 3-2

Xw{xhTHFM X;I',M[s/x]F- N

Xirhvenr “EEFVD X TV N TVEeX

Proposition 4.1.1 For any proof p of X;M1,...,M, = N in FOILL there is a proof x(p)
in WS!of X;-N,M,...,.My.

Proof The right-V rule corresponds to Py and the left-V rule corresponds to Pg. [ |

Equality

We demonstrate how the rules for equality can be used to derive reflexivity, symmetry

and transitivity.

Reflexivity x = x:

P¢x¢xFL
Fx=x



Symmetry y=x —ox=y:

yExX,xFZyET
P, yExx#Fyby#x
wZwk Lw#w yEx,x#yFLy#x
pY%w Fw=w,w#w yExXFx=y,y#x
ma Fx=y,y#x

Transitivity x =y® y=2z —ox =2z:

xZwkET XAY,y#zET
xZwkET,w#w XEy,yFzET,x#y
xFwkx#w,w#w XEYy,yEzbEy#z,x#y
Pzt xZwhkx#Zwew #w XEY,YEzEXA YRV #£2
ma x#zEx#yQy#z
x#zE Lx#yQy#z
x#zF L x#y,y#z
Fx=z,x#y,y#z

4.1.3 New Provable Formulas

In Section we saw that the embedding of Intuitionistic Linear Logic into WS is
not full: there are proofs that are not in the image of this translation. We can now
strengthen this, by giving formulas that are not provable in Intuitionistic Linear Logic

but are provable in WS1.

Memoization

The formula ¢ex = (p&(¢p — L)) —o L corresponds to an “additive excluded middle” in
(negative) ILL, and is not provable. This formula is not provable in WS1 either. However,
consider the formula ¢y —0 Pex ® Pex. This is not provable in ILL but it is provable in WS1
(a8 (Pex ® Pex < (/)eix). While Player can only access the input ¢ex once in the corresponding
game, he can ‘remember’ whether ¢ was true or false, to give a winning history-sensitive

(uniform) strategy. This proof is given by Pg(p, p) where p is as follows:



oFT SFT
) o+o
o-L¢ SFLD

o-Lp,0p G- Lp,p

F,¢,¢ F,¢,¢

oo
oFT FT.0.0.0
o FTog,p,¢
m Foe(Tog),¢,¢
oFL La(@e(Tog),d FL(@e(Tod),d,b
o, L<(Ppa(T o), Fl<(@a(Toe),d,d

Fopo(L<(pa(Tad),o
Fpe(La(@e(Top) ¢
FT,0,(L<(pe(Tad),o
FTop,(Ld(pae(Top),d

Foe(Todp),(L(pe(Tad),d
Foo((@a(Top)o(L<a(pae(T )
FLo,(pe(Top)o(L<d(pa(Tap))

D1 FL<ap,(pa(Tedp)e(L<a(@e(Todp))
H(p&(L <)), (pe(Top)o(L<(pa(T o)

H(p&(L<1p)<a((pa(Top)o(Ld(pa(T o))
FT,(p&(L <)), (P (T op)) a(L<1(pe(Tod))
FTo(@&(L<ap),(@pa(Top)o(L<(@a(Tap))

Fpo(Top)o(L<(@a(Tod)e(To(p&L<1¢))
FL(@e(Tod),Ldi(@e(Tod),To(p&(L<1¢p))

FLA@a(Tog),La@a(Tod),To(@p&(L<1¢p))

where pj is:

oFT
)
pHpe(Tog)
oF L pa(Tog)
PFT,L<(pa(Top)
oFp, L<(pa(Top)
Prpa(Tod),La(@e(Top)
oF L (pa(Togp)o(L<a(@a(Tap))
o, (e (Tod)o(L<(@a(Tod)




This example can be extended to the exponentials: while pex —0!pex is not provable in

ILL, its translation is provable in WS1 (it is simply Pana(p)).

Remark Note that ¢ — ¢ ® ¢ is also provable in WS1 but not ILL — but this is for
less interesting reasons, as it only makes use of the fact that atoms are interpreted as

one-move games and local alternation.

Medial Rule

In Section we described a family of formulas

(A®B —01)(C®D —o01)—0l1l)—
(A—o1)®(C—ol)—o1)®(B—ol)®(D —ol)—0l)

that are not provable in ILL but are provable in WS1. We can now use negative atoms to

formalise this.

Proposition 4.1.2 Let a,f,y,0 be negative (nullary) atoms. Then F((a®ff— L)@ (y®
§—ol)—ol)—o((a—oLl)®(y—ol)—o L) (f—L)®(5 — L)— 1) is not provable in
ILL but it is provable in WS1.

As noted in [14], this formula is not provable in ILL. We can use the cut-elimination
theorem of MLL to perform an exhaustive proof search on this sequent and find that
it does not lead to a proof. Alternatively, we see in [6] that multiplicative sequents of
Intuitionistic Linear Logic can be represented as uniform history-free strategies on the
underlying game, and an exhaustive search shows that there are no such strategies on
this game.

However, there is an evident uniform history-sensitive strategy. For example, if Op-
ponent first chooses the left hand component in the output and the right hand component
in the input, Player can choose to play copycat between the copies of y, and so on. There
is a proof in WS1 denoting this strategy. A branch of the proofis given below. The use of
the Py demonstrates where the proof branches; there are four branches corresponding

to the two uses of Pg.



@, 7 F L (L<(T @ Bye(T @), 790
aby,(L<(Topye(T ), 798
@k T,7,(L<(T @ fye(T @), 790
ak(Toy),(L<(TepyT b)), yed
- (Topo(L<(Toprs(T0d), 790
ak L,795,(Toy) o (L <(Topys(Ted)

Ak (L<ay6),(Toy)o(L<(T o pys(T @d))
Tk T,B,(L<ye8),(Toy) o(Ld(Tepye(T 2d))
ara,B,(L<aye8),(Toy) e (L (T epys(Tod))
ataep,(L<ye8),(Toy)o(L<(Top)y(T ed))

atwefo(L<y9),(Toy)o(L<(Topy(Tad))
ak L, Toy,(Ld(TeBys(T ed),wsfe (L <yes)

Fa,Toy,(L<(TeBys(Ted),aspo(L<1yed)
FT,a,Toy,(L<(TeBye(Ted)),wsf e (L <yesd)

FToa, Toy,(L<(Topfys(Ted),aspe(L1yes)

H(T 2 a)s(Toy),(L<(TeBye(Tod)),asfo(L1yesd)
F(Toay2(Toy)e(L<(Tepys(T ed),wsfe(L1y9s)
FLasp,(L<aye8),(Teays(Toy)o(L<(Tepre(Tod))

F 1L <@eB,(L<y96),(Toays(T oy)o(L<(T o Bys(T @)

F(L<@sB) e (L<y8d),(Tea)y(Toy)e(L<(Tep)y(T ed))

FT,(L<@9p)e(L<a79),(Toa)y (Toy)e(L<1(Tepys(T b))

FTo(L<@ep)e(L<ayed),(Toa) (Tey)o(L<a(Topys(T b))

FL(Teays(Teoy),(LA(Tepys(Ted),To(Ldwsp) e (L 1yes))
F(L<(Toaye(Toy),(La(Tepfra(Ted), Te(Liwsp)e(L1yes))

Po1

Peo1

Pe

F(L<(Teoa)e(Toy)e(La(Topye(Ted)),To((L qQaep)e (L <1]7>§?5))

Here is another formula that is provable in WS1 but not in ILL:

[a ® (y&5)I&LB ® (y&5)1&[(a&B) ® y1&[(a&B) & 51— (a&P) ® (y&5)

The derivation in WS was given in Section[2.2.3] and can be specialised to axioms.



4.1.4 Imperative Objects

We have already represented imperative objects in our logic; we next show how the first-

order structure enriches these ideas.

Data-Independent Programming

In Section we used the exponential in WS1 to represent Boolean cells and stacks.
We can use our quantifiers to represent data-independent cells and stacks, where the
underlying ground type at a given Z-structure L is |L|. As a formula/game, this is
represented by V=1 <13x.T (a dialogue in this game consists of Opponent playing a
question move g and Player responding with an element of |L|).

Let Vi=Vx.L <T. We next give the proof for a data-independent stack, parametrised
by a starting stack 'V —o!(V&Vi).

Pid e FI(L<3x.T), AT o V. L)
x  lahFETNLA<3x.T),AToVx.1)
3 bk I T,NL<93x.T), AT @ V. L)
{ahF L, 3x. T, (L <3x.T), AT @Vx.L1)
{xl;F L<3x. T,N(L<13x.T), (T @ Vx.1)
{xh; FI (L <3x.T),(ToVx.1)
P, e T, (L <3%.T), 2T o V. 1)
, 4T (L <32 T), AT @ V. L) ahF LT, M(L<3x.T),2AT o V. L)
Peon 1L <32, 1), 1(L 9 3%.7),2(T @ Vx. 1) FvxL,T, (L <93x.7),2(T 0 Vx.1)
der 1 q3x.T,M(L<13x.T),2(T @ Vx.1) FVx. LT, (L<3x.T),2(T oVx.1)
o FULa3D&V LT, (L 93T, AToVal)
ana FI(L <3x.T&Vx. L < T)), AT @ V. L)

Good Variable

In Section [3.4.3| we represented a Boolean reference cell in WS1 on the formula !(B&Bi).
However, there are other proofs of this formula that do not behave like a standard ref-
erence cell: for example, the read method may always return tt regardless of what was
written. This is a bad variable [8]. We can use uniformity of the semantics to define
formulas for which all proofs denote good variables, albeit variables that can only be
written to once.

The formula worm = Bio!B represents a Boolean variable which can be written
once, then read many times. One proof/strategy of this formula will be a valid Boolean
cell: if Opponent plays inputX then Player responds with ok, if Opponent then tries to

read the cell g, then Player responds with X. But there are also bad variables.



To exclude such behaviour, we can replace the input/output moves with atoms. Define
B' = 1 <(¢p @) and Bi’ = (p&y) < T, with worm’ = Bi’@!B’. If ¢ and v are assigned ff,
then this denotes the same dialogue as worm. However, the denotation of any proof
of worm' at such a model must be the good variable strategy. The rule for atoms (and
semantically, uniformity of strategies) ensures that moves in ¢ must be played before ¢,
and v before w. Resultantly, Player can only respond with a particular Boolean in the
read component if it has previously been given as an input in the write component. A

proof of this formula is given below.

ST vET
) A
P@l% P@2%
ey _Yréey
oFL<pey yHl<dgpey
Pprom p— p— — Pprom — — —
pHL<pey) yH(L<pay)
ST LaPpaY) VETL<PeY)
o LT NLapey) vELT,(Ladey)
F, TN (L <gey) Fy, T,NL <o)

F(p&y), T,(L<pap)
F(p&y) <1 T)o(L<1pay)

We can consider a further example: an object with two methods, a switch procedure
and a read method that returns a Boolean, denoted by the formula !((L < T)&B). We can
refine this formula to only allow strategies satisfying the following property: if the read
method returns true, then the switch has previously been invoked. The appropriate
formula is (¢ < T)® (L <1(¢p @ T)). We cannot describe a property that requires that the
read method returns true just when the switch has been invoked, since the only kind
of specifications we can express in this way are of the form ‘if Player plays move X,
Opponent has previously played move Y’. It is for this reason that the good variable

example does not scale to Boolean cells that admit multiple write operations.

Refinements and Specifications

The formulas available in WS1 allow us to specify the behaviour of a program in more
detail than its programming language type. For example, functions V — V in context
X ;0 are represented as proofs of X;0 -V, V+. We can consider formulas that represent
a subgame of the semantics of this sequent. For example, we can consider Id = L <((T @

Vy.(L<13x.y = x)) and a total strategy (or proof) representing the embedding Id — (V —o



V). The formula Id represents a type of identity maps on V — it is in some sense a form
of first-order dependent type. We can view the formula Id as a specification on V—V —
a program satisfies it if it factors through the embedding. In Chapter 5 we will explore

these ideas further.

4.2 Semantics of WS1

We next give formal semantics to proofs in WS1.

4.2.1 Uniform Strategies

We have seen that a sequent X;0 I of WS1 can be interpreted as a family of games,
indexed over O-satisfying #-models over X. We interpret a proof of X;0 I" as a family
of strategies on the appropriate family of games. However, the strategies that are the
interpretation of a proof are uniform in behaviour.

For example, the family denoted by T @ (¢p <1 T) has games of the following form:

Here we represent the forest of plays directly. The moves in dotted circles are only
available if (L,v) |= ¢. There is a unique total strategy on the (positive) game above in
both cases, and this family is uniform in the sense that the strategy on models which
satisfy ¢ is a substrategy of the strategy on models satisfying E — if (L,v) = ¢ and
(L', 0" [F ¢ then O1opam@w) S T[To(@aTIE v

In contrast, consider the formula | <1(¢p&(T @¢)). The game forest is given as follows,

using the same notation as above:




There is a family of strategies on this (negative) game: if ¢ is true, Player plays f and if ¢
is true, Player plays t. However, this strategy is not uniform as the choice of second move
depends on the truth value of ¢ in the appropriate £-structure. Dually, the formula is
not provable in WS1.

In this section we formalise uniformity of strategies.

Game Embeddings

To formalise subgames and uniformity categorically, we use the following machinery of

embedding-projection pairs:

Definition Let % be a poset-enriched category. The category %, has the same objects
as ¢ and a map A — B in 6, consists of a pair (iy,ps) where iy :A — B and py:B— A
in €, such that proiy=idandifop,Cid.
¢ The identity is given by (id,id).
* For composition, set (if,pr)o(ig,pg) =(ifoig,pgopr). We need to check this is a
valid pairing: pfog0ifog = pgoproifoig=pgoidoig=idand ifogopfrog =ifoigo
pgopfEifoidopr=iroprCid.

¢ It is clear that composition is associative and that f = foid =ido f.

Let ¢ denote the poset-enriched category of win-games and (not-necessarily winning)
strategies, and %; its subcategory of strict strategies, with = given by strategy inclusion.

A forest embedding of A into B corresponds to a map A — B in %,.

Remark Note that morphisms in %, are not winning. The reason for this is that strate-
gies that realise forest embeddings need not be total (e.g. the embedding I — 1). A
consequence of this is that the embeddings ignore winning conditions. To consider em-
beddings of the winning condition also, we could have required that maps o € ¥4,(A,B)
satisfy the second condition of the definition of winningness in Section However,

we will not need this condition here.
Proposition 4.2.1 If f : A — B in 4, then iy and py are strict.

Proof If ir responds to an opening move in B with a move in B then so does iy ops and
so ifopy Eid fails. Similarly, if p; responds to an opening move in A with a move in A

then so does proif and so proiy =id fails. |

We can thus define identity-on-objects functors i : 4, — %, and p : 4, — %4.* each select-

ing the appropriate component of the embedding.



In fact, we know something stronger about is and py: the components of any embed-
ding are of zig-zag shape [54] i.e. the strategy responds to every move in A (resp. B) with
a move in B (resp. A) if it responds at all.

We can show that our operations on win-games lift to functors on %,.

Proposition 4.2.2 Each of the operations —,2,®,&,! extend to covariant (bi)functors on
4,.

Proof ¢ Weset(i,p)o(i',p)=(Goi,p®p’). Then(p®p'o(i®i’)=(poi)®(p'ci’)=
ideid=idand (i®i)o(p®p’)=(iop)®(i'’op’)Cid®id = id as required. The case for
& and o are similar, as they form monotonic bifunctors on %;.
e Weset(i,p)—o(@',p)=(p —i',i—op'). Then (i — p")o(p —oi')=(poi)—(p'oi')=
id—id=id and (p —i")o(i — p')=(iop) —(i'op’)Eid —id =id.
e We set !(i,p) = (1,!p). Then !poli =(poi)=!id=id and lio!p =l(iop)clid=id. |}

Lax natural Transformations

Given an embedding e : A — B and strategies g4 : A, 0 : B, agp restricts to g5 if 04 =

peoop. We generalise this idea using lax natural transformations.

Definition Let % be a category, 2 a poset-enriched category and F,G : 6 — 2. A lax
natural transformation F = G is a family of arrows uyu : F(A) — G(A) such that npo
F(f)2G(f)ona.

Fa) M gy
F(f) =] G(f)

F(B) —— G(B)
HB

It is clear that natural transformations are lax natural, by reflexivity of =. We can

compose lax natural transformations using vertical composition:

HA A

F(A) G(A) H(A)

F(f) = G(f) = H(f)

F(B) G(B) H(B)
UB nB

There is also a form of horizontal composition, provided that one of the two functors is
the identity.



Proposition 4.2.3 Let H,G : 6 — 2 and y:G = H a lax natural transformation.
o IfF:9% — €6 then there is a lax natural transformation uyF :GoF = HoF.

o If J : 9 — & is monotonic then there is a lax natural transformation Ju:J oG —
JoH.

Proof Define (uF)s = pra). Then (uF)poGF(f) = ur@)oGF(f) 2 HF (f)ourw) = HF(f)o
(uF)4A.

Similarly, let (Ju)a = J(ua). Then (Ju)p o JG(f) = J(ug o G(f)) 2 JH(f)oua) =
JH(f)odJ(ua)=JH(f)o(Ju)s as required. JJ

Uniform Winning Strategies

Definition Let F,G : 6 — ¥,. A uniform strategy from F to G is a lax natural transfor-
mation o :ioF = ioG. A uniform total strategy is a uniform strategy o where each o4

is total. A uniform winning strategy is a uniform strategy where each o4 is winning.

If f: A — B, the lax naturality condition requires ig)coa E ogoipy). Thus o4 =
DPG()°LG(f)°0A E PG(r)° 0B O LF(r). But since o4 is total, it is maximal in the ordering
C and we must have 04 = pg(r)o 0B oip(r). Similarly, we see that 04 = pg(r)ooBoir()
implies the lax naturality condition as ig(r)o0A = ig(r)°PG(f)°0BOLF(f) E OBOLF(f). Thus,
lax naturality captures the fact that o4 is determined by op via restriction. If F is the
constant functor «7, this reduces to o4 = pg(r)o0oB.

We can construct a WS-category of uniform strategies over a base category 4. Let

%% be the category where:

Objects are functors € — ¥4,

* An arrow F — G is a uniform strategy F = G

Composition is given by vertical composition of lax natural transformations

The identity on a functor F' is given by the lax natural transformation n: F = F

where na = idF(A).

Similarly, we can construct a category # ¢ of functors and uniform winning strategies.
Proposition 4.2.4 4% is a WS!-category.

Proof ¢ Symmetric monoidal category: F ®G is defined to be ® o(F xG)oA where
A :6 — € x € is the diagonal. So, (F®G)(A) = F(A)® G(A). On arrows, we set
(n®p)a=na®pa. We need to show that if f : L — K then (io)®icp) ok ® px) 2
(i) ®ip(r))o(nL ® pr). That is, we need to show that (i) onk) ® (icr)opk) 2



(IB(r)onL)®(ip(r)opr). But this is clear by lax naturality of n and p and monotonicity
of ®.

The tensor unit I is the constant functor, sending all objects to the game I and
arrows to idj.

The morphisms assoc, runite, lunitg and sym are defined pointwise: e.g. (assocr g .m)x
= assoCr(x),G(X),H(x)- To check for lax naturality, we must use horizontal composi-
tion. For example, consider the map assoc:(F®G)® H — F ® (G ® H) defined point-
wise as described. The domainis (F®G)®H =((_®_)® )o(ioF xioGxioH)oAg
where A3 denotes the diagonal functor € — 6 x € x €. Similarly, the codomain
is ((C®(®_))o(ioF xio@G xioH)oAz. We can thus see that assoc is equal to the
horizontal composition assocJ where J =(ioF xioG xioH)oAg and assoc is the

natural transformation _®(_®_)=>(_®_)®_in %;.

A ) . :
@ 3 o xp e LOFXZOGXLOH(gSXgSXCgS _®(®)

Gs

id id assoc

A : ) :
@ 3 oxlxE LOFXLOGXLOH(gsx(gsx(gS (® )®_

Gs

One can similarly express the other monoidal isomorphisms in this way to see lax

naturality. The coherence equations lift pointwise from ¥.

Symmetric monoidal closed category: We have seen that — extends to a co-
variant bifunctor on ¢,. The object F' — G is defined to be — o(F' x G)o A. We define
A:9¢(F oG, H)— 4% (F,G — H) pointwise by A(n)a = A(n4).

We need to show that if n: F G = H is lax natural then sois A(n). If f: A — B we
need to show that A(ng)oipy) 2 (pa(r) — iH(r)) © AMa). But A(np)oip) = Anpo
(rpeid)) and (pa(r) — iH())oAMA) = Al g(ryonac(id®pg(r))) and so it is sufficient
to show that A(ngo(ipy) ®id)) 2 Aligr)ona o(id ® pg(r))). By monotonicity of A, it
is sufficient to show that npo(ip)®id) 2ig)onac(id® par)). But npol(ipy)®id) 2
npo(ip(r) ®@id)o(id®ig())o(id® pa(r)) 2 im(r)ona o (id ® pg(s)) using lax naturality
of n, as required.

The equation A(FoGo(H ® J)) =(J —o F)o A(G)o H which shows that A is a nat-
ural transformation of hom sets lifts pointwise from %. The fact that A defines an

isomorphism of hom sets also inherits from ¢, defining A1 ()4 = A"1(14).

Inclusive sequoidal category: The subcategory (5;5 is defined to be the uniform
strategies that are pointwise strict. Then F @ G is defined to be @ o (F x G)o A and

n o p is defined pointwise. We can see that n @ p is lax natural from monotonicity of



@ on arrows. The sequoidal natural (iso)morphisms inherit from %, and once again

we can show lax naturality using horizontal composition.

Products: The product operation on objects of ¢ is defined to be x'o(F x G)o A
where x’ represents the product bifunctor on ¥, (previously denoted x). The projec-
tions are defined pointwise. To see that they are uniform strategies (in particular
lax natural) we note that 7; : F{ x Fo = F; can be defined using horizontal composi-
tion. If n: F = G and p : F' = H then (n,p) : F = G xH is defined by (n,0)4 = (na,pa)
using pairing in ¢4. The fact that the universal property is satisfied lifts from 4.

(g;g also has products, preserved by the inclusion functor into 4% .

Decomposable and Distributive: The decomposability and distributivity axioms

inherit from pointwise from %.

Sequoidal closed category: We need to show that the operation As: f — A(f o
wk): 498 (BoA,C)— 9 (B,A — C) is an isomorphism. Given n:B@ A — C in 4¢
we can construct A;l(n) : fgf(B,A —(C)> Eﬁ;g(B 2A,C) by As_l(n)A = A;l(nA) using

sequoidal closure of 4.

Linear functional extensionality: The fact that Ife has an inverse lifts pointwise

from 4.

Coalgebraic exponential comonoid: We need to show that the functor F'@_ has
a final coalgebra !F for each F. The object !F is simply !o F', and we set (ap)s =
ar). We can show that a is lax natural using horizontal composition. Given
1N:G=>FoG we define (nY:G=!F tobe CnDas =TCna D. We need to show that
Cn Y is lax natural.

Let A,B,C,D €%, f:B — D and strict g: A — C. We need to show that (go[f)o
oAaBEocpof implies !|goCoag DECo¢cp Dof.

We first show that !goCoap D)=C(g@id)oosp D. We know that lg=C (g@id)oa D
and so by fusion it is sufficient to show that (g@id)oaoC oap D =(idoC g4B D)o(g@
id)ooag. But we know that aoC oag ) =(id@C oa5 D) @0 (cancellation law) so
this is clear.

We thus need to show that ( (g @id)oosp D= o¢p Do f. By Proposition [3.3.3]it is
sufficient to show that (ide f)o(g@id)ooapEogcpof ie (g@f)ocoapEocpof,
which we know is true by lax naturality of o.

The fact that ¢ D is the unique morphism such that aoq 1 D = (ided 1 D)on inherits
from this property in ¥.

The commutative comonoid !F =!F®!F is defined pointwise from ¢ with (dr)(A) =

dra). We know that this is a lax natural transformation by horizontal composition,



since d is natural. The commutative comonoid equations inherit pointwise from ¥,
as does the equation wko(der®id)od = a.

Finally we need to check that for any commutative comonoid m : ¥ = F ® F and
g:G=>F, g = wko(g®id)om ) is the unique comonoid morphism with g = derogf.
Let m and g be as such. We can show g’ is a comonoid morphism pointwise, since
each m 4 is a commutative comonoid in ¢. For uniqueness, we also note that any
comonoid morphism A : G =!F satisfying g = deroh at component A must be a
comonoid morphism G(A) —!F(A) in ¥ satisfying g4 =deroh 4. Thus hg =!ga by
uniqueness in ¢. Since this holds for all objects A, we have & = g'. |

Proposition 4.2.5 # ¢ is a WS!-category.

Proof We proceed precisely as in Proposition4.2.5] lifting the structure of a WS!-category
in # to that in # . In particular, pointwise-winningness of the relevant morphisms in

#¢ inherits from the winningness in #.  |J

We can hence interpret WS! in these categories, for any 4. In particular, we see
that each operation on winning strategies denoted by a proof rule lifts to an operation

on uniform winning strategies.

Category of Z-structures

Definition Given a set of variables X and context ©, we let ./%g denote the category of
O-satisfying .Z-models over X. Objects are .Z-models over X that satisfy each formula
in ©. A morphism (L,v) — (L',v’) is a map f : |L| — |L'| such that:

e For each x € X, v'(x) = f(v(x))
o If(L,v) E¢(@) for @ € |LI"P then (L', v") = o(f(a))
¢ For each function symbol g in £, f(I.(g)(a)) = IL/(g)(f(_aS).

Note that since the positive atoms include inequality, such morphisms must be injective.
Also note that if f : (L,v) — (L',v') and (L,v) = ¢(5') then (L',v) = ¢(5).

If v is a valuation on X, define v[x — [] on X U {x} to be the valuation sending y to
v(y)if y #x, and x to . Given f :(L,v) — (M,w) in Mg and s a term with FV(s)c X, f
is also a map (L,v[x — v(s)]) = (M, wlx — w(s)]) in ./%)(?U{x}.
of the valuations other than x, and for x we see that f(vlx — v(s)l(x)) = f(v(s)) = w(s) =

We know that f preserves all
wlx — w(s)l(x).
We will give semantics of sequents X;0 - I' as functors Jlg — %,, and proofs as

uniform winning strategies. Proofs of X;0 - M,I" will be given semantics as an arrow
k7 — [X;0+ M,T] and proofs of X;0 + P,T as an arrow [X;0+P,T] —«.



4.2.2 Quantifiers as Adjoints

In this section, we will discuss an adjunction that will allow us to interpret the quanti-
fiers. By Proposition if X;0 is fixed then WA s a WS!-category. This will thus
give interpretation of all of the rules of WS!. For the Py and P3 rule, however, we must
pass between W for varying X.

We first define some functors between these categories.

¢ If FV(s) € X we can define a functor set¥ :Mg - ./%}(?w{x} by set¥(L,v) = (L,v[x —
v(s)D) and if f : (L,v) — (M,w) we set set}(f) = f. We need to check that set}(f) is a
valid morphism. We know that setI(f) preserves all variables in X, and setX(f)(v[x —
v(s)1(x)) = f(v(s)) = w(s) = wlx — w(s)l(x) as required. It is clear that set} is functo-
rial.
From this we can extract a functor set’” : WMo — 71/“”?(5), mapping F to F oset?,
with an action on arrows defined by horizontal composition.

¢ If x does not occur in O, there is an evident forgetful functor U, : J%)G()w{x} — ‘/%)?

mapping (L,v) to (L,v —x). From this we can extract a functor U, : WAR — ot

mapping F' to F oU,, with an action on arrows defined by horizontal composition.

Note that U, oset? = id and so set;* o U}, = id.

We will show that U, has a right adjoint Vx._. Assuming empty I, this allows us to

interpret the rules Py and P3.

* For Py, the premise is a map I — Vx.[N] in WX and the conclusion is a map
I=U,(I)— [N]in # X . The adjunction assures us that there is a natural bijection

between this hom sets.

Xwi{x};0FVx.N
X;0FVx.N

Py

* The premise of the P35 rule provides a map [P[s/x]] — L. Since [P[s/x]] = set{*([P]),
and the conclusion requires map Vx.[P] — L, we need only provide a map Vx.[P] —
set([P]).

ps X;0 Pls/x]

I Xorap VX

We note that the adjunction comes equipped with a unit U, o Vx = id. This yields a
map V. [P] = set} (U, (Vx.[P])) = set; ([P]) as required.

We can hence use the existence of a right adjoint for U, (together with a suitable dis-
tributivity isomorphism to deal with nonempty I') to give semantics to Py and P3. We

next show that U, has a right adjoint Vux._.



The FamInj Construction
Definition Let ¥ be a category. We define the category FamInj(¥). An object is a set
I and a family of €-objects {A; :i € I}. An arrow {A; :i €I} — {Bj:j€ J}is a pair
(f,{fi : i € I}) where f is an injective function I — J and each f; : A; — Br(;). We will
often write such a map as (f,{f;}) when we wish to leave the indexing set implicit.

* Composition is defined by (f,{fi}) o(g,{g:}) =(f o g,{fsi)0 8D

* The identity {A;:i € I} —{A; :i € I} is given by (id,{id4 }).

¢ Satisfaction of the categorical axioms is inherited from €.

Definition Let F : ¥ — 2. We define FamInj(¥) : FamInj(¥€¢) — FamInj(2). On objects,
FamInj(F){A; :i e I}) ={F(A;):i€I}. On arrows, FamInj(F)(f,{fi}) = (f ,{F(f;)}). We need
to show that FamInj(F') is a functor:

¢ It is clear that FamInj(F) preserves the identity.

* For composition: FamInj(F)((f,{fi}) o(g,{g:})) = FamInj(F)(f o g,{fsi)o8:}) =
(Fog,F(fgiyogi)) =(fog,F(fguyoF(g:i)=(f {F(fDDo(g,{F(gi)}) =
Famlnj(F")(f,{fi}) o FamInj(F)(g,{g;}).

We define a distributivity functor dst : FamInj(€) x 2 — FamInj(€ x 2) by dst({A; : i €
I},B)={(A;,B):i €I} and dst((f,{fi}),g) = (f, {(fi,&D).

Constructing Vx.F

First, we construct arbitrary products on games.

Definition Let X be a set and {A, : x € X} a family of win-games indexed by X, each
with polarity p. We define the game S =[[,cx Ax by (Mg, As, p,Ps,Wg) by:

° MS :erXMAx
* Ag(ing(m)) = AAx(m)
* Pg={inj(s):xeX,s€Py}

e Wy={ing(s):xeX,se Wy}

If p = O then this is the product over an X-indexed family of games, if p = P then
this acts as the coproduct. We can thus equip the game categories ¢4, %,, #; and # with
arbitrary products.

Suppose F' is an object in WAt (a functor 42, — 4,). We define Vx.F as an

o Xwix}
object in #%x (a functor Jl;? —4,).



We first define a product functor prod : FamInj(%4,) — %,. On objects, prod sends {G; :i € I}
to [l;e;Gi. On arrows, let f :{G;:j€ J} —{H}, :h € H}. The embedding part of prod(f) is
given by (gp)y where g, =if,om; if h = f(j) and € otherwise. The projection part is given
by (Pfomr)) - We must check that:

* prod(f) is a valid embedding-projection pair: We need to check that pyod(s)©
iprod(f) = 1d. If f :{A; :i €I} = {B; : j € J} we need to show that 7; o pprod(f) © L prod(f) =
n; for each i. But this is pf, o r() 0 iprod(f) = Pf, 0 if; o ; = m; as required. We also
need to check that 7; 0 i,04(£) © Pprod(r) E 7 for each j. If j is not in the image of £,
then ;01 50d(£)° Pprod(r) = € and so we are done. If j = £ (i) then 7 0i 5r04(£)° P prod(f) =
Lf, 0T 9 Pprod(f) = Lf, 0 Pf 0T Eidomyp) = mr(;) = 7, as required.

¢ prod preserves the identity: To see that prod(id) = id, note that prod(id,{(id,id)}) =
(idom;)j,(idom;);) = (id,id) =id.

* prod preserves composition: Suppose g:{Aj:jeJ}—{Bp:k€K}land f:{B}:k€
K} —{C;:1 € L}. We need to show that i,od(fog) = Lprod(f) © Lprod(g) @A Pprod(fog) =
Pprod(g) © Pprod(f)-

We first show that i 5rod(£og) = L prod(£)°% prod(g)- We show that for each I, 70 prod(fog) =

TT1 0 Lprod(f) © Lprod(g)- e consider cases.

- Ifl =f(g(j)) then LHS is ifg(j)ogjonj = ifg(j»Oigjonj. The RHS is 7 (4(j)) ©% prod(f)°©
Lprod(g) = Iy © g(j) © Lprod(g) = L f(y ©Lg, ©7j as required.

— If [ is not in the range of f o g then either [ is not in the range of f, or [ = f(k)
and % is not in the range of g. In the first case, the LHS is ¢ and the RHS is
€01pr0d(g) = €, as required.

— In the second case, if [ = f(k) and % is not in the range of g, the LHS is € and
the RHS is if, o} 0iprod(g) = if, o€. This is € since iy, is strict, as required.

We next show that pprod(fog) = Pprod(g) © Pprod(f)- We show that for each j, 70

Pprod(fog) = jOP prod(g)°Pprod(f)- Well the LHSis pr, . 1og; 0T f(g(j)) = Pg;OP o1, ° T f(g(j))-
The RHS is Pg;° T g(j) © Pprod(f) = Pg; Opfgu.) OTlf(g(j)) a8 required.

We next define a functor add, : ./%)(? — Famlnj(%)(?w{x}) which sends a model (L,v) to
the family {(L,v[x — i]):i € |[L|}. On arrows, if f : (L,v) — (L',v") we set add.(f) = (f,{f:}
where f; : (L,v[x — i]) — (L', vlx — £(i)]) is just f. We need to check that this is functorial.

¢ It is clear that the identity is preserved.
* For composition, add,(f o g)=(fog,{f ogh) =(f,{fDo(g,{g}) = add,(f)ocadd,(g).

Finally, given F : 49

Xt — %4, we define Vx.F : ./%)(? — 4, to be prodoFamlnj(F)oadd,.



Constructing the Unit

We must next give the unit of this adjunction. For each F, we must give a uniform
winning strategy 7 : U,(Vx.F) = F. Such an 7 is a winning uniform strategy prod o
FamlInj(F)oadd,oU, = F. Note that (prodoFamInj(¥)ocadd,oU,)L,v) = prod({F(L,v—x[x —
[D):leL}) =[ljer F(L,v[x — I]). Thus n, ) must be a winning strategy [[;e; F(L,v[x —
1) — F(L,v) and we take 1z, 1) = Ty(x)-

For uniformity, the following diagram must lax-commute:

Ty(x)
[[F&,vlx—1]) ——— F(L,v[x — v(s)])
leL
L prod(F(f)) LR(f)

[ FM,wix— m]) — F(M,wlx — w(s)])
meM Tw(x)
Note that w(x) = f(v(x)) and ipedF)f) = (gn)n Where gr) = ip(r)omy. Thus, my@) o

Lprod(F)(f) = TLf(v(x) © Lprod(F)(f) = LF(f) © Tu(x) @S Tequired.

Universal Property

Given f :UL(F) — G we must show that there is a unique f :F — Vx.G such that f =ngo
UL ). Let f be such a uniform winning strategy. Then we must give winning strategies
f(L,U) :F(L,v) — [1jer, G(L,vlx — I]). Set f(L,v) = (h;); where h; : F(L,v) — G(L,v[x—[]) is

defined by f(z, y(x—17)- To see that f is uniform, the following diagram must lax-commute:

FiLw) 120 6@, ol 1)

leL
iF(f) = Lprod(G(f))

Fo,w) L) 1T G, wl— m)

meM

It is sufficient to show that 7, Of(M,w)OiF(f) 2 T O L prod(G(f)) OﬁL,u) for each m. If m is not
in the image of f, the right-hand side is {¢} and so we are done. If m = f(;j) the RHS is
iG(r)°7j° fiLw) = iG(p) © L vlx—jp and the LHS is £ uwlem) © iF(F) = FM e FGI) © LF(F)-
Thus it is sufficient to show that f(a wix—r()) Ol F(r) 2 LG (f)° f(L,vlx—j1), Which follows from
lax naturality of f.

We next need to show that 7 satisfies the universal property. First, we must show
that f = ngoUL(f). It suffices to show that for each (L,v), f(z.,) = (11¢)oUL(f)L.,. Compo-
sition in is given by vertical composition. Thus, the RHS is given by 7y o {f(z v[x—11))1 =



f@ ple—v@) = f(,v) as required.

We need to show that f : F — Vx.G is the unique uniform strategy satisfying f =
ng OUJ'C(f ). Suppose A :F — Vx.G in W satisfies this property. Then given (L,v) in
MR > We know that f2,) = 16w © ALw-2 = Tow) © hLv-n- (1)

Let (L,v) € ./%)C?. We must show that A, ) = f(L,v) = {f(Lvlx—11?1- Thus we need to
show that for each [, m; 0 h(z, ») = f(L vix—11)- But consider the model (L, v[x — []). Then by

(1) f(L,vlx—1D = Tofx—11x) © AL plx—11-2) = 71 © A(L,v), @S required.

Thus, we see that

Proposition 4.2.6 The functor U, : WA — W0 has a right adjoint given by Vx._ =
prod o Famlnj(_)cadd, : WA — AR

Concretely, if N : '/%}(?&J{x} — ¥, then on objects [Vx.N[(L,v) = [Tjein| [N, vlx — ID).

On arrows, if f : (L,v) — (L', w) then

[Vx.N](f): H [N](L,vlx—I1]) — 1_[ [NJ(L, wlx— 1)
lelL| lell|
is given as follows: The embedding part (left to right) is given by (g,,),, where g,, =€ if
m is not in the image of f, and g, = i[N](f)on; if m = f(I) (note in this case [ is unique

by injectivity of ). The projection part is given by (p[N[(f)omq));.

Family of Adjunctions

We have exhibited an adjunction U, - Vx._ for each X and x, but we have not discussed
how these adjunctions fit together. Here we consider an indexed category #-%x over
the variable set X, and show that the family of adjunctions satisfy a Beck-Chevalley
condition. In this section we assume that the ©® component is empty.

Let Set denote the category of (variable) sets and functions between them. We can

describe a functor I : Set — Cat.
* On objects, I(X) =w"x,
* On arrows, if f : X — Y we must give a functor I(f)(F): W %x — y "

- Define f : #y — Mx. On objects, f(M,v)=(M,vof). If h:(M,v) — (N,v') in
My, then hov=1v"and so hovof =v'of andso h:(M,vof)— (N,v'of)in Mx,
let £(h)=h.

- On objects, if F : Mx — 9, we define I(f)F): My — G, =Fof.

- On arrows, if 0 : F = G : Mx — %,, define I(f)(F)o):Fof = Gof =of using

horizontal composition.



Note that U}, : 7//){[ — 7//);’6 = I(in1) and the following diagram commutes:

B x I(in1) v Mot

I(f) I(f w{x—y}
Wy I(iny) Ao

Since I(in1) 4 Vx._, the Beck-Chevalley condition asks if the following diagram com-

mutes:

W x L B Axuin

I() I(f w{x—y}

Yt .vy; B A uiy)

We check this extensionally, first considering objects. Let F' € #xwy and (M,v) € Ay .
Then the LHS at (M,v) is Vx.F)(M,vof) = [l e F(M,vo flx — m]). The RHS is
[Vy.I(f w{x — yDE)IM,v) = [Tnem I(f wix — yDEYM,vly — m]) = [Tpey F(M,vly —
mlo(fwi{x— y))=[Lnem F(M,vo flx — m]) as required.

On arrows, let 0 : F = G : Mxwiy — Y. and (M,v) € My. We must check that
I(f)YVx.0) 0y = (Vy I(folx — yI(0)) s ,0)- But V.o =07 and so the LHS is 0073 07) =
(T oMM vof L1 = (O M poflx—in ©T1)1. The RHS is (Vy.I(f w{x — yH(0))a1,0) =
I(f = YD) oMty = (U & {x— YO M wly—iD)1 = (T Ly TIo( ity © T =
(O(M,voflx—11) © 1)1 as required.

4.2.3 Semantics of Sequents

We next give semantics of sequents X;0 - I" as functors Jlg — %4,. For the formulas of
WS!, we note that WA is a WS!-category, and so we can use the categorical semantics
of sequents therein. We exhibit these concretely here. For brevity, ® ranges over X;0
contexts. If F,G : J%}(? — %, and © : Y9, x¥4, — ¥4, then we write FOG :Mg — 4, for
@o(F xG)oA, where A : 6 — 6 x 6 is the diagonal functor.



[®+1] = K1 [®+0] = K1

[@F 1] = xJ [®FT] = K

[0-FM&N] = [@FM]e[®FN] [®FP3Q] = [o-P]e[0+Q]
[®+M&N] = [@FM]x[®FN] [®P+-PeoQ] = [@FP]x[®+Q]
[P-MoN] = [®+-M]e[®+N] [®+-P<Q] = [®+P]o[P+Q]
[®+-M<Q] = [®+Q] —-[P+M] [®P+-PoN] = [®FN]—[®FP]
[® HIN] = I[®FN] [® -2P] = 1[orP]

Iif (L) = ¢(S)
Lif (L,v) = ¢(3)

[®F ¢CsHL,v)
[®F ¢pCH(L,v)

Lif(L)E¢CS)  [®F¢(S)]E,v)
Lif (L,v) = ¢(S) [®F ¢CSH](L,v)

[X;0F Vx.N]
[X;0+ 3x.P]

Va.[X w{x};0 F NJ
Vx.[ X wix};©0+ P]

[OFM,I,N] = [0FMTI]o[0+N] [@+M,I,P] = [®FP]—o[0+M,I]
[®F+P,T,N] [@FN] —<[®FP,I] [0+P,T,Q] = [®FP,I]o[orQ]

In the case of atoms, the functors are specified pointwise on objects, and we must also
define the (functorial) action on arrows. Let f : (L,v) — (L',v’). If the truth value of ¢(s)
is the same in (L,v) and (L',v), we use the identity embedding (id,id). If the truth value
of ¢(s) is different, we must have (L,v) = ¢(s’) and (L',v) = ¢(s) since morphisms in
AMx preserve truth of positive atoms. Thus we need an embedding I — L. We can take
(€e1—1,€1-1) Where €4 is the strategy containing just the empty sequence. Note that
€] oj%€r -1 =€r=idfand ej_ ., o€, .y =€Cid, (¢ is the bottom element with respect to
c).

We must check functoriality. We have already noted that if the truth value of ¢(s)
is the same in (L,v) and (L',v") then [¢(s)](f) = id, so in particular [¢(s)](id) = id. For
composition, suppose f : (L,v) — (L',v") and g : (I',v") — (L",v”). We can consider the
truth value of ¢(s’) in each of these models (only some cases are possible, as morphisms

preserve truth of positive atoms).

L) | W )E | L v")E | [¢C)](@) e [¢pC)](g) =[d()](gof)
o(s) d(s) ¢(s) (id,id) o (id,id) = (id, id)
#(s) #(s) o(s) | (e,0)0(id,id) = (¢,¢)
¢(s) o(s) o(s) | (id,id)o(e,e) = (e,¢€)
6(s) o(s) ¢(s) | (id,id)o(id,id) = (id,id)




4.2.4 Contexts and Distributivity

In Section we noted that we can give an equivalent semantics of sequents via
. MY MO
context-functors: each context I yields two endofunctors [[']*,[T] ™ : #," * — #; *. These

yield functors [[Fﬂl{ (G x ./%)C? — &, given concretely by:

lely = m le]1 = m
[T, P]y [T]7 @Go[P]oms) [T, P]; (po[P]oma)— I}
LM = GolMlomy—[Tl; [LMJ; = [rljelo[M]ony)

Proposition 4.2.7 If A is negative then io[A,I'] = [I']{ o(io[A] xid)o A; if A is positive
then io[A,T] = [I]fo(Go[A] xid)oA.

Proof Simple inductiononT. J]

We next show that if x ¢ FV(T') there is an isomorphism distr : [Vx.A,I'] = Vx.[A,I'] in
W,

First, we note that there is a natural isomorphism
disty : _ @ _o(prod x id) = prod o FamInj(_@ _)odst: FamInj(¥;) x ¥4; — ¥
which concretely is a family of winning strategies
prod{G;:iel)oM — prod({G; o M :i e I})

given by dist, = (7; @id);. Each dist, is an is an isomorphism in %#;.

We next check that dist, is a natural. If (f,{f;}) : {G;} — {H;} in FamInj(%;) and
& :M — N we have {(a;); = disty oprod(f,{f;}) @ g = prod(f,{f; @ g} odist, = (b;) ;. We show
thata;=0;.

If j is not in the range of f, then a; = jodistooc@g = 7 jodisty 0 = € = eodist, = b, as
required. If j = (i) then aj = mjodist, oprod(f,{f;})@g = (n; @id)o(prod(f,{fi} @g) = (njo
prod(f,{fi})@g) = fiom;og. While b; = (f;jog)om;odiste = (f;@g)o(m;@id) = fom;0g8 =a;
as required.

Similarly, we can define a natural isomorphism

dist_ :prod{M — G;:i€l}) =M —o prod({G; :i € I})



between functors
_—o_o(prod xid) = prodo FamlInj(_ — _)odst: FamInj(¥;) x ¥s — ¥;.
For each I', we can then construct a natural isomorphism
distp 1 : [T]% o (prod x id) = prod o FamInj([T]%) o dst : FamInj(%s) x S — %

proceeding by induction on I':

e If b = — and I" = ¢ then we require a natural isomorphism prodosm; = prodoFamlnj(ir;)o
dst : FamInj(%;) x /%)(? — %,. But it is clear that these functors are identical.

* If b=-and I'=T",M then we need a natural isomorphism [I'] o (prod x id) = prod o
FamlInj([T'])edst. This is given by [[']o(prod xid) = @o([I"] xi[M]omg)oAo(prod xid) =
@o([I"] o (prod x id) x i[M]) o (id x AM)(?) Zgist_, @o(prodo FamlInj([T']) odst x i[M])o
(idx A) = @o(prod xid)o(FamInj([T"])odst x i [M])o(id x A) Zgist, prodeFamlnj(@)odsto
(FamInj([T"])odst x i[M])o(id x A) = prod o FamInj(@)o FamInj([I'] x i[M])odsto(dst x
id)o(id x A) = prodoFamlInj(@)oFamInj([T'] x i [M] o(id x A))odst = prodo FamInj(I')odst.

e If b =— and I' = I, P then the transformation can be given similarly, using —o

instead of @ and dist_, instead of dist,.

If b = + the natural isomorphisms are given similarly, using @ for positive formulas in
the inductive step and —o for negative formulas.

Finally, given a sequent A,I" we define distr as the following horizontal composition,
where b is the polarity of A. One can check pointwise that the functors are equal to the

given decompositions.

[ FamlInj(A) x id rod o FamInj([T]2)odst
Vx.[A,T] :/%)(? M Famlnj(ﬂgw{x})xﬂg M Famlnj({és)x,ﬂ)(? P j([ ]]1 @,
d id dist, T

[[F}]ll’ o(prod x id)

o (add,,id) Faminj(,) x 49 %

[Va.A,T] wtly o Faminj(4)xid

FamInj( (g ) X My

Since distr is a natural isomorphism, and pointwise winning, it is an isomorphism in
(]
Wk,

Proposition 4.2.8 7, odistr, ) = [I]°(Ty)

Proof We can check this by induction on I', as in Proposition[2.3.5] |



4.2.5 Semantics of Proofs

We give semantics of a proof of X;0 - M,T as a uniform winning strategy x; = [X;0
M,T], and semantics of a proof of X;0  P,T" as a uniform winning strategy [X;0
P.I|=x,.

We first introduce some notation. Suppose ¥ is the coproduct of two categories 2
and & (the disjoint union of the two categories, where there are no maps between them).
If F:€6 — %, we write F|g and F|g¢ for the restriction of F' to 2 and & respectively. If
n:F = G then we can restrict 1 to a natural transformation F|y = G|y, and we write
nlg for this restriction. If n: F|y = Gl and o : F|g = G|g then we write [1,0lg ¢ for
the lax natural transformation defined by [1,0]4 =14 if A€ 2 and [n,0]a =04 if A€§.
Lax naturality of [, 0] inherits from lax naturality of n and o, since there are no maps
between 2 and & when viewed as subcategories of 6.

We will sometimes abuse notation, writing [1,0]g ¢ even when there are maps be-
tween & and &: we must then justify lax naturality of [1,0]g ¢ directly. If € = J%)(? then
we will write [n,0]q g for [n,a]ﬂg,a,ﬂg,ﬁ.

First, we deal with the semantics of the rules from WS!. We need an interpretation
of each WS! rule: a transformation from the uniform winning strategies on each of the
premises, to a uniform winning strategy on the conclusion. The value of X;© is constant
throughout. By Proposition WA is a WS!-category. Thus we can use the inter-

pretation of each WS! rule in this category. We next turn to the new rules.

Positive Atoms: For P,;,, we start with a lax natural transformation [p] : [T,T] = L
with functors mapping .4 }(? #s) %,. But for any (L,v) in 4 )(? 9(5) we have [oCs),T(L,v) =
[T,T](L,v). Hence [p]: [¢(s),I] = L, and we take [P.c+(p)] = [p].

Negative Atoms: For the rule P,_, suppose [p] : I = [L,T] with functors J%)(?@(?) -9,
Then set [Pat_(p)](L,v) = € if (L,v) = ¢(5) and [p](L,v) if (L,v) £ $(5). In our above
notation, this is [[[p]]’e]a(?)@(?)'

For lax naturality, we need to check that the appropriate diagram lax commutes:

I [Pat-(p)](M,w)

[o($),T](M,w)
id o i[¢pC),T](f)

[¢Cs),TI(E,v)

[Pat- ()L, v)

If (L,v) and (M,w) agree on ¢(x) then the diagram lax commutes by lax naturality



of € or [p]. If they disagree, then we must have (L,v) = ¢(¥) and (M,w) = ¢(%).
We need to show that [P,i—(p)](L,v) 2 i[p(x),T](f) o [Par—(p)](M,w). To see this, note
that p[¢p(x),T](f) o [Pat—(p)](L,v) = [Pat—(p)](M,w) as both sides map into the terminal
object, 50 [Pa—(p)]|(L,v) 2 i[¢p(x),T](f) o p[p(x),T](f) o [Par—(0)]|(L,v) = i[p(x),T](f) o
[Pat-(0)](M, w).

Forall: Given a proof p of X w{X};0  N,T, then [p] :I — [N,I] in W4Rw. We can
construct [[/ﬂ] :I - Vx.[N,T] in W and set [Pv(p)] = distf1 o m

Exists: Consider the map set'*(n) : Vx.F = set*(U,(Vx.F)) — set’*(F) in the category /.
Pointwise, set*(n)z v) : [1jer F(L,vlx — 11) — F(L,v[x — v(s)]) is given by m,(), and so we
will write 75 for this map.

Given a proof p of X;0 + P[s/x],T with FV(s) < X we have amap [p] : [P[s/x],T] — L
in %X . Since x does not occur in T, the domain of this map is [(P,D)s/x]] = setF([P,T]).
Then we take [P$(p)] = [p] o s odistr = [p] o [[]°(r,): [Va.P,T] — L.

Inequality: Semantics of Py is the empty family, as Jlg has no objects.

X,9,2 . .
Match: For P;}°, we first construct an isomorphism

. @, =Y ~ S x? . -1
Hyye: My = '/%X/{x,;}w{z} 'Hx,y,z
with H, , .(M,v) = (M,v[z — v(x)] - x - y) and H XM, v) = (M,vlx — v(z),y — v(2)] - 2).
We can show that [(X;0 D)%, 2]] = [X;0,x =y I'lH.} , by induction on T
We set [Pra”(p,9)] =[[p]Hx.y.2,[q]1x=y.xzy- The component of [pra*(p,q)] at (M,v)

is given by [p] if (M,v) =x =y or [q] if (M,v) |=x # y.

Semantics of WS1 are given in Figure

4.3 Full Completeness

We next show a full completeness result for the function-free fragment of WS1: we hence-
forth assume that £ contains no function symbols. Thus, the only uses of the P35 rule
are of the form Pg where y is some variable in scope.

We show that the core rules suffice to represent any uniform winning strategy o on
a type object provided o is bounded — i.e. there is a bound on the size of plays occurring

in 0. In particular, such a strategy is the semantics of a unique analytic proof. If ¢ is not



bounded, then it is the semantics of a unique infinitary analytic proof. We extend our
reification procedure for WS! to WS1.

We assume some arbitrary linear ordering on 7, which lifts lexicographically to 7 x 7.
Let Fr(X;0 +T') denote 7 — (X uB(I')) where B(I') denotes the variables that are bound

inT.

Definition Given a sequent X;0 I, O is lean if:
* O contains x # y for all distinct x and y in X
* O does not contain x # x for any variable x.

A proof in WS1 is analytic if it uses only core rules and has the following additional

restrictions:
* Rules other than P, and P12 can only conclude sequents with a lean ©

e If P52 is used to conclude X ;0 T then X does not contain w # w for any w; (x, y)
is the least pair with x,y € X, x # y and x # y ¢ ®; and z is the least variable in
Fr(X;0 F I') (the least fresh variable).

We will show:

Theorem 4.3.1 Let X;0 T be a sequent of WS1. If o is a bounded uniform winning
strategy on [X ;0O T'] then there is a unique analytic proof p of X;0 +T with [p] =o.

We will also extend this result to reification of unbounded strategies as infinitary ana-
lytic proofs, as in Chapter 3. We can hence normalise proofs to their (possibly infinitary)

analytic form.

4.3.1 Uniform Choice

First, we show that for any uniform winning strategy, each component makes the same

choice (in some sense) when the outermost connective is & or 3.

Proposition 4.3.2 If O is lean and (L,v),(M,w) € J[g there exists an £-model (L,v) Ll
(M,w) with maps f(1v.Mw): (L,v) — (L,0)U(M,w) and gv.mw): (M,w)— (L,v)u(M,w).

Proof If (L,v) is an £-model, define Uy, ;) to be the elements of |L| not in the image of
v. Then the carrier of (L,v) (M, w) is defined to be X wU(z, ,,) w U(pr,). The Z-structure
validates all positive atoms, and the valuation is just inj;. Then the map f(z, » 3 ,) sends
v(x) to inj;(x) and u € U(z, ) to injy(u). This is an injection because O is lean. g,y M w) is

defined similarly.  J]



We also recall that if f : (L,v) — (M,w) then o, ,) is determined entirely by f and
OM,w)- In particular, uniformity for positive strategies o : N = L requires that o, ,)
oM w)°N(f) but since o, ,) is total, it is maximal in the ordering and so we must have

O(Lw) = OMw) o N(f).

Proposition 4.3.3 Let X;0 I be a sequent and suppose O is lean. Then there exists an
object in ./%)(?.

Proof Note that O just contains positive atoms. We can take (X,id), with (X,id) = 6(7)
just if ¢(x) € ©. Then each formula in O is satisfied: each such formula is either ¢(x),

or x #y for distinct x,y. |}

Proposition 4.3.4 Let M1,M, :M}(? — %,. Suppose O is lean, and let 0 : M1 x My => 1
be a uniform total (resp. winning) strategy. Then o = T om; for some uniform total (resp.
winning) strategy 1 : M1 = 1, or 0 = tomg for some uniform total (resp. winning) strategy
T:Mg=> 1.

Proof We know that each o(z, ) is of the form 7(z, ,)om; for some i € {1,2} since in the
game M1(L,v) x Mo(L,v) — 1 we must respond to the initial Opponent-move either with
a move in M; or a move in My (the m-atomicity condition). But we need to check that i
is uniform across components. Suppose that i is not uniform — then we have (L,v) and
(T,w) with o, ») = T v) o1 and o(7,w) = T(T,w) © 2. Now consider (L,v) (T ,w) and let &
be such that oz, v)u(T,w) = T(L,v)u(T,w) © k. By uniformity and totality, oz, ) = 0@ v)u(T,w) ©
(M1 x Mo f(Lv,Tw) = TLo)u(T,w) 0Tk (M1 x Ma)f(L,v,T.w) = T(@,0)u(T,w) °ME(f(L,v,Tw)) 0Tk
But since oz, ) is of the form 7(z, ,)o 71, we must have £ = 1. But we can reason similarly
using o(r ) and g, 7,w) and discover that & = 2. This is a contradiction.

Thus there is some i such that each oz, ;) can be decomposed into 7(7, ,)on;. In partic-
ular, we can take i such that o(x ;q) = 7(x,id) © 7; Where (X, id) is as defined in Proposition
We only need to show that 7 is lax natural. We can construct a natural transfor-
mations ¢ : {id,e) : M1 — M1 x M9 and 15 : {¢,id) : My — M1 x My. Then 7 =0 oy;, and so is

lax natural. |]
Corollary 4.3.5 If O is lean, then WA is a complete WS-category.

Proof We show that each of the conditions of complete WS-categories hold.

la There are no maps I — 1. If there were, we could take its component at (X,id)

yielding a winning strategy on I —o 1, of which there are none.
1b Proposition [4.3.4| ensures that the r-atomicity axiom holds.

2 The map (_—o 1)~! on # extends pointwise to W |



Proposition 4.3.6 Let M : M)(?w{x}

uniform total (resp. winning) strategy. Then there exists a unique variable y € X and

— %4,. Suppose O is lean, and let 0 :Vx.M = 1 be a

uniform total (resp. winning) strategy ©: M set§ = 1 such that o0 =1om,.

Proof We firstly show that given any #£-model (L,v) there is some x with oz, ;) = 7(11)°
Ty(x). Suppose for contradiction that o, ) = 7(1,v) o 7, for some u € U, ;). Build the Z-
model L' = X w{a,b}wU(z,,) with valuation inj; and validating all positive atoms. Let
O(L'injy) = T(L',inj;) © . Define my : (L,v) — (L',inj;) sending v(x) to inj;(x), u to injy(a) and

yeUgp)—{u} toinjg(y). Then o, v) = o1 inj,) © r 0 V. M(my).
¢ Ifr =inj;(x) then this is o/ inj,) o M(m1) o y(y), contradicting oz, v) = T(1,v) © Tu-

e If r =injo(b) then this is o inj,) o€ which is € as oz inj,) is strict (it is a total map

into 1). This is impossible as o(z, ) is total.
e Ifr =inj3(y) then this is oz jnj,) c M(m1)omy, , contradicting o(z,v) = T(L,v) © Tu-
* Hence we must have r = injy(a).

Define mg : (L,v) — (L',inj;) sending v(x) to inj;(x), u to injy(b) and y € Uw,p) —{u} to
inj3(v). We can use similar reasoning to show that r =injy(d). This is a contradiction.

Hence, given any (L,v) there is some variable x such that o ) = 7( ) © Ty(r). Let
y € X be the unique variable such that o(x 4y = 7(x,id) © 7, Where (X,id) is constructed
as in Proposition We now show that for all (L,v), o(1,,) = T(1,0) © Tu(y). Suppose
that o(z,y) = T(L,v) © Tu(x) @0d O p)UX,id) = TLw)UE,id) © Tinj,(z)- BY lax naturality, 7z,
To(x) = O(Lw) = OLw)uX,id) © YXM(f(L v x,id) = TL,v)uX,id) © Tinj, () © Y- M(f(L v, x,id))- Since
inj1(2) = frv,x,ia)(v(2)), we have o1 1) = T(Lv)ux,id) © M(f(L,v,x,id) © Tu(z) and so we must
have x = z. By similar reasoning using gz, x,id), we see that y =z, sox =y.

Hence there is a variable y such that for all (L,v), o) = T ) © Ty(y) for some
(L) : M(L,v[x — v(y)]) = L. Since O is lean, y is the unique variable such that o, ;) =
T(L,w) © Tu(y)- Note that M(L,v[x — v(y)]) = M(sety(L,v)). It only remains to show that the
resulting transformation 7 : Msety = L is lax natural.

Consider the transformation p : M set§ =>Vx.M: ./%)(? — 9, defined by p(L,v) ={(gm)m
where g, =¢if m # v(y) and g,(,) = id. We show that this is natural:

M(L,v) _PLy, Va.M(L,v)
M(f) Y. M(f)
MM, w) — Yx.M(M,w)

PMw

We show 7y 0 pprp o M(f) =np oVx.M(f)opr , for each b.



If b # w(y) and is not in the image of f, then the LHS is eo M(f) = € and the RHS is
€opL, =€ as required.

If b = f(a) # w(y) then the LHS is still ¢, and the RHS is M(f)on,opr . But a # v(y)
(since a =v(y) = b = f(a) = w(y)) and so this is M(f)oe. Since M(f) is strict, this is
€, as required.

If b = w(y) then the LHS is id o M(f) = M(f) and the RHS is M(f)omyy)opa =
M(f)oid = M(f) as required.

Finally, we can see that 7 is lax natural because r=0op. |

4.3.2 Reification Procedure

We next define a function reify from bounded uniform winning strategies on [X;0 + I']

to proofs of X;0  I'. This extends the procedure given in previous chapters. Again

it is defined by case analysis on the head of I', by induction on a compound measure

involving the size of the strategy, the number of pairs of free variables that are not

declared distinct by ©, and a further measure which depends on the nature of the head

formula. Informally, if © is not lean:

If © contains x # x we use Py and halt.

Otherwise, we consider the least two variables x,y € X that are not declared distinct
by © and split the family into those models that identify x and y, and those that do

not. In the former case, we can substitute fresh z for both x and y. We then apply

the inductive hypothesis to both halves and apply P5>* using H ;iz

If O is lean, then:

If the head formula is not an atom or quantifiers, we proceed as with reification as
in Figure using the fact that WA is a complete WS-category.

If the head formula is a positive atom ¢(x) then we must have ¢(%) in ©, as other-
wise there can be no uniform winning strategies on [I'] (since some games in that
family have no winning strategies). Thus we can proceed inductively and apply
Pat+.

If the head formula is a negative atom ¢(x') then we can split the family o into
those models that satisfy ¢(x) and those that do not. All strategies in the former
set must be empty, as there are no moves to play. All strategies in the latter set
form a uniform winning strategy on [@, (%) F L,T'] and we can proceed inductively

using P,¢—.



* Ifo:[X;0+T =Vx.N,I['] then distpr oo : I = Vx.[N,I"]. Using our adjunction, this
corresponds to a map noU . (distrroo): I = [N,I"] in W o We can then reify this
inductively to yield a proof of X w{x};® - N,I" and apply Py.

e IfTI'=3x.P,I" then oodist, r: Vx.[P,I'] = L. By Proposition there is a unique
y and natural transformation 7 : [P,T"]set] = L such that o odist, ' = 7o my. Since
x does not occur in I', we have [P,I"]set} = [P[y/x],I']. This yields a lax natural
transformation [P[y/x],I'] = L. We can then apply the inductive hypothesis use
the P rule.

We formally define reify for the new connectives in Figure[4-4l The other cases (with lean
©) are imported from Figure using the fact that WA is a complete WS!-category.

Remark Note that if o : [{x,y};} I'] then the reification procedure places both x # y
and y # x into the context, as either could (in principle) be required later in the proof.
Assuming z is least in Fr(X;0 T') and x < y in the ordering, reify(g) is the following
proof:

reify(alﬂe,m)
relfy(alﬂo,x=y OHx,y,z) {z};z;ﬁz}—r[f—c,i {x’y};x;éy,y;éxl—r

X Py,x,z
{zhFT1%,2 ma {x,yhx#yFT

X,Y,2
Prma {x,yh;,FT

4.3.3 Termination

We next need to show that if ¢ is bounded then reify(o) terminates. We can base our
measure on that given in Proposition but we need to add an extra component to
our lexicographical measure to take into account the use of P, to reduce the number of
distinct variables in X that are not declared distinct by ©.

Again, the full completeness procedure first breaks down the head formula until it
is L or T. It then uses the core elimination rules to compose the tail into (at most) a
single formula. These steps do not increase the size of the strategy. Finally, the head is
removed using P or P7, strictly reducing the size of the strategy. If © is not lean, the
number of distinct variable pairs that are not declared distinct in © is reduced by using
Pma-

Formally, we can see this as a lexicographical ordering of four measures on ¢,X,0,I":
¢ The most dominant measure is the length of the longest play in o.

® The second measure is the length of I' as a list if the head of I'is L or T, and oo

otherwise.



¢ The third measure is the size of the head formula of T'.

® The fourth measure is
LX,0)={x,eX xX:xZyAx#y¢0O}.

If © is lean:

e IfI'=1,P or T,N then the first measure decreases in the call to the inductive
hypothesis.

¢ Otherwise, if ' = A,T’ with A € 1, T the first measure does not increase and the
second measure decreases.

o IfT =A,I" with A ¢ {L, T}, the first measure does not increase and either the second

or third measure decreases.

If © is not lean and the P, rule is applied, in the call to the inductive hypotheses
the first three measures stay the same and the fourth measure decreases.
Thus, the inductive hypothesis is used with a smaller value in the compound mea-

sure on N x NU {oo} x N x N ordered lexicographically.

4.3.4 Soundness and Uniqueness

Proposition 4.3.7 Given any bounded uniform winning strategy o : [X;0 T, [reify(o)] =

ag.

Proof We proceed by induction on our termination measure. For the constructs that
appear in WS!, we can proceed as in Proposition , since W is a complete WS!-

category. For the new cases:

e If © is not lean and x # x € © then we must have [reify(0)] = o as there is a unique

uniform winning strategy on this functor (the empty family).
e If © is not lean with (x,y) € X x X least such that x # y and (x # y) € ® and z is the
least element in Fr(X ;0 I I'), then [reify(o)]
= [[Pﬁ;g’z(reify((flﬂg,x:y OH;,%,,Z,reify(UIM)(?,x#y)]]
= [[[reify(0|ﬂ§),x:y OH;,%’,Z)]]HSCJ,Z’ [[reify(o'ldﬂ;”x#y)ﬂ]x:y,x;éy
= [0'|J%)C?,x=y OH;j,,Z oHyy 2, 0'|M)(?,x#y]x:y,x;éy
= [Ulﬂgyx:y,Ulﬂg,ﬁy]x:y,x;éy =0.
o IfT' = ¢(x),I" then [reify(0)] = [Pats(reifyr (0))] = [reifyr ()] = 0.
e If T = ¢(x),I” then [reify(0)] = [Pat_(alﬂg,a(z>)ﬂ = [alﬂ)@()@(y),e]&;)’(ﬁ(;) =0 as we

must have o] o =€ since [[(/)(?), I'] 4 is the terminal object for each A in J[g Sak ).
X



e IfT'=Vx.N,I" then [reify(a)] = [Py(reify(no U, (distr 0 0)))] =
distf,1 o [reify(n mtr/ 00))] = distf,1 o(no Um 00)) = distf,1 odistproo = 0 as
required.

* IfT' = 3x.P,I" then [reify(0)] = [P4(reify(1))] where oodisty! = Tomy. This is [reify(r)]o

myodistyy =Tomy, odistpr =00 distf,1 odistp = 0 as required. |
Proposition 4.3.8 For any analytic proof p, reify([p]) = p.

Proof Induction on p. If the final rule used in p was a rule of WS! (used necessarily
with lean ©) we can proceed as in Proposition , noting that W is a complete

WS!-category. Thus, we concentrate on the new rules.

* If p = P4 then we have x # x in ©, and so reifyx o, r([p]) = P as required.

o If p=P%2%(p1, p2) with (x,y) € X x X least such that x # y and (x # y) ¢ © and z is
the least element in Fr(X;0 +T), then reify([p]) = reify(([p1]Hzx,y,2, [P2]ls=yxzy) =
Pjrcn’g’z(reify([[[pl]]Hx,y,z, [[pZ]]]x:y,x;éy|x:y OH;%;)Z), reif)/([[[p 1ﬂHx,y,27 [[p2]]]x:y,x7$y|x7£y)) =
Pl (reify([p1]), reify([p2])) = Prd*(p1,p2) = p as required.

o If p = Pa4(q) then reify([p]) = Pari (reify([q]))) = Pat+(g) = p as required.

e If p = P,_(q) then reify([p]) = reify([[[q]],e]a(y),d)(?)) = Pat_(reify([[[q]],e]&?)’d)(y)lay))) =
Pat—(reify([q])) = Pat—(q) = p as required.

* If p = P{(q) then reify([p]) = reify([q] o 7w o distr). Since [g] o7y o distr: o distyr =
lq] o 7y, this is Pi(reify([q])) = P1(q) = p as required.

s If p = Py(g) then reify([p]) = reify(disty} o [q]) = Py(reify(noUL(distr odistyt o [q])) =
Py(reify(no U;c([[&]]))) = Py(reify([¢])) = Pv(q) = p as required. |}

We thus see that for any bounded o, reify(c) is the unique analytic proof p such that
[p]=0.

4.4 Proof Normalisation

We can extend our full completeness procedure to unbounded uniform total strategies,
yielding infinitary analytic proofs. We can then normalise proofs in WS1 to their infini-
tary analytic forms. The treatment follows that in Section and we describe how this
approach can be extended to deal with WS1.

* The definition of infinitary analytic proof of WS1 follows the definitions in Section
In particular, we can formulate .4t using a final coalgebra (note that the set

Seq now includes the X;0 component). Alternatively, we can consider the set of



infinitary analytic proofs as the limit of the analytic paraproofs, which are analytic

proofs in WS1 with access to a diamon rule P, that can prove any sequent.

* We can give semantics of an analytic paraproof of X ;0 I' as a uniform strategy on
[X;0 FT]. For the rules of WS!, we use the fact that G5 is a WS!-category. We
can interpret the new rules Py, P%’ , Pma, P#, Pat+, Pat— as given in Figure the

lack of winningness causes no problems.
¢ We can extend these semantics to infinitary analytic proofs of WS1.

— To do this, note that G5 is cpo-enriched, inheriting pointwise from ¥%. As be-
fore, the semantic operation [—] mapping €x.err to the set of uniform strate-
gies on [X;0 I I'] is monotonic. We can thus define the semantics of an infini-
tary analytic proof as the limit of its finite approximants.

— We can show that these semantics agree with those given in Figure be-
cause the underlying semantic operations are continuous. First, composition,
currying and pairing in 4% are continuous. Then we note that if o and 7 are
continuous so is [0, 7] and 0 H for any functor H. Finally, we can show that the
Z operation on uniform strategies is continuous by considering the pointwise
definition and noting that arbitrary tupling is continuous.

— We can show that the resulting uniform strategy is total by showing that, for

each A and n, o4 is n-total. This is by lexicographic induction on
(n,tI" (), hd™(I"),tI ('), hd~ (), L(X, ©))

and we proceed as in Proposition For the new cases, we can check that
[_,_1, ” and _o H preserve n-totality.

* We can reify uniform total strategies as infinitary analytic proofs using the coal-
gebraic formulation as in Section our definition reify is still of the required
shape.

* We can show that [reify(0)] = o by showing that, for each n and A, o4 =, [reify(c4)].

This is by lexicographic induction on
(n,tI"(I),hd™(I),tI™(T'), hd (I, L(X, O))

and we can proceed as in Proposition For the new cases, we can check that
[,_1, Vx._and _oH respect =,.

* We can show that reify([p]) = p by showing that reifyo[-] = C @ D = id, as in Propo-
sition The remaining equations required to do so are verified in Proposition
[4.3.8



We can conclude that uniform total strategies on [X;0 I I'] are in bijective correspon-
dence with infinitary analytic proofs of X;0 I I', via the semantics. Thus given any proof
p of X;0 T in WS1 we can compute reify([p]), which is the unique infinitary analytic
proof whose semantics is [p]. Thus, two proofs are semantically equivalent if and only

if they have the same infinitary normal form.

4.5 Cut Elimination

In Sections [2.5.1]and we defined a syntactic cut elimination procedure for analytic
proofs. We now extend this to WS1. Specifically, given an analytic proof X;0 + A,I',N*
and an analytic proof of X;0 - N,P we can construct an analytic proof of X;0+ A,T',P.

4.5.1 Cut Elimination Procedure

As a starting point, we take the procedures defined in Figure(3-8/and note we can expand
them to propagate X ;0 contexts additively. We hence only need to define cut and cuty
on the new core proof rules.

To do this, we first define some (additional) auxiliary procedures.

¢ A procedure Wkw(?), which takes a proof of X;0 - I and produces a proof of X;0,y(’s) -
I'. This can be given using a trivial induction. Then [wky;5(p)] = [p]J55) where

I ./%)(?,W( ) ./%)(? is the inclusion functor.

* We can similarly give a procedure wk, extracting a proof of X w{x};® T from a
proof of X;0 +T. We have [wky(p)] = [x]U, where U, :'/%)(?&J{x} — M5} forgets the
valuation at x.

* We can define a substitution procedure. Suppose p is a proof of X w{x},® I with
free variables of s in X. Then we can give a proof p; of X,0[s/x] I'[s/x] by replac-

ing all occurrences of x in p by s. We have [p;] = [p]set;.

We then extend the procedures from Figure [3-8/to WS1 in Figures For
termination, we need to use the fact that the weakening and substitution operations
preserve the size of the proof, so that the termination argument given in Section [2.5.1]

still applies.

4.5.2 Soundness

We next show that this procedure is sound with respect to the interpretation in WA
Note that folo,t]l=[foo,fot] and [o,7]lof =[oof,Tof]. If f is strict, we have
folo,el=[f oo,el. Finally, A“P(o,7]) = [A“P(0), ATV ()]



Proposition 4.5.1 wkp is sound — that is, if p is a proof of = A,T then [wkp(p)] =
[Pr (D). (This is (af —oid)o unit"2 o [p] if A is negative and [p] o unity o (id @ af) if A is

positive.).

Proof We proceed by induction on p. For the cases where p is a rule of WS!, we can use
Proposition as WK is a WS!-category. We only need to check the new cases, many
of which are similar to those in Proposition [2.5.4]

¢ If p = P, then the result holds trivially as the empty family is the only map of the
required type.

o If p=Py2%(p1,p2) then [wk(p)] = [[wk(p1)]Hy,y.z, [wk(p2)]]. If A is negative, then
this is [(af —o id)ounit=! o [p1]Hy .z, (af —o id) o unit™ o [pa]] = (af —o id)ounit™!o
[[p1]Hz,y,2, [p2]1= (af —id)o unit"2o [p]. If A is positive we proceed similarly.

o If p = P,_(q) then [wk(p)] = [Pat—(wk(g))] = [[wk(g)],e] = [(af —oid)ounit=2o[q],e] =
(af —o id)ounit=! o[[g],€] = (af —o id)ounit=! o [Par_(p)] = (af —o id)ounit=l o [p] as
required.

o If p = Pat+(q) then [wk(p)] = [wk(q)] = [g] o unite o (id @ af) = [p] o unit, o (id @ af) as
required.

* If p = Py(q) then [wk(p)] = dist; % o [wk(g)] = distyh o (af —id)ounit—t o [q]). We
must show that this is equal to (af —o id) o unit~! Odistf1 o [[r}]] and so it is sufficient
to show that distr p o (af —oid)ounit=! odist;! o [4] = (af —id)ounit=1 o [q]). By the
universal property, it is sufficient to show that noU(distr po(af —o id)ounit~! Odistflo
[q]) = (af —o id)ounit=to[¢]. But the LHS is 7,odisty po(af —o id)ounit™todist; o[q] =
(id —o [T]~ () 0 (af —oid) o unit=L odisty ! o [¢] = (af —o id) o unit=1 o [I] () o disty o
[q] = af —oid)ounit~L o7, 0 [q] = (af — id) o unit~L o [¢] as required.

* If p = P§(q) then [wk(p)] = [P5(wk(g))] = [wk(q)] o s odistr p = [q] ounite o(id @ af) o
g odistr p = [g] o unite o (id @ af) o [I', P * (1r5) = [¢] o unite o (id @ af) o ([T * (7r5) @id) =
[q] o [T]"(ms) o unite o (id @ af) = [p] ounite o (id @ af) as required. i

Proposition 4.5.2 rem is sound — that is, if p is a proof of = A,T then [remy(p)] =
unit_. o [p] if A is negative and [p] ounit,! if A is positive.

Proof We proceed by induction on p. For the cases where p is a rule of WS!, we can use
Proposition as WK is a WS!-category. We only need to check the new cases, many
of which are similar to those in Proposition[2.5.2]

¢ If p = P, then the result holds trivially as the empty family is the only map of the
required type.



o If p =P (p1,p2) then [remo(p)] = [[remo(p1)]Hx,y 2, [remo(p2)]]. If A is negative,
then this is [unit_oo[p1]Hy,y z,unit_oo[pa]l = unit_o[[p1]Hy,y 2, [p2]] = unit_o[p].
If A is positive we proceed similarly.

e If p = Pat—(g) then [remo(p)] = [Pat—(remo(q))] = [[remo(q)],€] = [unit_ o [¢],el =
unit_ o[[gq],e]l = unit_ o [P4t_()] = unit_ o [p] as required.

o If p = P, (q) then [remo(p)] = [remo(q)] = [q] o unit;? = [p] o unit;' as required.

* If p = Py(q) then [remo(p)] = disty!o [[remo(q)]] = distp! o (unit_ 0[[qﬂ We must
show that this is equal to unit_, OdlstFO o[¢] and so it is sufficient to show that
distrounit_, Odlstr 0° [q] = (unit_ [[q]]) By the universal property, it is sufficient to
show that o U.(distr o unit_ odisty o [q]) = unit_s o [q]. But the LHS is 7, odistr o
unit_, Odistf}) o[q] = [I]~ () ounit Odistf}) o[q] = unit_.o(id — [[F]]_(nx))Odistf}) o
[q] = unit_c o ([T,0]~(7my)) 0 dist;%) o[q] = unit_s om0 [q] = unit_ o [¢q] as required.

e If p =P§(q) then [remo(p)] = [[Ps(remo(q))]] = [remg(q)] o s odistr = [q] o unit_1 omgo
distr = [q] ounity o [T]*(7s) = [q] o ([T]* () @id) o unit;t = [q] o [T,0]* (ms) o unit ! =
[p] ounit;! as required. |

Proposition 4.5.3 If p1isa proofof - A,T,N* and ps is a proof of = N ,R then [cut(p1,p2)] =
[Peut(p1,p2)]. That is,

* [cut(p1, p2)] = Ar(A Y ([p1]) o A H([p2])) if A is negative.
* [cut(p1,p2)] = [p1] o (id@ Ay [p2]) if A is positive.
* [cuta(p1,p2)] = [p1] owkosymo(id® A7 [pa]).

Proof Since # % is a WSl!-category, we can use Proposition for all of the cases
from WS!. We thus only need to check the new cases. For cut:

* For sequents with a negative head, [cut(Px,P,)] = Af(A7Y([P£]) o A71([P£])) as
there is only one map of the required type as the family is empty. Similar for
sequents with a positive head.

¢ For sequents with a negative head, [[cut(ny “(p1,91),PrY (pz,qg))]] =

[Pma*(cut(p1,p2),cut(q,q2))] = [[cut(p1, p2)]H, [[cut(ql,cm)]]] =
[ArAT ([p1]) o AT ([p2]VH, Ar(AT ([q1]) o A7 ([g2] )] =
AflAT ([P o AT ([p2DH, AT ([g1]) o A7 (g2 =

AN ([piDH, A (gDl A ([p2DH, AT ([g2])] =
Ar(ATMp1]H, [q1]1e A [ pe] H, [g2]D =
Ar(ATHPRY* (p1, g D] o AT H([Pra*(p2,q2)])) as required.

The reasoning is similar for sequents with a positive head.



* [cut(Pat—(p), @)] = [Pat—(cut(p,wky(@)))] = [[cut(p, wke(g))], €]
= [ArAT ([p]) o AT ([wkg(@)])), €]
= [ATA ([P o A7 (Iwkg (@], Ar(AT () 0 AT ([wkg(])]
= ArIATY([p]D o A7 ([wkp (@], A7) 0 A7 ([wkg(@)]]
= AIA N ([P, A HE)T 0 AT ([wkg()])
= Ar(A; Y (([p], €10 A ([wke(@)])
= AI(Al_l([[Pat_(p)]])o Al_l([[q]])) as required.

* [cut(Pats(p), )] = [Pat+(cut(p,@))] = [cut(p, )] = [p]elido A7 ([q]) = [Par+(p)]o(id@
A7([q]) as required.

e [cut(Py(p),q)] = [Pv(cut(p,wky(g)))] = -

disty . o [cut(p, wke(@))] = dist; . o AT ([ o A7 W x([g]))). We need to show
that this is equal to AI(Afl(distf} o[p])o A7 ([q])) and so it is sufficient to show
that distr, v 0 A7(A7  (disty b 0 [P]) o A7 ([g]) = Ar(A; ([p]) o A; 1(U'x([g]))) and by

the universal property it is sufficient to show that no U, (disty y1 oA I(AI_l(distfj3 o
[pDeA; ([gD) = Ar(A; Y ([p]oA; (U x([g]))). The LHS is meodistr yioAr(A} (dist; po
[pDoAT ([g]) = [T, N 4]~ (r)oAr(A; H(disty bo[p]o AT ([g]) = Af([T]~(ra)o A7 (disty o
[pDe A7 ([g]) = Ar(A; (ko [p]o AT H([g]) = Ar(A; (i o [p]) o AT LU L([q]))) as re-

quired.

* [cut(P5(p),@)] = [Pi(cut(p,q))] = [cut(p,q)] o s odistr p = [p] o (id @A;l([[q]]))ons o
distr p = [p]o(id@ A7 ([g]) o [T, P]* () = [p] o (id @ Ay X ([q]) o ([T]* (7rs) @id) = [p]
([I]*(rs)@id)o(ido A7 ([g])) = [p] o [T, N*]*(s)o(ido A7 ([q]) = [p] o7 odistr pr 0
(ideo A7 1([g]) = [P&(p)] o(id @ A7 ([q])) as required.

For cuty:

* [cut(Px,P)] = Ar(A7H([P£]) o A;X([P£])) as there is only one map of the required
type as the family is empty.

o [euta(PRi*(p1,91), Prd*(p2,92)] = [P (cuta(p1, pa), cuta(qi, g2))] =
[[cute(p1,p2)]H, [cuta(q1,g2)]1 = [[p1] o wkosymo(id ® A;l[[pz]])H, [q1] o wkosymo
(id® A7 [g2]] = [[p1]H, [q1]1owkosymo(id ® A7 [[p2] H, [g2]D) = [PE3*(p1,91)] 0
wkosymo ATL([PHa*(p2,q2)]) as required.

* [cuta(Pati(p), Pat—(@))] = [cuta(p,q)] = [p] owkosymo(id ® A7 [q]) = [Pat+(p)] owko
symo(id® A;1[Pai—(g)]) as required. We know that [q] = [Pat—(¢)] as we must have
¢ € O for the appropriate atom and so [[[q]],e]a’ 6= lq]-

* [cuta(Pi(p),Pu())] = [cuta(p,q3)] = [p] owkosymo(id® A7 ([g5]) = [p] owkosymo
(id® Ay (set®([g]))). We must show that this is equal to [p]omsodisty y.owkosymo
(id® A7 (distr% o []). The latter is [p] o ([T]*(ms) @ id) owk osymo(id @ A7 (disty o



[g]) = [p] owkosymo(id® [I]*(ms) o A X(disth o [q])) = [p] owkosymo(id® A7 (s 0
[a]) = [p] owkosymo(id® A7 (set*([q])) as required. i

4.6 Axioms

As well as using WS1 as a general first-order logic, we can introduce rules and axioms
based on a specific intended model. For example, if we fix £ to be a language about
natural numbers (with constants including zero 0, and successor s) we can introduce an

induction rule:

X;0F N[0/x] X w{x};0F N[s(x)/x], N+
X;0FVx.N

We can interpret formulas as families of games varying over the ®-satisfying valuation
only, and proofs as families of winning strategies — there is an evident interpretation
of the above rule. We will next use these ideas as a tool for giving specifications on

programs in WS1.



Figure 4-3: Semantics for WS1 — extends Figure [3-6

0:[X;0,4(s) - L,I7]
(o, 6]%(?),(/)(?) : [[X:G H (P(?),r]]

Pat-

o:[X;0,p(s)-T,T]

5 [X;0,(3) F ¢(F),T]
0:[[(X;®I—F)[f—c,§]]] 7:[X;0,x#yHT]
[0Hyy 2, Tli=yxzy  [X;0 FTT]

P

X,¥,2
Pr

? ?:[X;0,x#x T

0:[Xw{x};®0+N,I]

v x¢FV(O,TI)
distylo6: [X;0F Va.N,I

s o:[X;0+ Pls/x],T]

FV(s)cX
3 gomgodistr: [X;0F 3x.P,T] ()

pT o:[X;0+M,T,Vx.N,A]

Y [A] (deng)oo:[X;0F M,T,Nls/x],A] FV(s)cX

pT 0:[X;0+Q,I,Vx.N,A]
V' go[A]"(ns —id): [X;0F Q,T,Nls/x],A]

FV(s)cX

pT 0:[X;0+M,T,P[s/x],A]

cX
3 Al (s o d)oo: [X;0F M,L,3xP,A] TS

pT 0:[X;0+Q,T,P[s/x],A]
3 oo[A](deny): [X;0FQ,T,3x.P,A]

Fv(s)cX

P 0:[X;0,s#t+T]
e ez : [X30,F(8) £ FO F I




Figure 4-4: Reification of Strategies — extends Figure|3-7

For non-lean O:
reifyx xzvorr(0) = Pz . )
. X,, . _ .
reifyx , yorr(@) = Ppi (relfy(alﬂ;?,x:y oH,3 ), relfy(alﬂ)(?,m))
if (x,y)e X x X is least suchthat x Zy and (x Zy) ¢ ©
and z is the least element in Fr(X;0 I

For lean ©:
reifyX;@)l—([)(Y),r(O-) = Pat_(reify((j"/”@,@(Y)))

X
reifyX;G)}—a(?),r(O-) = Pat+(reify(0))
rEifYX;@l—vx,N,F(U) — Pv(re|fy(r] o Ujlc(distrr 00))

reify x.or-3.. 8 r(0) Pg(reify('r)) where o o distf1 =Tom,

Figure 4-5: Cut Elimination Procedure (wkp for atoms and quantifiers)

Wkp(P#) = P¢

wkp(Pra?(p,q) = Pri*(wkp(p),wkp(q))
WkP(Pat—(p)) = Pat—(WkP(p))
wkp(Pae+(p)) = Par(wkp(p))
wkp(Py(p)) = Pv(wkp(p))
wkp(P3(p)) = PS(wkp(p))

Figure 4-6: Cut Elimination Procedure (remg for atoms and quantifiers)

remo(P) = Py
remo(Pra”(p,q)) Pr2% (remo(p), remo(q))
remo(Pat—(p)) P.i_(remo(p))

remo(Pat+(p)) = Pat+(remo(p))
remo(Pv(p)) = Py(remy(p))
remo(P3(p)) = P5(remo(p))




Figure 4-7: Cut Elimination Procedure (cut for atoms and quantifiers)

cut: X;0+A,I,N-xX;0+N,P
CUt(P;g, P?g)

cut(Pra(p1,q1), Pma”(p2,q2)
cut(Pat-(p),q)

cut(Pae+(p),q)

cut(Pv(p),q)

cut(P$(p),q)

cute: X;0+Q,I Nt xX;0+QL,TL,P

cuta(Px,P)

cuto(Pra®(p1,91), Pma”(p2,92))
cuta(Pat+(p), Pat-(q))
cutg(P%'(p), Pv(q))

X;0FA,T,P
P

Pha(cut(p1, p2),cut(g,q2))
Pat—(cut(p,wky(q)))
Pat+(cut(p,q))
Py(cut(p,wky(q)))
P3(cut(p,q))

X;0+NboP

P

Pma” (cuta(p1, p2),cuta(g1,g2))
cuta(p,q)

cuta(p,qy)

Figure 4-8: Diagram notation for elimination of cut in WS1

Xuwix);0FM,T,Nt

X;0FVx.M,T,Nt

X;0FN,P

cut

X;0rFVx.M,T',P

Xw{xh;0FM,I,N*

X:0FN,P

¥ Xw{x};®FN,P

cut

Xo{xh,OFM,I',P

X;0FVx.M,T',P




Chapter 5

Programs and their Properties

In this chapter we embed imperative total programming languages into an extension of
WS1 with an infinite choice operator. Example programs include objects representing a
postfix calculator and a data-independent set. We show how we can use our logic to rep-

resent properties of these programs.

In this chapter we shall demonstrate the expressivity of WS1 with respect to pro-
grams and properties upon them. As described in Section|3.4.3| we can interpret recursion-
free Idealized Algol over finitary data types in WS1, using the embedding of Intuition-
istic Linear Logic and the Boolean cell described in Figure In this chapter we will

make this embedding explicit, and show how further features can be embedded, such as:

¢ (Call-by-value

e Coroutines

Infinitely deep state, e.g. stacks

Natural numbers
* For loops

¢ Data-independent ground types.

We will also use the first-order structure in WS1 to represent a large collection of pro-
gram properties as formulas of WS1.

First, we will recall the standard embeddings of CBN and CBV lambda calculi into
LLP. By composing these embeddings with the embedding of LLP inside WS1 given in
Section [3.4.4] we obtain an embedding of these calculi into WS1.

We can extend the call-by-value calculus with imperative features: ground store,
coroutines, and an encaps operator which reflects the anamorphism rule of WS1. The

latter can be used to represent a limited form of higher-order store and some infinite



data structures (e.g. a stack of Booleans, following Section [3.4.3). We extend the CBV
embedding into WS1 with these features.

We next extend WS1 with a game representing natural numbers: this is straightfor-
ward, and the results from previous chapters can also be extended. Using this, we give
an embedding of a call-by-name imperative total programming language with a natural
number ground type in our logic. This language contains the imperative features above,
and all primitive recursive functions can be defined. The language is expressive: for ex-
ample, one can define a stateful object representing an (arbitrarily large) set of natural
numbers. Thus we see that the programming expressivity of WS1 is high.

We then show how the first-order structure can be used to formulate a large range of
behavioural properties on these programs. Finally, we show how the first-order structure
can be used in a different way: by relating each unary predicate to an atomic type, we
can write programs that are independent of the underlying ground types (e.g. a data-

independent set).

5.1 Finitary Lambda Calculi

In this section, we will show how finitary call-by-name and call-by-value lambda calculi
can be embedded inside WS1. We achieve this by composing their standard embeddings
into LLP with the embedding of LLP inside WS! given in in Section[3.4.4]

5.1.1 A Calculus of Finite Types

We first describe a calculus of finite types. We can equip this calculus with call-by-name
or call-by-value operational semantics at will.

The types of Asi, are as follows:

A typing judgement of Ag, is of the form x1:T4,...,x, : Ty = s: T where T;,T range
over terms, x; over variables and s over terms. The well-typed terms of A5, are defined
in Figure [5-1

We can give call-by-name and call-by-value operational semantics to Asj, in a stan-

dard manner.



Figure 5-1: Terms of Ay,

Fx:S+¢:T I'etf:S—-T I'ks:S

2T Xn T T T S =T TFfs:T
I's:SxT I's:SxT I's:S I'¢:T
I'm1(s):S I'm9(s): T I'E{(s,t):SxT
- - 'kt A rf:A
I'Ftt:2 I'Fff:2 T,0:2F case(b,t,f): A
T'Fu:1

5.1.2 Call-by-name Lambda Calculus
From CBN to LLP: Types

A map ¢~ embedding call-by-name A, into LLP was given in [53]]. We recall this embed-
ding here. Types are mapped to negative formulas of LLP, with:

* ¢ (1="1
o ¢ (2)=71971

e ¢ (AxB)=¢ (A)&p (B)

* ¢"(A—B)=%"(A)y9¢~(B).

Note that no linear lifts are used here, so the resulting LLP formulas are reusable.

From CBN to LLP: Terms

Atermxq1:T1,...,x,: Ty Fs:T is translated to an LLP proof of
R~ (T ..., 27 (Th) ", ¢~ (T).

e Variables and abstraction:

(T, (Ti)*
o (T, 2~ (Tt
¢ (T), 2~ (T, 2~ (TH)*
¢ Application:

F2¢~ (D)%, 2¢7(S), ¢~ (T)
F2¢p~ (D), 207 (S)2¢p~(T)




2~ (I)*, ¢~ (S)
2~ ()%, 19~ (S) Fo=(T):, ¢ (T)
F2¢p~(D)*,2¢~(S)H2p=(T) Flp™(S)® ¢~ (T, 20~ (D)L, ¢~ (T)
F2¢~ ()L, 2¢~ @)L, ¢~ (T)
F2¢= (D), ¢~ (T)

* Pairing and projection:

F2p~ (D), 07 (S) 2~ (D)L, ¢ (T)
R~ (D), ¢~ (S)&P™(T)

¢~ (S)t, ¢~ (S)
F2¢~ (D)L, ¢~ (S)&p~(T) o™ (S) @ (T)*, ¢~ (S)
F2¢p~ (D)%, ¢ (S)

* Boolean true, false; unit:

2~ (I)*. 1,2 20~ (0)*,? —_—
I—.gb_(l“) ,1,71 I—.<p_(1“) ,71,1 Ry
F2¢~(D,?1,71 2% (D)5,?1,71 ———————
— — F2¢~ (), 71
F2¢~ ()4, 20921 F2¢~ (D)L, 21971
* Case:
F2¢~ ()%, ¢ (A) F2¢p~ ()L, ¢ (A)

2~ (D), L,¢p~(A) 2~ (D), L,¢p~(A)
F2p~(T)5, 1L, ¢ (A) F2¢p~(T)4, 11, ¢ (A)
F2¢p~(T)*, 20~ (M), 1Ll L, ¢~ (A),¢p(A)
F2¢~ (D), 2¢p~ ()4, 2(1Le! L), ¢~ (A), ¢~ (A)
F2¢~ (D)1, 2(1Le! 1), (A)

Using this translation, call-by-name reduction of lambda terms can be simulated using
cut elimination of LLP [53].

From CBN to WS

The composition of the above to translations give an interpretation i o ¢~ of CBN inside
WS1. Here we discuss the result of this translation.

First, we note that if a type is constructed without using x, the resulting family in
WS1 is singleton (this can be shown by an easy induction on types).

The type of Booleans 2 is translated to the LLP formula ?1°9?1. This is mapped to
the WS singleton family 2(T @ 1)2?(T @1), which is isomorphic to ?T'?T = T& T. A term



of type 2 is translated to an LLP proof of ~?1>9?1. This is translated to a WS proof of
F 1, T®T, modulo the simplification above.

The type 2 x 2 — 2 is translated to LLP as the formula ?(! L ®!1)$?19?1. This is
mapped to the WS singleton 2(T @ (1 L®!1)y2?T9?T. A term of type 2 x 2 — 2 is trans-
lated to an LLP proof of F?(! L®! 1 )2?1°9?1. This is translated to a WS proof of - L,2(T @
(1! 1)ye?T9?T. By applying isomorphisms, this is equivalent to a proof of - L,2(T @
(L&1), TeTork L<(ToT), AT @(L&1L)), which is !B — B and agrees with the Intu-

itionistic Linear Logic transformation.

5.1.3 Call-by-value Lambda Calculus
From CBV to LLP: Types

We describe a map ¢+ embedding call-by-value Ag, into LLP, following [53]. Types are

mapped to positive formulas of LLP, with

e ot (=1

s pT(2)=101

* ¢ (AxB)=¢"(A)®p*(B)

* ¢ (A—B)=l¢p"(A) 2 1¢*(B)).
In [53], the embedding is slightly different: ? is used rather than | in the translation of
—. This allows continuation control operators to be modelled (the Au-calculus). We chose
the simpler setting as it will allow us to express a different operator (encaps) which is
closely related to the anamorphism rule of our logic. To obtain the original presentation,

all uses of 1 (resp. |) can be typographically replaced for ? (resp. !) in this embedding.
Note that for all T, ¢ (T)* is reusable.

From CBV to LLP: Terms

Aterm x1:T4,...,x,: Ty Fs:T is translated to an LLP proof of
1ot (T, ¢ (T, ..., o (T .

e Variables and abstraction:

F1 ¢*(T),¢" (S)L,pH (D
F ot (Ty), ¢ (T)* F ¢t (S)H, 1 ¢*(T), ¢ ()"
H1 ot (Ty), o™ (Th)* F @t (S)e 1 ¢t (T), ¢+ (D)*
F1 (T, ¢ (TS, ..., (T FUP* ()b 1 ¢* (1)), ¢+ (D)*
@S e 1 ¢ (T)), " (D)




¢ Application:

F1 ot (S),p" M+ ¢
FAPT(S)® | T (T)H), 1 ™ (D), p* (D)E
@Sy 1ot (T), o D H2pH(S)e | ¢ (T, 1 T (T),pH (D)
1 o™, (D)L, o)
1 o™ (D), (D

where ¢ is:

For(S),pH(S)-  F1ot(T), | T (T)*
F¢T(S)e L o™ (D), 1 ¢ (D), ¢ (S)*
FAGT(S)® | T (T)H), 1 o™ (T), T (S)E
FAGT(S)® | T (T)H), 1 ™ (D), | pF(S)*

* Pairing and projection:

F ot (S), ¢t (S)* FoH(T), ¢ (T)*:

F ¢t (S)® " (T), " (S), ¢ (T)*
F1 (@1 (S) @ p*(T)),p* ()L, ™ (T)*

H1 ™ (1), " (D" F1 (9" (S) @ p*(T)),p*(S)*, | o*(T)*

F1 (@t (S)®p™(T)),pH(S),p (D)L
1T (9), ¢ ()" F1 (" (S)@ ™ (T)), | pH(S)H, (D)t
F1 (@ (S)® ¢pT(T)),p (D)L, ¢ (T)*
F1 (¢t (S)@ ™ (T)), ¢+ (D)

F¢(S),6™(S)
F1¢=(S),¢(S)
1 ¢ (S),¢™(S),d™(T)
F1¢7(S),¢~(S)2dp™(T)
F1 (@ ()@ (T),p~ (ML F1o7(S), | (¢~ (Syedp™(T))
1 ¢7(S),¢p~(D)*

* Boolean true, false; unit:

F1,6- (D) 1,6 (D) —
1 oD, FLOWY
Flel,o (I Flel,o (1) LoD
F1(1e1),¢ D)+ F@el),¢ @)t o

e Case:



F1 ¢t (A),pT(D)* 1 ¢t (A),¢T()*
F1ot(A), Lot F1¢T(A),L¢T M)t
1T (A), L& L,pT(D)*

Using this translation, call-by-value reduction of lambda terms can be simulated using
cut elimination of LLP [53].

From CBV to WS

The composition of the above to translations give an interpretation i o ¢* of CBV inside
WS1. Here we discuss the result of this translation.

First, we note that i(¢"(2)) = i(1®1) = {1, 1} which is a pair of formulas, unlike in CBN
which used a singleton formulation. This is because Booleans are ground types, and in
call-by-value a term of ground type is an element of a set rather than a computation.
Nonetheless, a term of type 2 is interpreted as a LLP proof of 1 (141) which corresponds
toa WS1 proof of HF L,(Tel)e(Tel)ie. -1, TaT.

The type 2 — 2 is translated to the LLP formula ((L&L)® { (1#1). Since i(] (181)) =
{((Tel)e(Tol)}={Te T}, wehave i(L& L) 1 (1a1)={1(0(TaoT)),1 (02(ToT))}=
{TeT,Te T} Finally, i(l(L& L)1 (1 1)) ={I(L<(T & T)&(L (T & T}

Thus a term of type 2 — 2 is translated to a LLP proof of H1!((L&L)$?(1 ¢ 1), which
is mapped to a WS1 proof of - L, T@!((L <(T & T)&(L < (T & T))). It is worth comparing
a dialogue in this game with a dialogue in the CBN equivalent !B — B.

* In the CBN version, Opponent asks for the output Boolean (output move in B).
Player then may ask for the input Boolean multiple times and Opponent is under
no obligation to give the same one each time (moves in input !B). Finally, Player

can produce the output Boolean (in B).

¢ Inthe CBV version, Opponent indicates that he wishes to call the function (opening
1 move). Player may then interact with the environment, perhaps as he evaluates
earlier arguments. Once completed, Player plays T.
Opponent can then (repeatedly) use the resulting function. He does this by giving
the input Boolean (which is just a single move — any term of type 2 must already
have been evaluated previously). Player can then (after further interaction with

the environment) give the output Boolean.

If a, b and c are terms of type 2 (which may nonetheless interact with the environment),
the application rule ensures that in the term (Axy.c)ab these interactions occur in the
following order: a, then b, then c. This is reflected in the translation of the application

rule to a WS proof, which we demonstrate here in the case that the argument (and



everything in the environment) is a singleton family. For brevity we write T for i(¢p"(T))
and S for i(¢p™(S)).

FLTol(L<(STe(ToT)) q
FLToT,i(ptM7b),i(¢HI)h)
FL,ToT,i(gptM)h)

cut

where ¢ is:

+S,8t FL<THToT
FSe(L<aTh),S+,TeT
FT,Se(L<1TH),St,ToT
FTo(Se(LaT ),S:,ToT
FATo(Se(LaThH),SE,TeT
FLSteATe(Se(LaT)eTaT
FLSH2ATe(Se(LaTH), TeT
FL1,TeS,i(gtI)h) FLaSHATo(Se(LaTH),TeT
FLATo(S @(L<aTH)), ToT,i(pHI)h)
FLa2AT oS e (LaTH), ToT,i(ptT)h)

Pmu|®

Pcut

5.2 Call-by-value Finitary Imperative Language

In the previous section, we gave an embedding of finitary call-by-name and call-by-value
lambda calculi inside WS1. In the next sections we describe how this embedding can be
extended to more expressive languages.

We will first show how the call-by-value embedding via LLP can be extended with
imperative features. In particular, we consider ground state, coroutining, and an encap-

sulation operator reflecting the P, rule.

5.2.1 A Call-by-value Finitary Imperative Language

We extend CBV Ay, with some imperative features. Firstly we note that in a call-by-
value setting, imperative sequencing a;b can be simulated by (1x.b)a where x is a fresh
variable. Similarly, let(x,e, M) (let x be e in M) can be defined as (Ax.M)e, and e will be

evaluated before M.

¢ Storage Cell — A Boolean storage cell can be represented by the product of its
“read” and “write” methods, of type (1 — 2) x (2 — 1). We introduce a new constant
cell : 2 - (1 — 2) x (2 — 1) which generates a new storage cell with a given starting

value.



¢ Coroutines — We can introduce a deterministic form of multithreading by defin-
ing a coroutining constant co: ((1 - 1) — 1) - ((1 - 1) — 1) — 1. A term of type
(1 - 1) — 1 can be seen as a command which may call its argument (a command,
of type 1 — 1) multiple times. The idea is that in co a b we run ¢ and b in an
interleaved manner, where control starts in a and is passed to b when (and if) a
calls its argument. When b calls its argument, control is passed back to @, and so

on. Whenever either a or b terminates, then co a b terminates.

¢ Encaps — We can represent a mild form of higher-order state using a constant
encaps:(s — (0 xs)) — s —1—o0. The idea is that ¢ =encaps f s¢:1— o represents
a stream of output values, computed from an internal state. The internal state
starts as sy and each time ¢() is invoked f is applied to the internal state, which
determines the result of the current () call and the new internal state. Note that
s and o can be arbitrary types. An ML implementation can be given using general

reference cells:

(* val encaps : (’°s -> %0 * ’8) -> ’s -> unit -> ‘0 %)
let encaps f i =
let s = ref i in
fun (_ : unit) ->
let (o,ns) = f !'s in

8 := ns; 0;;

The encaps operation is the program interpretation of the P,,, rule.

For simplicity of our WS1 translation, we will assume that any occurrence of 2 in s
or o occurs under an arrow: we require that they are not “value types” and so s and

o are translated to singleton families in WS1.

We will call the CBV A, with these constants TotLangV.

Remark The encaps operator appears in [58]. It also corresponds to the thread operator
in [75], which is used for interpreting the internal state of imperative objects in a Curien-
Lamarche games model. The type of thread corresponds to (p xs - o0xs)—s— (p — 0)
where p is a ground type. In our setting p is forced to be 1, but the more general form
can be be emulated using a reference cell written by the environment before each call.
Dually, ground reference cells can be defined using this more general form of encaps.
We can make a similar remark for coroutines. In [48], the two coroutines can pass
ground values to each other when they also pass control. This message-passing can be
simulated in our setting using shared ground variables; and ground variables can be

simulated using message-passing coroutines.



We can use encaps and cell to define a stack of Booleans, with push and pop opera-
tions, following Figure In using encaps, the state type is 1 — 2 and the output type
is (2 — 1) x (1 — 2). We use ML concrete syntax (ref corresponds to cell; assignment and

dereferencing to projections; and if-then-else to case).

(* val newstack : unit -> (bool -> unit) * (unit -> bool) *)
let newstack = fun (_:unit) ->
let £ = fun (pop : unit -> bool) ->
let pushed = ref false in
let valu = ref false in
let push b = pushed := true; valu := b in
let newpop() = if !pushed then (pushed := false; !valu) else pop() in
((push,pop) ,newpop) in
let 1 = fun (_:unit) -> false in
let stack = encaps f 1 in
let push b = fst (stack()) b in
snd (stack()) (O in

let pop O
(push,pop) ;;

Testing this in an ML interpreter gives the expected result.

Operational Semantics

We next give operational semantics of TotLangV, which we intend our WS1 embedding
to respect. We use a small-step style, adding two state components to the terms. First,
a ground store GG, which is a partial mapping from locations to Booleans. Second, a
stream store ST, which is a partial mapping from locations to pairs of terms (v,¢) where
v:s—oxsandt:s. The operation fr picks a fresh location. We introduce some auxiliary

constants:

e If ] is a G-location, we add 6; : 1 — 2 for dereferencing and and a; : 2 — 1 for assign-

ment

e Ifris a ST-location with types s and o, we add v, : 1 — o requesting a new element
of the stream r, and p, : 0 x s — o representing a term which acts like 7; but also

updates the second component of r.

We next define the class of values. Here M ranges over terms, V over values and pk over
partially applied constants — terms kM ... M, where % is a constant and n < ar(k). The

arity of encaps is 2.

V = x| pk | O | tt | £ff | (V,V) | M



Figure 5-2: Operational Semantics of TotLangV

El(Ax.M) V] — E[M{V/x}]
Elcase(tt,M,N)] — E[M]
Elcase(ff,M,N)] — EI[N]

Eln1((V1,V2))] — E[V1]
Elne((V1,Vo))l —  ElVs]

Elcell V31,G E[{(A_8; O, Ax.a; x)],GLl— V]
where [ = fr(G)

E[b],G[l — b]

E[0l,oll — V]

Elco M (Ax.F,[0OD]

E[0]

E[v,],STlr— (V¢, Vi)l

where r =fr(ST)

Elp, (fs)I,ST[r— (f,s)]
E[V,,STIr— (f,Vy)]

E[6; 01,Gll — b]
Ela; Vp],Gll— _]
E[co (Ax.Fy[xO1) M]
E[co (Ax.0)) M]
Elencaps V¢ V;1,ST

Ll

l

Elv, 0LST[r—(f,9)]
Elpr (Vo, Vo), STIr — (f,]

l

Evaluation contexts are given by
E[]:= _|E[_IM|VE[_IE[LLM)I|V,E[_]) | case(E[_],M,M) | co(Ax.E[_], M)

Every term M can be written in the form E[N] for some evaluation context E and term
N. The idea is that the first step of evaluating M consists of evaluating N inside the
context E.

We give the small-step operational semantics for TotLangV in Figure[5-2] The reduc-
tion relation is between tuples (G,ST,t) where G is a ground store, ST is a stream store
and ¢t is a term. The metavariable F, ranges over evaluation contexts that do not bind

x. If either of the state components is preserved, we omit it.

5.2.2 Embedding into WS1

We next embed TotLangV into WS1. For the CBV As, fragment, we use the embedding
via LLP defined above, and so we only need to embed the three imperative constants. The
embedding of cell follows the game semantics given in [|8]; the embedding of co follows
the game semantics given in [51]]; the embedding of encaps uses the anamorphism rule
of WS1. Recall the notation | P = L <{P and | N =T @ N on WS1 formulas.

Boolean Cell

¢T(2—(1—2)x(2—1))is the LLP formula

C=l((L&L)2 1 ((Le1(1e1)e!(L&L)® 1))



and to be compatible with our A, embedding we must give a LLP proof of =1 C or a WS1
proof of = 1, T @i(C). We will in fact use a combination of these approaches, translating
a fragment of LLP proof that massages the types, together with a WS1 representing the

history-sensitive behaviour. The former is as follows:

g1 Fl(L21(1e1)e!l(L&L)511) g2F!I(L21(1e1)a!l(L&L)211)
FLI(Le1(1el)!(L&L)211) FLI(Le1(1e1)e!(L&L)211)
Fl&L(L21(Ael)e!(L&L)11)
Fl&L1(Le1(1el)e!(L&L)211)
FL&LR (L1 (Qel)e!l(L&L)s 1)
Fi((L&Lye T (Lot (1el)e!l(L&Ll)e 11))

Using the WSI1 translation of the above as the start (bottom) of our proof, we require
proofs q1,q2 F L, Toi(l(L2 1 (16 1)e!((L&L)® 1 1)) representing the history-sensitive
behaviour of the Boolean cell, for each possible starting value. Using PI( Po( P}(—))) it is
sufficient to give proofs of Hi(!(L’® 1 (14 1))®!((L& L) 1 1)), which is

FI(L<02(TeleTeol)((L<(09(To1)&(L(09(T 1))

which is isomorphic to (L <1(T & T))R!I(L < T)&(L <1 T)) = (B&Bi) with isomorphisms
definable in WS1. We can obtain our required proof by composing this isomorphism with
the Boolean cell proof given in Section

Coroutines

By using the translation of abstraction, it is sufficient to give a proof of - 1, T@io¢p*(1),i0
P (1 —1)— Dt icpgT(1—-1)—Dlrie. -1, Tel,?2| (1109 | D! 10,2 (1109 ] D! 1
0) which is isomorphicto - L, T,2(To((L<T)® L),(To(l(L<T)® ). This is in turn
isomorphic to F Z,2(Z1e!X), 2=+ !X) where X = L < T, with isomorphisms definable in
WS1. Thus it suffices to give a proof cocomp of - X,2(Z10!X), 2(Z+2!X). We first give a
proof o of (X — 1) —o!X.



P

T <(Tol),Tel(LaT)
FT,L<d2(Tol), Tol(LaT)
FTo(l<?2(Tol), Toel(LaT)
FLTol(LaT),Teo(LdX(Teol))
FLIT,HL<CT), To(L<A(Tol))
FI(L<T), Teo(La2A(Tol))
FT,(L<AT), To(LdXATol))
FTol(L<T),To(LdX(Tol))
FLTeo(ld(Tol), Tel(LaT)
FLT,l<2(Tol),Tol(LAT)
FLAT,1l<2A(Tol), Tel(LaT)
FI(L<T), Tol(L<1T)

Pana

Remark The above defines an isomorphism in ¢, but not in # as its inverse is not

winning.

We next define a proof o' - (IZ — X) —o 1 —o!X, which connects the output move of the

first argument to the Player-move in the second argument.

L, T RIZEt
Fle!X 22+ T
FT,L,12,?255 T
F(Tel)o!Z, 22t T
L2 T (Tole!x
oHIZ, Tolx F1<?Zh T,(To o!E
HZ T,(Teo!T
HIZ4T, 2 el

mul®

Pt:ut

We can then define cocomp.

ET ET P syl P
FLT  FLT P, .
el T P, or  HEZlel T
TTLLT  p FEE "™ s, T2t e L
FTeolol,T e FLItelnTstol
FLT,(Tol)ol M psT,stelr st L
p FE3Ztol FEaT,stols,?5tol
cut F3,5tolz, 25t o L o'
PCUt

F2 2lolx stolx

The semantics of cocomp agrees with the treatment given in [48],51].



Encaps

Let {S} = io¢*(s) and {O} = io¢p*(0). By using the translation of abstraction, it is suf-
ficient to give a proof of F L, T@io¢*(1 — 0),S*,iopT(s — (0 xs)t ie. - L, Tol(09 |
0),81,? | (S*® 1 (012S1)). We do so:

Pid
- F1(SY21(088)),7](Se1(0YwSt) b
o FIUO)IT(S%1(098),8,21 (S8 1(0T58),2 | (Se 1 (0-5sh),8*
F1(10),!1(81% 1 (0®5)),8,?] (S® 1 (0L9S1),St
o F100)!1(E21(088)85,?| (S8 (O szt
a F11(0),?1(Se 10 eShysst

Pcut

T F!1100910),? | (S8 1(05S)pst
i FI1(010),?] (e 1(0bgsh), st
1091 0)),85,2 ] (S® 1 (019S1))
FT,1109]0),81,? 1 (Se 1 (0LeSt))
F1,Te!1(09 10,8421 (Se1(0-9St)

where a is the evident isomorphism H! 1 (09 | 0),? |1 O+ and b is:

Pid
PmuI

—— Pi—o<o
0,0+ ‘s, st

+0,S,0t,8+
pT FOoS,0+ 8t
? F00S8,0t9St
FT,008,019S+
FOboSto(l0as)
FS,St F1,098t 008
. FSetObsSh),|00e8S,8t
"M LSe1(019S8h),S8t,008
FT,891(0+9S81),|0e8,8*
Fl(Se1(0tsSh),|008,S*
FL,(l0eSys|(S®1(0+9St)ysst
,» F1U0),8,l(Se1(0YsSh),St
der 1 1(10),8,?1(Se1(0+sS1)), st

Pid

I:>mul®

5.3 The Logic WSN

In the next section, we will embed a (call-by-name) language with a base type of natural
numbers into our logic. In order to do this, we must be able to represent the infinitely

wide game (with a possible move for each natural number) as a formula. This is not



possible in WS1. However, we can add it without breaking any of the results achieved in
previous chapters.

5.3.1 The Logic WSN

Formulas

We extend the formulas of WS1 as follows:

M, N : ]
P,R= ..|lw

® The formula w denotes the game where Opponent has a move for each natural
number, with no responses (so w represents the countable product of L — we have
0= L&w).

¢ The formula w denotes the game where Player has a move for each natural number,

with no Opponent-responses (so w represents the countable sum of T — 0w = T ¢ w).

We can encode the game of natural numbers (see Section|2.1.1) as | < w.

Proof Rules

The proof rules of WSN are given in Figure Note that there is a rule PZ for each

n € N. We informally describe each rule:
* Given strategies o and 7, P,(0,7) plays as ¢ if Opponents first move is 0, or as 7(n)
if Opponents first move is n + 1.
* P2 plays the natural number n as its first move, and then plays as its premise.
¢ The proof Py denotes the strategy where Player plays 0, and play ends.

® The proof Py, denotes the strategy where Opponent plays natural n and Player
responds by playing n + 1.

® Pi.q is an inductive rule. The first premise gives Player’s response in the case that

Opponent plays 0, and the second premise gives the ‘inductive step’.

. P'af)e is interpreted by a game isomorphism.

5.3.2 Semantics of WSN

To model the new formulas and proof rules, we simply require that the object L has a
countable product L“. We then set [w] = [w] = L* (the constant functor).



Figure 5-3: Proof rules for WSN — extends Figure

Core rules:

X;0F1,T X;0Fw,I pn X;0FT,T

Po X:0+w,T ® X:0rw,l
Other rules:
Po X.0Fw Psuc X:0Fw,0
p. X;0FP X;0FPLP pife X:0F@,PoN,T
ind X;0Fw,P © “X:0Fw,P,N,T

Proposition 5.3.1 Let € be a Cartesian category, and A® a countable product of A.

Then X — A x X has a final coalgebra, whose carrier is A®.

Proof We write 7, with n € N for the projections A“ — A and (f(i));en for tupling (with
usual 71 and g for binary projections). The morphism a : AY — A x A“ is given by
(0, (Tn+1)nen). Note that a is an isomorphism, with a™! = (g, )nen With go = 711 and
8n+1 =TTpOTM2.

Given f:B — A xB we define C f ):B — A” as (f)neny Where fo=m10f and fr41 =
frnomoof. We need to show that C f ) is the unique map such that ao f D =(idxC a D)of.

To show that the equation holds, note that aoC f D = (7, (Tn+1)nen) © {fa) = (Mo ©
(fr), Tns1dnen{fn)) = {fo,{fn+1dnen). Similarly, (id x Ca D)o f = (id x (fp)pen) o f = (id x
(fndnen)o(m, o) o f = (id x(fu)nen)o(mrof,meof) =(m1of ,{fudnenomao f) = (fo,{fnomao
f)ne!\l) = (fO, <fn+1>nel\|>-

For uniqueness, suppose a@og = (id x g)o f. We show that for each i, m;og = f;, by
induction on i. For i =0 we have mgog = mpoa Lo(idx g)of =mio(idx g)of =idomof =
m1of = fo. Fori=j+1 wehave m;0g = mioa Lo(id xg)of =mjomgo(idxg)of =mjogomeof =

fiomgof = ;11 as required. |

Proposition 5.3.2 In any WS-category with countable products, There is an isomor-
phism Ife:(B—o1?)2A=>(A—-oB)—1".

Proof Using countable distributivity and linear functional extensionality of L, we note
that (B—o 1“)0A=Z(B—-1)2A)’=(A —-B)—1)”"=(A—oB)—1“ |}

We can use the above to interpret the proof rules of WSN. Note that the new rules do not
vary the X;0 context, and both #- and 9% have countable products (lifted point-
wise). We give semantics to WSN in Figure [5-4



Figure 5-4: Semantics of WSN — extends Figure

o:[X;0F L,1] 7:[X;0F ,1] pn o:[X;0FT,T]

Y] (@ Hodistyt o¢o, 1) [X;0Fw,I] ¢ oo[[]*(r,): [X;0+,T]

P P
0 moa:[X;0+ 0] M A(mgoa): [X;0F 0,0]

o:[X;0FP] 7:[X;0F PL,P]
A (o, A7HT) D): [X;0 - w,P]

ind

Ife 0:[X;0Fw,PoN,I]
¢ [r]-Ufe Yoo :[X;0F w,P,N,T]

5.3.3 Full Completeness

An analytic proof in WSN is a proof using only the core rules, satisfying the leanness
restrictions in Section If 0 is a uniform winning strategy on [X;0 I'], we say o is
finitary if 0z, ;) is finite whenever |L| is. By using a countable version of 7-atomicity, we

can show that:

Proposition 5.3.3 In WSN, each finitary uniform winning strategy on [X;0 +I'] is the

denotation of a unique analytic proof.

Proof We extend the results of previous chapters. In particular, any uniform winning
strategy on [w,I'] corresponds to a particular projection 7, and a uniform winning strat-
egy on [T,T7]. For the P, rule, we note that if o : [w,I7] is finitary then it can respond to
only finitely many inputs, and so isn’t total, and so this case never arises.

The procedure terminates using the same inductive measure: any finitary strategy
on a WS1-type must be bounded. To see this, note that the maximum play size over all
O (L) is the same as the maximum play size in o(z, ;) for any particular (L,v) satisfying
all positive atoms. By picking such an |L| that is finite, we see that o, ,) is finite, hence
bounded. And so ¢ is bounded. |

The comment above regarding P, indicates that the above proposition is of limited use,
as formulas involving w will not typically be inhabited by any finitary uniform winning
strategy. However, as before we can reify infinite uniform total strategies to infinitary

analytic proofs:

Proposition 5.3.4 In WSN, each uniform total strategy on [X;0 +-T'] is the denotation

of a unique infinitary analytic proof:



The details follow those given in Sections and for proving some propositions it
is convenient to view the P, core rule as an infinitely wide rule with countably many
premises of X;0 F L, I'. Again, while analytic proofs are infinite they are ‘productive’:
each finite portion of the (total) strategy can be found by examining a finite part of the
proof tree.

We can thus normalise proofs in WSN to infinitary analytic proofs; and two proofs

are denotationally equivalent if and only if they have the same normal form.

5.4 A Total Call-by-name Language

Next, we will show how we can embed a total call-by-name imperative language with an
infinite ground type in WSN. This language might be compared to Gédel’s System T with
some imperative features and call-by-name semantics. The embedding will be based on

negative formulas and the Intuitionistic Linear Logic translation.

54.1 Programming Language
Types and Terms

The language TotLang will be an applied simply-typed lambda calculus with base types

nat (natural numbers), com (commands) and var (natural number reference cells).

Remark This language does not have products. Instead, we can represent a stateful

object with methods of type A and B as a term newobj : ((A -> B -> com) -> com

the idea is that newobj (1 x y . c¢) provides ¢ with access to an instance of this

object and its methods x : Aandy : B following Idealized Algol [71]]. We write A *
. * AN for the stateful object type ((A1 -> ... -> AN) -> com) -> com.

The terms of TotLang are those of the simply typed lambda calculus over the given

base types, together with the following constants (where G € { nat , com }):

¢ Imperative Flow: _ ; _ : com -> G -> G ,skip : com

e Naturals: 0 : nat,suc : nat -> nat

¢ Conditional and Looping: ifzero : nat -> G -> G -> G, repeat : nat
-> com -> com

e Ground Reference Cells: _:=_ : var -> nat -> com, !_ : var -> nat,
newvar : nat -> (var -> G) -> G,mkvar : mnat -> (nat -> com) -> var

e Coroutines: _ || _ : (com -> com) -> (com -> com) -> com

* Encapsulation: encaps : (s -> 8) * (s -> 0) -> s -> (0o -> com) -> com



We will write newvar x := n in M as shorthand for newvar n (1 x . M).The mkvar
constructor allows the programmer to create custom variables that do not behave as
a standard variable cell, they are required for the games model of TotLang to be fully
abstract. The encaps operator acts as in the CBV setting, but as there are no products

in TotLang we have needed to massage the types into a CPS form.

Example Programs
We briefly demonstrate the expressivity of TotLang.
¢ Primitive Recursive Functions: We can define addition as
Amn . newvar x := n in repeat m (x := succ !x) ; !x

Similarly, we can define all of the primitive recursive functions.

¢ Stack of Ground Values: Using encaps we can define stacks of ground variables
newstack : (var -> com) -> com using a similar approach to that in Section
Then ! acts as pop; and := as push.

Af . encaps (A h . newvar x := 0 in h ab) 0 f

wherea = A n . ifzero !x then n else
(newvar z := !'x - 1 in x := 0 ; !'2)
b=An. mkvarn (A m . x := suc m)

¢ Postfix Calculator: We can use a stack to define a postfix calculator newpfc :
(nat -> (nat -> com) -> com -> com -> com) -> comwith answer, literal, ad-

dition and multiplication methods.

newpfc = A f . newstack (1 x . f ans 1it add mult)
where ans = !x

lit=An . x :=n

add = x := Ix + Ix
mult = x := !x x Ix
¢ Set of Naturals: Similarly, we can define a newset : ((nat -> com) -> (nat

-> com) -> (nat -> nat) -> nat -> com) -> com operator that constructs a
set of naturals, where newset (1 s.add s.rem s.elem s.count . H) gives H

access to the add, remove, test and count methods.



Figure 5-5: TotLang types as WSN Formulas

tlws(com) = 1<T
tiws(nat) = L<o
tliws(var) = (L<w)&w<T)
tiws(A — B) = tlws(B)<1?tlws(A)*
newset = A f . newstack (A s . newvar n := 0 in f add rem elem count)
where add = A x . if (elem x) then () else (s :=x ; n :=n + 1)
rem = A x . newvar y := 0 in newstack t in
repeat !n (let z = !s in
if (z !'= x) then t := z elsey := !y + 1) ;
repeat (!n - !'y) (s :=!t) ; n := !'n - !y
elem = A x . newvar y := 1 in newstack t in
repeat !'n (let z = !s in t := z; if (z == x) then y := 0) ;
repeat !'n (s := !t) ; !y
count = !n

¢ Growing Function: We can use encaps for limited forms of higher-order state.
For example, we can define newgrow : (a -> a) -> ((a -> a) -> com) -> com
such that newgrow f creates a function that acts as f the first time it is called, fof

the second time, and in general £” on its nth interrogation.

Afg . encaps (A h . haf bf) f g
whereaf =1 ja . j (f a
bf = A j . ]

Thus we see that, while TotLang is a total programming language, it is nonetheless quite
expressive.

We can give operational semantics to TotLang in a standard manner. The rules for
encaps are: E[encaps g a (1 x . V)] — E[V] andE[encaps g a (1 x . F(x)[x])]
— E[g (A j k. encaps g (j a) (A x . F(x) [k al))l.

5.4.2 Embedding into WSN
Types

We translate types of TotLang to negative formulas of WSN using the function tlws
given in Figure A term x1: Aq,...,x, : A, F s: B will be interpreted as a proof of
 tlws(B), ?tlws(A 1)L, ..., 2(A )T,



Terms : Lambda Calculus

For the A-calculus fragment, we use our interpretation of Intuitionistic Linear Logic to-

gether with a Kleisli translation. Variables and abstraction are translated as follows:

Pig ———
J4rA,AL

der A 2AT
+ i

wk 1 L
A, 2AL, . 2AL

FC,?B+,?7A1,. . ,?A;;
FC<?BL?2A7,.. 24

The application rule is translated using cut and promotion as follows:

Pid Pid

p FC,Ct +B,?B+

pr C,Cto!B,?B*
Y™ c,72BL,Cto!B

FC<?BL2AL,.. 2AL

cut 1 1 1 1
I—C,?B,?Al,...,?An I—B,?Al,...,?An
sym T T prom T n
FC,?A7,...,7A,,?B FIB,?A7,...,7A;
cut
1 1 1 1
) HC,?2A7,...,7A,?A7,...,?A,
con I—C,?Af,...,?A#

Terms : Constants

We next give an interpretation of each of the constants. We write P! ; for the P! rule
that concludes - Aq,...,A, from - Aq,...,A;_1,A;:1,...,A, for 1 <i < n where A; is

positive.
e skip : com,zero : natandsuc : nat -> nat are given by
Py P T 1,7 w0
ET reo P FLTowm
FLT FlLo T (P00
FLlaT Flao I—J.,a:T@w
Fl<w, Tow

o ; : com -> G -> Gis given as follows, where G ranges over L, w.

— 2 -



Pia ——1
‘a6t

FT,G,G+
FT<G,G*
FLGH(T<G)
FT,L,GH(T<G)
FT<Ll,GHT<G
FL,GHLT<l,T<G
p? FLAGHT<L,T<G
der 1 qGLAT<L),AT<R)

® repeat : nat -> com -> comis given as follows:

kT
FLT
FT,1,7T
FTol,T
FL,Tol,T
. FL2Tol),T

p 2" FLTATel) P a2 To D
T me  FLlel(l<T),T,ATel),ATel)
FT,2(Tol) Peon T F1el(Ll<T),T,ATel)
p FTe2Tol) PR Lel(L<aT), TeATol)
ind Fo, T9ATol)
FT,0,T,ATol)
FT<o, T,A(Tol)
FLT,T<w,2ATol)
pr FLloT,Tdw2Tel)
der ] T, AT <w),(Tol)
e ifzero : nat -> G -> G -> Gis defined as follows, where G ranges over L, w.
T
FT  FLT S
PerTT Mieel Pmo—Tar — Trae
~ ., FL1,TeG,G*t - p Fo,ToG,Gt
L "M L6 Tea . " e, Teq
Pwk3 1 Pwk2 1
FLG-,ToG, ToG Fw,G-,ToG, ToG

Fw,GHToG, TeG
FT,0,GL,TeG,ToG
F1L,GYTow, TG, TeG
5 FL<GY, Tow,ToG, ToG
dr L1 9GLATow),ATeG),AToG)




_ : wvar -> nat and _ := _ : wvar -> nat -> com are defined thus:
P. — . I,
P'd Fow  TOTELT
- Fw,ool,T
p. _ FT,o,00L,T
T 4 9w, Tow 90"
Pe1 — — FTowwol,T
Fl<w, Towdwo Ll —
der | 95, 2ATowewo L) Fl, ool Tow
o T Fl<aT,wel,Tow
; ®2 F1l<dT,Towewol,Tow
der 1 T, ATowewol),(Tow)
nat -> (var -> G) -> Gis translated as follows:

® newvar :

P F1<4®, 13, Tow pytwdT,l<s,Tow
p Fl<do&o<dT,l<do,Tow
ana Hvar, T @ w

—o

2 FG,Glolvar, Tow
der | G, 2AG+olvar), (T ow)

where G ranges over the formula representation of ground types, p; is:

PP'd FLT UL v, @
Oﬁ - FlL,Tow,w
P o o FlLo,Tow
Fl<wo PS“° Fow,® Fl<o,Tow
po FT,1<0 . Fooo(l<),(Tow)

? o, Lo sym

Fw,(Tow),wo(l<w)
Foo(l<w)

Fo<(Tow),we(l<w)
Fow,wo(l<dw)
FTow,wo(lL<w)
Flw,l<w,Tow
Fl<do,l<o,Tow

Pind

and p,, is:



Ff)‘d FLT Psuc Fo,0
.. FLToww
YN w,Tow
Po———= PPid FLT Fl<w,Tow
Fl<o . FLTo(l<w),Tow
FT,l<wo M -1 Tow, To(l<w)
P FTo(lL<w) FLl<(Tow), To(lL<w)
ind e Fo,To(L<)
© b T, L4
+ Fo<dT,l<do
Wk LT, L<dw, Tow
e mkvar : (nat -> com) -> nat -> var
! n
Pind P P

4R, Te(T o Lol(L <o)
¥ Fo,T,(Tel)el(l<w) P
. FodT,(To Lol(L<w) s 4 I<9w, Tow

Wk Lo T, Tow,(Tel)<(Low) wk ) 9w, Tow,(Tol)el(L<w)

? FlL<do&o<dT,Tow,(Tol)el(ldw)
der | Qw&w < T, AT ow),?(T e L)e!(L <m))

where p’ is:

Po15
T Fl<w
FL1,T Pem (L <)
Flel(l<w), T
FT,L(L<w), T
F(Telel(l<w), T
FT9o(Tol)eol(L<w))

I:)muléi)

and p” is:

Pid FLT U 0w

P— . FlLToww
2" 1L o, Tow
der 1 90, AT ow)
PPid FIaT.Tol "o F1(1<19).2Tow)
- FL<aT(Tel)el(Ll<w),(Tow)
b Pid FLT FLAT,ATow),(To)ol(Ll<w)
mule T Le (L <AT ew), T,(T o Lol(L <))
T ELe(L<T<ATow), TR(Tol)o!l(Lldw))




e Wetranslate _ || _ : (com -> com) -> (com -> com) -> comusing cocomp
as defined in Section 5.2.2]

, cocomphZ,ZlolE Ttolx
der L3 2ztolx), 2zt oly)
F(CE<?CEtolz)<?(Etoly)

* We next describe encaps : (((a -> a) -> (a -> b) -> com) -> com) -> a
-> (b -> com) -> com. We use the anamorphism rule to construct a function a —
16 and compose this with the other inputs. The CPS types here makes the embed-

ding somewhat cumbersome. We introduce the unary proof rule P_,;qy = P_.(Piq,_).

Pia FIA,2AL

F'B,?BLolA,?A+
P—sid 1 ; 1 : 1
. FX,2'e!B ?BtolA?A
M L3 2BLtelA, s to!B,2AL
FX<(?Bto!A),?2(Ze!B),?2A+
P FI(Z <(?B1o!A)),2(Z12!B),?A+
p+ - 2, 2lel(Z < (?BLe!A)),2(Z1e!B),?2A+
M ps 2ztelB),2At, stel(E<(?BLolA)  py
FX,2(Z1e!B),?AL, 2 o(Z<2A 9B 0!A)) P2
1 F2, 23 elB), 24t Sl (Ea2AL 0! A)<ABL2!A))
der L 3,2(Z+0!B),?AL, 2o l((Z<?(AL 0! A))<?(BLolA)))

—oid

prom

cut

where p; is:



P. I,
o “4TEA Al
woAAbBE
5" FAALeB: “4HA, 24t

. FAAL9BlolA 2AL
sym

, FA?AY AleBlolA
der - A2AL 24 9B 0lA)

o FA,2A% (AT 5B 0lA) P (A e BaAL), A BB 0lA)
me  HAslAeB<?Ab)24L 2AL9BLelA), (AL B 0lA)
p o' FIA®!I(A ® B<?A1),2AL,2AL9B1LolA)
”E,“l - B,1A®NA ® B<i?AL), 24+ 2AL9BL21A),2A+,2(AL 9B L olA)
sym

S FB,JA®NA®B<?AY),2AL 241 AAL 9B ol A), AA 9B 0lA)
con pT FB,!Asl(A ® B<?A1),?A1 2AA 9B 0!A)
Paz FB,!A®!(A ® B<?A'),2AL92AL 9B 0!A)
pT HB,?A AL sBLolA)
-7 HB<?AY, (AL 9B 0lA)
RS sl o(B<?At), 24 9B 0!lA)
YLy AALeBLolA), I o (1B<?AL)
»  FI<2AALwBloelA), e (B<?At)
der |y q2AL9BrolA), 2zt o (IB<1?AL)
T RiE<aNA®BLelA)), 22t o (IB<?A L))
P;f'd F 2, 2tol(Z<2ALeBLlolA), 22t o (IB<?41))
MR 32t o (1IB<?4t)), Tt ol(Z<2(ALsBLolA))
FE?2(Ct o (IB<?AY)), Ztol(Z<2(A 9B olA))

where p’ is:

P.
- 4 B Bt
pT_FBALBL
¥ LB, ALsBL Y p1a24L

~ . FB,AbsBlolA 724t
sym

2" FB,2AL AlgBlolA
der 1 B,241 2AL9BLolA)

and pg is:



P A al R
T4 A ALe1A, 240 4B BlolA 24t
S - A241 AlolA 2" +B,2AL,BlolA

der A 2AL 2(ALolA) 9 [ B 2AL 2BlolA)

mule . FA®B?AL2A10!A),?AL,2(B+0!A)
Pi,ym FA®B,?2A,2A1 (Al 0!A),2AB 2! A)

" L A®B,?2AL,2(A10!A),2(B+o!A)
FA®B<?AL,2(A10!A), 2ABL0!A)
_ FI(A ® BQ?AL),AA+0!A), 2B 0!A)
P‘f'd F32,5 0l(A®B<?A1),2(A10!A),2(BLo!A)
T L2, 2AAL014), ABLolA), T ol(A @ B<?A)
»  F(CEa%Ate!A)<2(Bre!A), T ol(A®B<?A L)
der | (z<2(Ate!A)<?2(BLolA), Az ol(A ® B<?AL))
5 .dp“”“ F(E<AA L 0lA)<?(BL2!4)), 2 oA ® B<?A L))
PT' F X, 2 ol(Z<?2(Ate!A)<?2(B2!A)),2(20!(A ® B<?AL))
T L 22Etol(A e Ba?AL)), ol (Z<aNAL 0! A))<2(BL2!A))
F2<?2(CLel(A @ B<?AL)), 2ol (2<2(AL0!A))<?(BLo!A))

prom

Literature Comparison

This model is based on the ILL + Kleisli embedding. Ground state works as in [9]: in
the interpretation of newvar, the application of the map var -> G to the Boolean cell
of type !var does not implicitly promote its argument: multiple occurrences of the same
variable share the underlying strategy via contraction. This pattern is also found in the

interpretation of encaps.

Full Abstraction

We conjecture that the model of TotLang inside #/, via our WSN embedding, is fully
abstract — i.e. two terms are observationally equivalent if and only if they are mapped
to the same strategy, following [[8] and [51. From this it follows that M and N are
observationally equivalent if and only if [tlws(M)] = [tlws(NV)] which holds if and only if

tlws(M) and tlws(N) have the same (infinitary) normal forms.

5.5 Properties of Programs

The formulas available in WS1 are more expressive than the types in the languages
described above. We can exploit this by giving types (formulas) to terms (proofs) that

specify more behavioural properties than their basic type. We gave a “good variable”



example in Section here we take a more general approach. We focus on the call-
by-name embedding.

Note that the expressivity here is restricted to specifying properties. Satisfaction of
these properties can be determined by examining the semantics. We may also wish to
consider syntactic ways of showing that a program satisfies these properties, but this

lies outside the scope of this thesis.

5.5.1 Using the First-order Structure

We wish to use the first-order structure of WS1 to apply predicates to the ground values
that are provided as the inputs and outputs of programs. To do this, we can exploit
the specialisation of WS1 given in Section In this setting the underlying model is
fixed (natural numbers), and we assume constants 0 and s denoting the zero value and

successor function. There is an additional induction rule given by:

P/ X;0F N[0/x] X w{x};0F N[s(x)/x], N+
ind X;0FVx.N

Further, we can add additional function symbols and predicates to the first-order lan-
guage as desired, such as < and a positive version of =.

In this setting, the translation of the nat data type L <lw denotes the same game as
1 <13x.T. We can show that Vx.1 Z w:

Pid 0,0 Psuc 0,0
. WrTows Po = WFTow
3 (T ow),m Flo kLo Tow
{x}F L,w,3x.(T ow) , Fl<w xi-l<w, Tow
b V.1, 0,3x(T o w) ind FVx.(L <o)
cut pva b Vx. Lo
Ps(x) {x}ET
3 {x}FTIx.T
PO T {a}F L, 3x.T
p. 33T FVxl,3x.T
ind Poabw,3x.T

The denotation of the above proofs are the identity maps. By utilising this isomorphism
we will be able to use the first-order structure to represent properties on TotLang pro-

grams.



5.5.2 Embeddings and Specifications

Given a formula M (which may be the translation of TotLang type) and a proof p of - M
(which may be the translation of a TotLang program) we next describe what it means
for p to satisfy a specification S on M. A specification S will be a syntactic object which
represents a subgame of M: a proof p satisfies S if all of the plays in [p] lie within
[S]. We have already encountered the notion of subgame when considering uniformity
of strategies — a subgame of M consists of a game N and an embedding N — M: a pair
of strategies in: N — M and out: M — N such that outoin =id and inocout = id.

Definition Let M be a negative formula of WS1. A specification on M is a negative
formula S together with an embedding [S] — [M].

We say that p - M satisfies the specification (S,in,out) if each play in [p] lies within S
—1i.e. [p] =inot for some 7:S, or that [p] factors through the embedding.

Note that an embedding may not be total: as we have seen, 1 is a subgame of L, but
the map in:1 —o L is not total. If it is total, we can ask if it is definable by some WS1
proof.

Definition A specification (in,out) : [S] — [M] is definable if there is a proof p - M,S+
with [p] =in.

If a specification is definable, we can construct a proof of - M for any proof of the corre-

sponding specification - S using Pc;.

5.5.3 Program Specifications

In the next section we will give some concrete examples of specifications on program
types with respect to TotLang; we will first identify some general patterns. We first

consider some definable embeddings.

* M,P1@Q,A — M,P,Q,A — This corresponds to a specification regarding order of
arguments, requiring that the proof/program accesses P before it accesses @. To

give the embedding, we use P_, together with a proof of
FPtoQt,PeQ

using P and Pjq.

e M,(P<_)"P,A— M,?P,A — This corresponds to a specification regarding the num-

ber of times an argument can be interrogated. In particular, if a proof of M,?P,A



factors through this specification it must access its argument in P at most n + 1

times. To give the embedding, we use P_, together with a proof of
F(Pt o )" (Ph),?P

which makes n uses of contraction, dereliction, and P,.

* 1 93x.T — L <w — Following the isomorphism given in Section we can
replace an instance of the natural number type by a formula that binds the value

played to a first-order variable.

e M,p(s),A— M, T,A — when a move T is to be played, this specification ensures
that the atomic formula ¢(s) is true in the model. The embedding uses P_, to-

gether with the unique analytic proof of - ¢(s), T.

* M,P(n),A — M,3x.P(x),A for each natural number n — this corresponds to a spec-
ification that requires the chosen value of x to be n. The embedding can be con-

structed using P_, and a proof of
+ P(n)*,3x.P(x)

which uses Pg” and P4.
The following embedding is not definable by a proof (in is not total):

* T — LT — where a is a (nullary) atom. This uses an underlying map a — L
whose in component is given by id; or €, depending on the truth value of @. We can
use this to control the order that moves are played, noting that moves in negative
occurrences of @ must occur before moves in positive occurrences (a) following the

example in Section 4.1.4

Examples

We next give some concrete examples of WS1 specifications on TotLang types. A specifi-
cation on a TotLang type T is just a specification on tlws(T'). In this section, we wish our
quantifiers to range over the maximum scope, and so a formula Vx.a <13y.foVz.y < Jw.6
should be read as Vx.(a <3 y.(B@ Vz.(y < Hw.g))), where the only choice at each move is

the appropriate value in the model.

¢ Identity function: We can give a specification on nat -> nat that is only satisfied
by the identity function. This is given by S = L < T o Vx.L <3y.y = x, read as
1L <(To(Vx.(L<1(Fy.y = x)))) — these moves correspond to output-request, input-

request, input, output respectively. The embedding is given below:



y ehy=zET
3 {y,zh;y=2+3u.T
{y,zh;y=2zF 1,3u.T pve {y,zhy=zFVu.T,0
{y,zhy=2zF Lo
{y,z}Fy#z,0
{zZ}FVy.y#£z,0
{z2}FT,Vy.y#2z,0
., IFTeVyy#z,0
I IFIxToVyy#x,0
{z}F Lw,3x.ToVy.y#x
Poatw,3z.T FVz.l,w,3x.ToVy.y #x
Fow,w,3x.ToVy.y#x
FT,w,0,3x.ToVy.y#x
FTow,w,3x.ToVy.y#x
Fog(Tow),3x.ToVy.y#x
FLlL3x.ToVyyZx,we(Tow)
FLlL<(@x.ToVy.y#x),ws(Tow)
FT,L<d3x.ToVy.y#Zx,0(T ow)
FTol<ddx.ToVyy#x,we(Tow)
FlLo,Tow, Tolddx.ToVyy#x
? Fl<dw,Tow, Toldax.ToVy.y#x
der 1 qw,A(Tow), Tel<dx.ToVyy#x
F(L<dw)<(Tow), Tel<dx.ToVy.y#x

Pcut

Pcut

The only strategy on [S] corresponds to the copycat strategy on L <3x.T = L <w,
thus the only program satisfying S are those that behave as the identity on nat
-> nat,suchas A x . x. Notethat A x . ifzero x then x else x does not
satisfy this specification, as it interrogates its argument twice. If we wish to de-
scribe an identity function that can interrogate its argument an arbitrary number
of times but must return the result of the first interrogation, we can use the formula

1 <ToVx.L<dX(T @w)<13y.y =x and an appropriate embedding.

¢ Inflationary function: Assuming that our language contains the constant <, we
can define a specification on nat -> nat satisfied by functions that interrogate
their argument once and output a value that is no smaller than the input value.
This is given by L << T @ Vx.L <<3y.y < x and the embedding is a simple modifica-
tion of the identity example above. Generalising this, we can represent arbitrary
relationships between ground values, providing those relationships appear in the

language £.

¢ Addition: We can similarly define a specification on nat -> nat -> nat satisfied

only by those functions that interrogate their arguments once (but in either order)



and return the sum of their arguments. Let S= 1L <ToVx.L<ToVy. Ll 3z.z =
x+y. Then there are two embeddings of this formula into nat -> nat -> nat
corresponding to whether we insist that the first or second argument is interrogated
first. The formula

L<(ToVx.Ll<ToVy.ld3dzz=x+y)o(ToVy.L<dToVx.L<Iz.z2=x+y)

can be used to allow either order of interrogation. We could also weaken the speci-

fication further to allow multiple interrogation of arguments, as above.

¢ Higher-order Functions: We can also give specifications on higher-order types.
For example, we can give a specification on (nat -> com) -> com which insists
that the argument is only called with input 42. This can be given using the formula
(L<T)<?2((T o L)o!l(L <3x.x = 42)) with the embedding overleaf.
For another example, we can consider a property on programs of type (nat ->
nat) -> nat which holds if the program behaves like A £ . £(5) + £(6). This

can be given using the formula

1Tl (L<d3x.x=5)oVy.L<Tol(L<Ax.x=6)oVz. L <Iw.w=y+z.

x  lxhx#A42FT
3 {xl,x #£42F3y.T
{x},x#42F 1,3y.T
{x}Fx#42,3y.T

p FVx.x#42,3y. T PvoFVy.T,w
cut FVx.x #42,0
FT,Vx.x#42,0w
FToVx.x#42,0w
Flw, ToVx.x#42
9 Fl<w, ToVx.x#42
der 1 | Qw, T @Vx.x #42)
P PO 1L <), AT @ Va.x # 42)

S FLAT,(Tolel(L<9w), AT o Va.x #42)
M 1T, AT e Va.x £42),(T o L)o!l(L <w)
s F(L<AT)<AT @ Va.x #42),(T @ L)el(L Jw)
der (L T)<XT @Va.x #42),2(T @ L)ol(L <dw))
b T HI(L 9 T<IAT @ Vax #42)),2(T @ L)o!(L < w))
S LT, (To Del(L < T)<AT o Va.x #42)),2(T o Lel(L <o)
M LT, AT e L)ol(L<w),(T o L)o!(L I T)<AT @ Vu.x # 42))
FL<T)<2(To L)o(L<dw),(To L )a!(LaT)<XT o Vx.x #42))

¢ Properties Regarding the Order of Moves: We have seen in Section that




we can use nullary predicates together with the uniformity of the underlying strate-
gies to control the order in which moves must be played. Our single-read ‘good vari-
able’ property was an example of this. For another, we consider an object (com ->
nat -> com) -> com with a switch method and a read method. We can require
that if the read method returns 0 then the switch method has previously been

invoked.

This can be achieved by the embedding/specification

(L<aM<2(ToLol(L<dasw))ol(a<T))
(L<aTH)<A(T o Lyol(L<w)ol(LaT))

=i((com — nat — com) — com)

~

using embeddings @ — | and a®w — T @ w = w. This embedding is not definable as

a proof, as it is not total.

Thus, we can express a large collection of behavioural properties on TotLang programs
using WS1.

5.6 Data-independent Algorithms

We can use the fact that WS1 is a general first-order logic in a quite different way: to
model data-independent programs. We introduced this idea in Section and we
expand on the theme here.

We extend TotLang with a set of atomic ground types «f: each ¢ € o represents
an opaque set V. For each atomic ground type ¢, we introduce a type of ¢-storage cells
vary. Otherwise, the only operation available on terms of atomic type is equality testing.

We can identify o/ with the first order language containing a unary predicate for
each atomic ground type, and consider WSN over this language. The data type ¢ can
be interpreted by the formula L <13x.¢(x). We can translate programs to proofs in WS1,

and via this translation obtain their semantics as uniform winning strategies.

5.6.1 Programming Language

We extend TotLang with some new types and constants. For each unary predicate ¢ € £,
we introduce a ground type ¢ and type vary of storage cells of type ¢p. We also introduce

the following constants:

* All constants whose type is quantified over ground types G are extended to include

G = ¢



* ¢-variables: newvary : ¢ -> (vary -> G) -> G, :=p : vary -> ¢ -> com,

' : vary -> ¢p,mkvary : ¢ -> (¢p -> com) -> vary

¢ Equality testing: eq : ¢ -> ¢ -> nat where eq a b returns Oifa = b and 1

otherwise.

In this setting, the newstack operator from Section can be generalised to a stack of

¢ values. Using this, newset can be typed as a function newsety : ((¢ -> com) ->

(¢ -

> com) -> (¢ -> nat) -> nat -> G) -> G which constructs a new set of whose

elements have type ¢.

5.6.2 Embedding into WSN

We can embed this language into WSN, extending the embedding in Section [5.4] We set
thws(¢p) = L <1 3x.(x) and tlws(vary) = (L <1 3x.¢(x)&(Vax.p(x) <1 T).

Translation of Constants

Equality ¢ -> ¢ -> nat is a simple modification of the proof in Section re-
placing Vx.L by Vx.¢(x).

Sequencing, conditional, newvar and encaps extend to accommodate ¢ as an addi-
tional ground type, using the translation in Section [5.4 with G ranging over L ,
and Vx.¢p(x).

The translation of := and ! for ¢-variables follow that of := and ! for nat variables,

with w replaced by Vx..L.

newvary : ¢ -> (vary -> G) -> Gis translated as follows:
Pr Pw
P p F 1L <3x.¢(x)&Vx.px) < T, L <3x.dp(x), T @ Vx.(x)
p “ rG,6t ana Flvar, T @ Vx.¢(x)

FG,Gtolvar, T @ Vx.¢(x)

where G ranges over the formula representation of ground types, p, and p,, are:



{x};p(x) - T
Py {x}_@(x) = a(_x)
{x}; Pp(x) - Fx.p(x)
{x}@(x) = J_,Elx.g_b(x)
{x};p(x) F L <1 3x.¢p(x)
{x};p(x) F T, (L < 3x.p(x))
P {x}_;g_b(x) = a(_x), (L« ax.a(_x))

{a}; () F Fxe.p(x), (L <1 T p(x))
{x}; P(x) F Ix.p(x) @ (L <1 Fx.p(x))

{x};p(x) - L, Fx.dp(x) @ (L <1 3x.p(x))

{x} F p(x), Fx.p(x) @ (L <1 3x.p(x))
F Va.g(x), Je.dp(x) @ (L <1 Fx.p(x))

F T o Va.d(x), 3x.¢p(x) @ (L < Tx.p(x))

L, EIx@(x), 1 <o, ToVx.d(x)

F L <3x.¢(x), L <3x.¢p(x), T @ Va.d(x)

® mkvar :

for the nat type.

b T
= loch; ) - (,_b(_x)

{x}; p(x) - Fx.p(x)
{x};p(x) - L, 3x.b(x)
{x};p(x) F L <1 3x.¢p(x)
{x}; p(x) - T, L <1 3x.¢p(x)
{x};p(x) - L, T, L <13x.p(x)
{x} - p(x), T, L <1 3x.¢p(x)
FVa.p(x), T, L <1 3x.¢(x)

p+ FVa.px) < T, L < 3x.¢(x)

wk

FVa.px) < T, L <3x.¢(x), T @ Va.p(x)

(nat -> com) -> nat -> var follows the TotLang embedding of mkvar

P; =
4 ‘ FL<3x.¢(x), T @ Vx.p(x)

! wk

p F 1L <3x.¢(x), T @ Va.¢(x),(T @ L)o!(L <1 3x.¢(x))

0 F 1L <3x.¢(x)&Vx.p(x) < T, T @ Va.p(x),(T @ L)o!(L <1 3x.¢p(x))

der | o Fx.p(x)&Vx.p(x) < T, AT @ V. p(x)), 2(T @ L)o!(L < Fx.p(x)))

where p’ is:



{xh; ) = T
{xc}; Pp(x) - Fxc.p(x)
{x}; () - L, Ix.p(x)
{x};p(x) - L <13x.p(x)
{x}; () FI(L <1 3x.p(x))
{x};p(x) F L1 <1 3x.p(x)), T
{x}p(0) - T, L,I(L < 3x.gplx)), T
{};p(x) F (T @ L)ol(L < 3x.p(x)), T
@) F L, T,(T 0 D)ol(L < 3x.¢(x)
{x} F p(x), T,(To Dol(L < Elx.a(x))
F V), T,(T 0 Lol(L < 3x.p(x))
o F Vx.gp@) 9T, (T 2 Lol(L <1 3x.¢(x))
Y V() < T, T @ Va.p), (T @ Lol(L <3x.¢(x))

‘ {xhp) - L, T Prem

I:>mu|®

Denotational Semantics

Define an instantiation of </ to be a set V and family of subsets {Vy, <V : ¢ € o/}
From each instantiation we define the «/-structure Ly whose underlying set is V and
I (p)(v) = tt if and only if v € V. Conversely, any such of-structure gives rise to an
instantiation.

We can give denotational semantics of this language as follows:

¢ Each program type maps to a sequent of WS1, and semantics of this sequent is a

functor 4y — %4.. Thus, program types can be given semantics as such functors.

e Each program M : T maps to a WS1 proof of F tlws(T), which maps to a uniform
winning strategy on I = [T] = [tlws(T)].

Thus, given an instantiation V and program M we can extract a winning strategy on
[MJ(Lvy). Further, the behaviour of the resulting family of strategies is uniform with
respect to the instantiated ground types.

This chapter has further demonstrated the expressivity of WS1, exhibiting a variety
of stateful programs and properties upon them. This concludes the development of the

WS logics of this thesis: in the next chapter we consider further directions.



Chapter 6

Further Directions

We consider some possible extensions of the work presented in this thesis.

In this thesis, we have presented a first-order logic where the computational content
of a proof is stateful, together with full and faithful completeness results with respect
to its simple game semantics. There are a number of further directions, both in breadth
and depth, that the work can now take.

We have seen how we can use WS1 for specifying behavioural properties of impera-
tive programs. We can seek to extend WS1 to express a larger variety of programs, and

a larger variety of properties upon them.

6.1 Polymorphism

The atoms described in Chapter 4 are truly atomic: they range over truth and falsity, the
0- and 1-move basic games. One further direction is to consider support for propositional
variables, which range over arbitrary games. For example, there are copycat morphisms
on A®B —B®A and A®(A — B) —o B whose underlying structure (the flow of data) can
be expressed independently of the underlying games A and B (uniformly). We wish to
capture such strategies as proofs. On the program side, this would allow us to represent
polymorphic programs in our logic. In such a setting the following rule should be sound,

when M is an arbitrary (negative) formula and X is a propositional variable:

AT
AFTIM/X]
This does not hold for the atoms of WS1: contraction @« — a ® a is provable and
semantically valid, but its interpretation does not scale to arbitrary games. There is a

winning strategy on a — a ® a because our games model enforces local alternation. In



the setting of [49]], strategies need not be locally alternating, and one-move atoms do
suffice to represent propositional variables and copycat strategies. In our setting, one
approach to describing polymorphic strategies as proofs is via move variables, where a
proof explicitly remembers moves that have been played by the environment. We sketch
this approach here.

For simplicity, our starting point will be WS. The grammar of formulas will be ex-
tended with propositional variables, which come in negative (X) and positive (X) pairs.
The intended interpretation is that X represents an arbitrary negative game, and X
denotes X*. Thus sequents will be equipped with “contexts”: finite sets A of proposi-
tional variables currently in scope. Then A T will be interpreted as a family of games,
indexed by assignments A — 4.

We next consider core introduction rules for X and X. Looking at the semantics, if
Opponent is to play and his first move is in a propositional variable X, then Opponent
can play any starting move in X, which denotes an unknown game. But if Opponent
does play some move m, the proof term will then “know” that m is a valid opening move
in X, and may play it on subsequent occasions, following [2]. Our epistemic terminology
is a metaphor: we can define uniform strategies in this manner, in the same sense as
in our first-order logic WS1. Using this approach, we must also be able to express the
positive game with plays {s : ms € Px} as a formula — we choose X,, (the overline is
used to denote polarity). Continuing this process, we require formulas X, and X, for

each sequence of move variables s:

Resultantly, contexts must be enriched further, containing information such as s: X
where s is a sequence of move variables and X is a propositional variable. The core rules

for propositional variables could be presented as follows:

Osm:X,T'F L, Xem,A Dsm:X,T'FT,Xg,,A
Is:X,I'FX,,A [,sm:X,I'+X,,A

Using this approach we hope to develop a full completeness result: each finite uniform
strategy is the denotation of a unique analytic proof; each uniform strategy is the deno-
tation of a unique infinitary analytic proof.

We would also like to describe the proof denoting the identity map - X, X as a finite
proof using this style. However, the underlying strategy is infinite: the identity X — X
can have an unbounded (even infinite) number of moves, depending on the size of X.
Nonetheless, it is finitely describable because it is regular in a certain sense. We can

describe it using looping:



loop(x)
m:XI—Xm,X_m
m:X+XnoXm
m:X+FT,X0oXm
m:Xl—T,Xm,X_m
m:XI—)_(,X_m
m:X+FX X
m:X+1X,,9X
m:XI—J_,X_m,)_(
xu:XFX,X

Here, after the first two moves are played we can loop back and repeat, since the
formula reached is a special case of one of its parents (the node marked with an x*).
Using this approach, we can seek to construct finite analytic proofs (with looping) of
each of the non-core rules: modelling the explicit flow of data in the copycat strategies
that they represent.

We can also consider the question of definability — which finitely describable but
infinite-behaviour uniform strategies are definable as proofs? This can be addressed by
considering the uniform strategies that are in some sense regular (the looping proofs can

be related to finite automata).

6.2 Recursive Types

We have expressed an infinite stack in our logic using the exponentials, but it seems
possible to give a treatment of infinite datatypes in a more principled way. In partic-
ular, we wish to introduce infrastructure for supporting recursive types into our logics.
For example, a type of Boolean lists could be represented as vX.1 <1(T & (T @ (B ® X))).
This could be useful from the programming perspective, allowing an embedding of lan-
guages with recursive types. But it is also interesting from the (purely) game semantic
perspective: we have already used coinductive definitions for ! and w, and there is no
reason this technique could not be generalised. In particular, we can introduce formulas
vX.F(X) denoting the final coalgebra of the endofunctor F. Thus, !A =vX.A 2 X and
w=vX.1&X. The type vX.A ® X would represent a random-access infinite array of A
values that could be accessed in any order, where interaction in one component can affect
the behaviour in other components interrogated in the future.

To do this, we would need to check that each such F' has a final coalgebra in #'. The
work in [20] shows a similar result for a category of arena games and innocent strate-

gies, under a different set of logical operations. We conjecture that each functor made up



of variables and WS type constructors has a final coalgebra, following the constructions
given in the ! and w cases. In the setting of [20]], a class of definable functors also have
initial algebras, which differ from the final ones only in their winning conditions. Per-
haps there is some natural restricted class of WS expression-functors that have initial

algebras, which could be denoted by corresponding catamorphism rules.

6.3 Partiality and Universality

It is known that the category ¥ has a universal object — a game U such that for each
(countable) game G there is an embedding G — U [51,/57]. In particular, U is the de-
notation of the type nat — nat in a stateful call-by-value language. Further, if G is the
denotation of a type, then its embedding into U can be expressed as a program (in a
sufficiently expressive language), which is a useful tool for proving definability and full
abstraction [51,/57]. This universal object can be expressed in WSN as !(w <<w). Can the
embeddings from each of the other formula objects be encoded using the rules of WS1?
(i.e. just using the coalgebraic structure, without access to arbitrary recursion.)

We have also considered adding a general fixed point operator to WS!. This “logic” is
inconsistent, but can be used as a low-level language for describing imperative programs
with general recursion. This logic (PS) replaces the anamorphism rule by a least fixed

point operator:

D-AAL
DA
We have shown that the retractions into the universal type are definable in PS, and used

this to show that each computable strategy is representable as a proof in PS.

6.4 Other Exponential Structures

Our choice of games model as a fundamental primitive has inspired our logic through-
out: the rules for each connective reflect its chosen semantic interpretation. This is
reasonable, because we have chosen their standard interpretation, as found in e.g. [36].
In the case of the exponential there are multiple choices: [58] identifies three linear ex-
ponential comonads on 4. As well as the sequoidal exponential studied in Chapter 3,
one may also consider exponentials that allow Opponent to backtrack to any point in
the play so far. There are two known variants of this — the sequential algorithms expo-
nential, which does not allow repetition [52], and the exponential of [31] which does. In

our development we have chosen to study the sequoidal exponential due to its ability to



model stateful languages and its simple algebraic properties. But one can also consider
how we can extend WS with the other backtracking exponentials.

We first discuss the non-repetitive backtracking sequential algorithms exponential
[13,[22,/52]]. This exponential is the only one of the three that preserves finiteness of the
underlying games. Thus in one sense it would have been a natural choice of exponential
to model, since all formulas would represent finite games, which are only inhabited by
finite strategies, and so we need only consider finite analytic proofs in our full complete-
ness results. However, it would be inadequate for modelling state.

This exponential can be accommodated in an extension to WS. We introduce unary
operators ! and ?, each of which acts on both positive and negative formulas, preserving
polarity — the backtracking player need not be the starting player. The proof system
exploits some key isomorphisms: in particular (L <1P)= 1L <!P. The resulting logic uses
I[_] as a structural, focusing connective, so sequents are no longer just lists, but are of

the form
S=M|P|S,M|S,P|ISII?S]
Contexts are given by
Cl=_1C{L,M|C{PIINC{I?C{

and each sequent decomposes into a context and a focus. The core proof rules for WS!L
(WS with the sequential algorithms exponential) are given in Figure The rules can
be given semantics using the non-repetitive backtracking exponential, and we can show
that these semantics satisfy full and faithful completeness.

Expressing the repetitive backtracking exponential of [31] would be a pleasing goal,
since it allows innocent strategies over an arena to be expressed. Speculating, one could
perhaps represent both innocent and history-sensitive strategies in a combined setting,
with different types representing the observational power of the strategies in question.
This would add further power to the programme of using our logic for expressive typing
of imperative programs — namely, sound type annotations for when they do not exhibit
stateful behaviour.

One approach to representing this exponential in our proof system is to combine the
backtracking behaviour of the sequential algorithms ! with the duplication behaviour of
the sequoidal exponential — exploiting the isomorphism !{P = {!P @!1 P. Starting with
WSIL, we replace the rules for the interaction of ! and lifts by rules such as

FC{L,!P,(LoP)}
FC{[L,P]}
We conjecture that this leads to full and faithful completeness, with each strategy

representable as a unique (possibly infinitary) analytic proof.



Figure 6-1: Core proof rules for WS!L

FC{(M @ N)&N @ M)} FC{P<Q)e (@ <P)} -
FC{M ®N} FC{P2Q} FC{1}
FC{L,P%Q} FC{L,PQON)} +C{L,!P}
FC{L,P,Q} +C{L,P,N} FC{[L,P]}

FC{L,?P} P FN
FC{2[L,P]} FL1,P FT,N
FC{T,M®N} +C{T,N <P} FC{T,!N}
FC{T,M,N} +C{T,N,P} FC{[T,N1}
+C{T,?N} FC{A,N} +C{A,P}
FC{P[T,N1} +C{A @ N} +C{A < P}
F C{I[A]} FC{2[AT} FC{?M&?N}
FC{lA} FC{?A} FC{2IM&NT}
F C{(M <1 P)&(N <1 P)} FC{(M1 @ N)&(My @ N)} FC{IM&!N}
+C{M&N,P} +C{M&Ms,N} FC{[M&N1}
FM FN FC{(PoM)e (@ M)} FC{Pa!Q}
FM&N FC{PeQ, M} FC{[PoQ]
FC{P1<Q)e (P2 <1@)} FC{?P97Q) P
F C{P1ePy,Q) FC{?PeQl} FPeQ
FC{T} FC{L} FQ
+C{T,P} FC{L,N} FPoQ




6.5 Other Game Models

Our logic is explicitly based upon Curien-Lamarche games, for reasons we have made
clear in the introduction, but one could consider WS-style logics for other games mod-
els. In particular, our strategies are deterministic, and locally alternating. One could
consider a setting of Conway games, dropping the latter condition. In this case it would
make sense to combine positive and negative formulas into a single class (since there
are Conway games in which either player can start), and instead use two turnstiles F*
or -~ which specifies whether we are considering O-starting strategies or P-starting
strategies. The rules will also need to be changed, since the linear functional extension-
ality isomorphism (which justifies P7') does not hold for Conway games, but we instead
have an adjunction 65(A — B,C) = 65(B,C @ A) [45]. To represent nondeterministic
strategies, we will (at least) need another rule for P,y and Pg, representing when both
branches can be taken.

In [50], a number of game models are considered, which can be differentiated ab-
stractly by considering the algebraic properties of the sequoid. These differing algebraic

properties could correspond to differing logical rules in systems such as ours.

6.6 Program Extraction

We can ask the following question: Given a logical formula M, which program types
T are such that M is a (definable) specification on tlws(7)? Given a proof p - M, we
could then compose p with the embedding, yielding a proof of I tlws(7T") that might cor-
respond to some (imperative) program — the computational content of p. Presence of a
universal type [57] in our games model (with definable retractions in a language with
recursion and coroutines [51]]) ensures that each computable strategy on a type object
is the denotation of some program, and semantics of WS1 proofs are computable in this
sense.

As an example, the formula A =1 < ToVx.L <3y.(y+1=xx=0) can be equipped
with an embedding into the interpretation of the TotLang type nat — nat following the
scheme in Section Proofs of A correspond to (constructive) proofs that each ele-
ment either has a predecessor, or is zero. Given any such proof, we can extract a program
on type nat — nat which computes the predecessor of a nonzero value. The result of ap-
plying the program to 0 depends on the choice of y in such cases in the proof: the proof’s
computational content.

This pattern generalises. Consider L <I(T @ Vx;.1<)"3y.¢(’s) where each s; has

free variables in {y,x1,...,x,}. This is a specification on the program nat” -> nat and



a program extracted from a proof computes for each x; a corresponding y such that
¢(y,x1,...,%,) holds. Such formulas correspond to IIp formulas of the arithmetic hier-
archy, and if n = 0 they correspond to X; formulas. Programs of type nat -> com cor-
respond to I[1; formulas. The relationship between formulas of higher arithmetic com-
plexity and TotLang types is more subtle, due to the presence of exponentials in the
translation of program types, and could be worthy of further study.

On a similar theme, we have seen that we can add peano-style axioms to WS to
describe a game of natural numbers. Are there any new, stateful proofs of interest-
ing statements of arithmetic, corresponding to imperative programs on the underlying

datatypes?
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Appendix A

Agda Formalisation

In this appendix we formalise the foundations of this work in the proof assistant Agda.
This includes finitary game semantics, the syntax and semantics of WS, the full complete-
ness procedure, and embedding of a finitary programming language. We also implement
a Strategy Interaction tool allowing a user to dynamically interact with the strategy se-

mantics of a WS proof.

Remark We only give an outline of the Agda formalisation here. The full code can be
found online at [18]]. The work in this appendix was created in collaboration with Makoto

Takeyama.

We next describe a formalisation of game semantics and some of the work so far
in the proof assistant Agda [11]. The Curry-Howard isomorphism between proofs and
programs can in principle be used to write proofs in a programming language, using
the type checker verify the proofs. But to express proofs of interesting propositions,
dependent types are required. Agda is a dependently typed functional programming
language, and a proof assistant, based on Martin-Lof type theory [61].

We will first show how finite games and connectives; strategies and composition can
be formalised inside type theory and Agda. This is quite different to the usual set theo-
retic presentation, and provides some advantages and some disadvantages. We will then
show how the logic WS can be embedded, give game semantics of proofs, and formalise
the full completeness procedure. We will also formalise syntactic cut elimination.

We will then show how a finitary language can be embedded inside (our Agda em-
bedding of) WS, following the ideas in Chapter 5 with bounds on variable usage. This
mechanises the game semantics of such a language, by composing this embedding with
the proof semantics. Finally, we will show how Agda can be used as a tool for “running”

strategies in a user-friendly manner.



A.1 Game Semantics and Agda

We first formalise basic concepts of game semantics in type theory, in particular in Agda.
The definitions of games, strategies, and operations on games are strikingly simple: in
some sense more simple and concise then their set-theoretic counterparts. For example,
we will see that implication, tensor and sequoid can be defined mutually, in a very con-
cise manner. This is in contrast to the intricate definitions one usually sees: sequences
of elements of the union of move sets, satisfying restriction properties. Composition is
similarly given a simple, mechanical definition, and the fact that it type checks at all en-
sures immediately that prefix closure and determinacy are preserved, while in the usual

set-theoretic presentation these are results that must be proved.

A.1.1 Games as Forests

The key piece of data in our definition of a CL-game is the set of plays. Given any game
A, we can assume that for each move m there is a minimal play s,, such that for any
play t containing m, ¢t 3 s,,. Whenever a move is considered it is always in the context
of a play, and identical moves in different positions in the play forest can be replaced by
distinct moves. Given such a game, we can then infer the Opponent-Player labelling by
the location of a move: m is an Opponent-move if and only if it is in an odd position of
sm and b = 0, or it is in an even position in s,, and b4 = P. Thus the data is reduced
to a polarity, a set of moves, and a prefix closed set of sequences. This is just a polarity
together with a forest that can branch arbitrarily.

Definitions in type theory are inductive, and an inductive definition of a forest can

be given as follows:

Definition A forest is a pair (X,f) where X is a set and f is a family of forests, indexed
by X.

We will treat f as a function from X to the collection of forests. We will call it the
children-function, mapping a node x to its children, a forest. We can form the empty
forest I = (@, i) where i is the unique map whose domain is the empty set. We can
construct a forest with one root node with two children as follows: ({g},Aq — ({¢, f},[t —
I,f —I1)), and so on.

We can define forests in Agda:

data Forest : Setl where
gam : {X : Set} — (X — Forest) — Forest

The type Forest has one constructor, gam, of the given type. The curly brackets {}

indicate a hidden argument: the set X itself need not actually be given, because it can be



inferred from the codomain of the given f. This is an inductive definition: the resulting
semantics is the initial algebra, containing forests of finite depth.

The collection of forests forms a proper class, not a set. Similarly, we have Forest
Set1l rather than Forest : Set. It will be technically useful to restrict the definition
of Forest so that it has type Setﬂ We can modify the definition of forest so that the
collection of forests does form a set. Fix a set % such that each element of % is a set, %
contains the empty and singleton sets, and % is closed under disjoint union (such a set

% can be readily shown to exist).

Definition A restricted forest is a pair (X,f) where X € % and f is a family of forests,
indexed by X.

The collection of restricted forests does form a set — it is the initial algebra of the
functor X — (U : %) x (U — X). We will henceforth assume all forests are restricted, and
use the term forest to refer to restricted forests. Let & denote the set such forests.

We can define the restricted version of Forest in Agda. First, we define % via a

grammar mov of move encodings:

data MovEnc : Set where
nil : MovEnc
one : MovEnc
_++_ : MovEnc — MovEnc — MovEnc

% is defined to be the image of mov under a semantic mapping T :mov — Set. In ZF set

theory, the axiom of substitution (ZF8) ensures that this is a set.

T : MovEnc — Set
Tnil =1L --emptyset
Tone =T --singleton set

Tx+y)=TxwTy - disjoint union
We can define the type of restricted forests as follows:

data Forest : Set where

gam : {1 : MovEnc} — (T 1 — Forest) — Forest

We can interpret each forest as a negative game, or as a positive game. We will use

1This is so that we can use standard library operations, which often defined on Set rather than Set1.
Actually, in the current version of Agda this is no longer necessary as library functions are given universal
definitions that work for SetX for arbitrary X (universe polymorphism). But we chose not to use this for
simplicity.



Game : Set

Game = Forest

to represent games without a polarity. We define two operations on games: Mov G is
the set of starting moves of G, and if i is such a starting move G » i is the resulting

subgame.

Mov : Game — Set
Mov (gam{a}f) = Ta

~» (G : Game) — Mov G — Game
(gam {1}f) > i = fi

A.1.2 Connectives on Forests

We next give the definition of I, 0, x, ® @ and —o on forests. These can be interpreted

as operations on games as follows:

Forest Negative Game Positive Game

I 1 (]
o) 1L T
AxB A&B AeB
A®B A®B A®B
AoB AoB A<B
A—-oB A—-oB=B<A* BoA*t

Empty game 1

In this case the set of root nodes is the empty set, and the children-function f is the
unique map from the empty set into Game. This is called L-elim in the Agda standard

library:

| : Game

| = gam {nil} L-elim

Single-move game o

The set of root nodes (starting moves) is the singleton set {g}, denoted one in our Agda

development. Then ¢ has no children, so the children-function is the map g — I.

o : Game

o =gam{one}(A_—1)



Product x

The set of starting moves of A x B is the disjoint union of the starting moves of A and
the starting moves of B. The children of inj;(a) in A x B is just the children of @ in A,
and the children of inj5(b) in A x B is just the children of b in B. Hence we can define x

as follows:

x_: Game — Game — Game

gam{i}f x gam{j} g = gam{i + j}[f,g]

Here [_,_] denotes copairing.

Tensor ®, sequoid @, implication —o

We can swiftly deal with the remaining binary operators:

mutual
_—o_: Game — Game — Game
G—o(gam{i}f) = gam{i}(Ae—>fe® G)

@ _:Game — Game — Game
(gam{i}) oG = gam{i}(le— G —fe)

_® :Game — Game — Game
GeH=(GoH)x(HeG)

We next explain these definitions. The decomposition of ® into the product of two se-
quoids should be clear. For the other cases, let’s view our forests as negative games.

For the definition of —o, note that the starting moves of A — B are the starting moves
of B. Next, Player can chose to either remain in B or switch to A, and after that continue
to switch back and forth at will. That is, the starting player in the children of 5 in A — B
begins a play in f(b) ® A, where [ is the children-function of B. Thus X4_.p = Xp and
fa—-B(b)=fp(b)®A.

For the definition of @, the starting moves of A @B are the starting moves of A. Next,
Player must play a move in A (since in @ it is Opponent that switches). Next, Opponent
may chose to play in A or B, and later switch between them. Note then that after the
initial move a in A @ B the game forest is B — f4(a).

The decomposition of ® into @ is reflected in the Pg rule, and the other relationships

above are reflected in the core elimination rules of WS.



A.1.3 Strategies

We next define the notion of (winning) strategy on a gameﬂ A positive strategy on a
forest is a strategy on the forest for the starting player, a negative strategy is a strategy
for the player who plays second (the secondary player).

A strategy for the starting player on a forest (X, f) is an element x of X together
with a strategy on f(x): but for the secondary player, since the starting player on (X, f)
becomes the secondary player on f(x). A strategy for the secondary player on (X, f)
consists of, for each x € X that could be played be the starting player, a response. This
response is a strategy for the starting player on f(x). Thus we obtain the following

mutually recursive definition of strategy, parametrised by polarity:

data Strat : Pol — Game — Set where
pos : ¥V {G} — (i : Mov G) — Strat- (G > i) — Strat + G
neg : V{G} — ((i : Mov G) — Strat + (G > i)) — Strat- G

Remark We can equivalently view a Strat - X as a strategy for Player on the negative
game whose underlying forest is X, and a Strat + X as a strategy for Player on the

positive game whose underlying forest is X.

A.14 Composition

We next define composition of strategies. To compose strategies 0 : M — N and 7 :
N —o L, one typically considers parallel composition plus hiding. In Agda, we can give a
mechanical definition of composition by a mutual induction. We first define the following
simple procedure, taking a positive strategy on A ® B and yielding a positive strategy on
B®A:

swp : V {BC}— Strat+ (C® B) — Strat + (B ® C)
swp (pos (inj1 x) f) = pos(injgx) f
swp (pos (inja y) f) = pos(injp y)f

We can now define composition of strategies:

mutual
1 :V{ABC}— Strat- (A —B)— Strat- (B — C) — Strat- (A — ()
oe1(negg) = neg(Ac—oea(gc))
_eg :VY{ABC}— Strat- (A —B)— Strat+(C®B) — Strat +(C® A)

2In that which follows we will leave the term “winning” implicit. Since our games here are finite, these
are the total strategies.



0 *2 (pos(injic)g) = pos(inji1c)(cge1g)
(negf) o5 (pos(injob)g) = swp $ gea(swp $ fb)
e :V{ABC}—Strat-(B— C)— Strat- (A —B) — Strat- (A — C)

geT =Te10

The dollar operation is just right-associative application. In the above definitions
we have removed some hidden arguments that have had to be manually specified, for
readability (and we will continue to do so, the full version can be found in [18]]).

We next give some intuition behind the above definitions. To give a strategy on
A — C we must give a positive strategy on A ® C(c) for each ¢ € C. But given such a ¢,
we can provide it as an input to T which gives us a positive winning strategy on B® C(c).
We have hence reduced the problem to composing a negative strategy on A — B and a
positive strategy on B ® C to yielding a positive strategy on A® C.

For the second procedure, suppose our second argument begins with a move ¢ in C.
Then we are provided with a negative strategy on B —o C(c). Then we can output ¢ in our
positive strategy result, and so we only need to provide a negative strategy on A — C(c).
This can be obtained by composing our first argument with the aforementioned negative
strategy we have obtained from our second argument.

If the second argument begins with a move in b, then we are given a negative strat-
egy on C —o B(b). We can input this move to our first argument, yielding a positive
strategy on A ® B(b), which we can swp to obtain a positive strategy on B(b)® A. We can
then use our second composition procedure to compose this with the negative strategy
on C — B(b), yielding a positive strategy on C ® A. Finally we can swp this to give a
positive strategy on A®C.

This corresponds to the standard definition of composition: the second procedure
corresponds to when it is Player’s turn to play a move, and he has a choice between two
of the three components of the interaction sequence. We have otherwise just identified
the symmetry between A and C.

This definition is more concise than the set-theoretic one, and immediately guaran-
tees well-definedness. On the other hand, it does require more explanation. It corre-
sponds explicitly to the “token pushing” mechanics of strategy composition as described
by Curien [23]. "’

Remark This definition of composition is related to syntactic cut elimination for WS

given in Section In particular, 5 corresponds to cutg and swp to P’¥sym.



A.1.5 Isomorphisms

We next define game isomorphisms in Agda. An isomorphism between games A and
B will be a pair of strategies A — B and B — A of zig-zag shape: we will not (for our
purposes) include a proof that the two strategies in question are inverses. To recall, a
strategy on A —o B is zig-zag if Player always switches components: the response to each
O-move in A (resp. B) is a P-move in B (resp. A) [54]. Concretely, it is a strategy on the

following game:

_—oc_ : Game — Game — Game
G —oc(gam {i}f) = gam{i}(le — G ocfe)
where oc_ : Game — Game — Game
(gam{i}) @cG = gam{i}(Ae = G —ocfe)

It is more convenient to introduce a new data type that is equivalent to
Strat- (A —ocB)

rather than dealing with strategies on this game directly. We write A < B for this type.
An isomorphism A = B is defined to be a pair A B and B< A.

data < : Game — Game — Setwhere
sim: V{AB}—
(h : MovB — Mov A) —
((e: MovB)— (B > e) S(A > (he) —

A<B

This is similar to a morphism of paths in the underlying games, apart from the fact
that the direction of the morphism is switched at each level of the forest to account for

Opponent-Player duality. We can show in Agda that < is reflexive and transitive:
id<:V{G}—-G<G
id<{gamf} = simid(Ai—id<{fi})
<o V{ABC}-BSC—-A<B—-AZSC
Simff) <o<(simgg’) = sim(gof) (Ax— g (fx) So<(f' %))

We can define an isomorphism to be the symmetric closure:

data = : Game— Game — Set where

bsm:V{AB}-B<A—-A<B—-A=B
_"-1:V{MN}-=M=N—-N=M
(bsmfg)*-1 = bsmgf



For example, we can give an isomorphism M@ N =N @ M:

sym® : V{MN} - (M&N)=(N&M)
sym® {gam f} {gam g}
= bsm (sim [injg,inj1 1A _ — id<),(A _ — id<)])
(sim[injg,inj11[(A _—id<),(A _—id<)))

We next show how we can convert an isomorphism to a copycat strategy, if needed:

copycat : V{AB}— A <B — Strat- (A —B)
copycat(simfg) = neg(Ab— cc(fb)(ghb))
wherecc : V{AB}—(m: MovA)— B <(A > m)— Strat+ (B® A)
ccmp = pos(inje m) (copycat p)

We can use this to give an operation which composes a strategy with an isomorphism.

A.1.6 Categorical Structure

We can also formalise the structure needed to show that ¥ is a WS-category. The op-
erations on games are described as above; we can define the action of ® and — on mor-

phisms in a combinatorial manner:

mutual

_®s_ :Y{ABCD}— Strat-(A —B)— Strat-(C—D)
— Strat-(A® C) - (Be D))

(negf) ®s(negg)
= neg[(Ax — fx ®s1 (neg g)),

(Ax — (gx ®s1 (negf)) o~ (L ®= sym®))]

~®s;_ :Y{ABCD}— Strat+(B®A) — Strat-(C—D)
— Strat+ (D —-B)® (A® Q)

(pos (injy x) ) ®s1 o = pos(inj; x) f ®s o)

(pos (injg y) f) ®s1 0 = pos(injg (inj1 y)) (0 —osf)

_—os_:Y{ABCD}— Strat-(C— A)— Strat- (B — D)
— Strat- (A —B) — (C— D))

o —os(negg) = neg(Ax— o —os1 (gx))

_—os;  :Y{ABCD} — Strat-(C— A) — Strat+ (D ® B)
— Strat4+ (D e 0)® (A —B))

0 —os1 T = ((T o= sym®) ®s1 ) o= syme

where:



o= :Y{MN}O-M=N—-(OeM)=(OaN)

The product structure is simple. For the sequoid we have to define strictness. A strict

strategy on A —o B is a strategy on A—oB where:

_—" _: Game — Game — Game
G—"(gam{i}f) = gam{i}(le - Gofe)

We also need to check that the identity is strict and composition preserves strictness,
which can be achieved by refining the type of copycat above and defining strict form of

composition.

copycat_st: V{AB}— A <B— Strat-(A—"B)
copycat_st(simfg) = neg(Ab— cc(fb)(gh))
wherecc: V{AB}—(m: MovA)— B < (A > m)— Strat+ (Ao B)

ccmp = posm(copycat p)

" :V{ABC}— Strat-(B—" C) — Strat- (A —" B) — Strat- (A —" O)

We can then define the action of @ on (strict) strategies.
We can define isomorphisms such as associativity of ®, the action isomorphisms for

@, decomposability, linear functional extensionality etc. We give some examples:

Ife : VIMN}—= (M —oN)—o0=(N—0)oM
Ife = bsm (simid (A _ — id<)) simid (A _ —id<))
mutual
pasc—o : Y{MNO}->M-—o(N—o0)=(M&N)—O
pasc— = bsm (simid (i — (L ®< (wkg $ sym®)) So< (wk; $ asce®)))
(simid (11— (wkg $ asc®) So< (L o< (wk; $ syme®))))
asc® : Y{IMNO}—-=(MeN)eO=Me (N®O)
asc® = bsm (sim [[inj1,injg oinj1],injg oinje]
[[(Ai— (wkg (sym®) <—o ) So< (wky $ pasc—))
,(Ai—wkg $ psym—)1,(1i— wkg $ pasc—)])
(sim [inj; oinjg,[inj1 o injg,inja]]
[(Ai— (wkg $ pasc—o) oS (wky (sym®) S—o )
J(Ai— wkg $ psym—o),(1i— wky $ pasc—o)1])
psym—o : Y {MNO} ->M—o(N—<0O)=N—o(M—0)
psym—o = pasc—o =o= (sym® =—o _) =o= (pasc—o "-1)
pasco : VIMNO}—-(MeN)eO=Moa(N®O)
pasco = bsm (simid (1i— (wkg (sym®) S—o(mi)) <o< (wky $ pasc—o)))



(simid (Ai— (wkg $ pasc—o) So< (wkg (sym®) <—o _)))
psymo : VIMNO}-(MoN)oO=(MaQ)oN

psym@ = pasco =ox= (_ @= sym®) =o= (pasco "-1)

In the final definition, we see how infix notation and unicode allows us to write Agda
definitions that look like the categorical semantics. We can use the machinery above to

give game semantics WS proofs.

A.2 WS and Agda

A.2.1 Formulas and Proofs

It is straightforward to formalise the syntax of WS in Agda. We define an inductive type
for formulas, parametrised on polarity; and an inductive type for proofs, parametrised

on the sequent that they are proving.

data Fml : Pol — Set where

FO : Fml+
F1 :Fml-
FL :Fml-
FT : Fml+

~® :(MN:Fml-)— Fml-

_par_ :(PQ:Fml4+)—Fml+

@ :(PQ:Fml+)—Fml+

& :(MN:Fml-)—Fml-

@ :VY{p}—=(A:Fmlp)(M: Fml-)—Fmlp

_<|_:¥{p}—(A:Fmlp)(P:Fml+)— Fmlp
_ L' :{p:Pol}—Fmlp—Fml(=p)
FOL =F1

data Ctx : Set where
e :Ctx
—,—:¥{p}—=Fmlp— Cix— Cix
[_1:V{p}—Fmlp— Ctx
[A]l = A,e
,,—: Ctx — Ctx — Ctx
data Seq (p : Pol) : Set where
_,_:Fmlp— Ctx—Seqp



[_]s:V{p}—Fmlp—Seqp
—,0_ :V{p}—Seqp— Ctx— Seqp

-- Predicate: ctxpol p A holds if all elements in A have polarity p.

data ctxpol (p : Pol) : Ctx — Set where
€ :ctxpolpe
_,_:V{I'} = (P : Fmlp) — ctxpol pT" — ctxpol p(P,TI’)
-- Proof rules of WS

datak_ : V{p}— Seqp — Setwhere
Pl :v{I'}=FFLT
PT:+FT,e
P : VIMNT}—-FM,N,T - +NMT—>+FM&N,T
P& :V{MNT}—FMT —FN,T —FM&N,T
PL+:V{P:Fml+}—-FP,e—>FFLP,e
PlL-:V{N:Fml-}{T} - FFLT—-FFLN,T
Ple:V{P:Fml+}{NIT}—-F+FFLPoN, I —-+FL,P,N,T

PeT : V{pMNAMT :Seqp}—FT,,oM,NJA—-+T,,0MaN,A

PparT : V{pPQA}I :Seqp}—F+T,,0P,Q,A—FT,,oPparQ,A

PoT::V{pPQAMI : Seqp}—-+T,,0P,A—=FT,,0PaQ,A

Pwk : V{pA}T :Seqp}{M: Fml-} = FT,,oM,A—+T,,0A

Pcut : V{pAT1}{T : Seqp}{M : Fml-} — ctxpol + A —
FT,,0ML',T; = FM,A—+T,,0A,,0T1

A.2.2 Semantics of Sequents
Semantics of Formulas

We can give semantics of formulas and sequents as games.

[ ]:{p:Pol}—Fmlp— Game
[F1] I

[FL]
[FO]
[FT]
[MeN]

L | | I | B [
/= O - O

<

=

®-.

—

=

=



[PparQ] = [P]e [Q]
[M&N] =[M]x"[N]

[PeQ] =[P]x'[Q]

[ e {-}MN]=[M]o [N]

[ @ {+}PN]=[N]—[P]
[_<|_{+1PQ] =[P]e'[Q]

[ <] -}MP]=[P]—[M]
_F:V{p}—Seqp— Fmlp
_F(Ae)=A

CFA (L _{-}MT)) = (Ao M,T)F
_F(A(,,_{+}PD) = (A<|P,F

[ 1 :Vi{p}—Seqp— Game
[T] =[TF]

The operators on the right hand side of the first definition are the semantic oper-
ations on games defined above, temporarily primed in the WS-semantics module for

disambiguation.

Semantics of Contexts

In order to give semantics of proof rules, we must define semantics of contexts as functors

on strict strategies and isomorphisms.

[_]J-: Ctx— Game — Game

[e]-G=G

[, {-}MT]-G=[T]-(Go [M])

[ +}PT]-G=[T]-(P] =6

[ ]S Y{IMNIT->MSN—[T]-MZ[T]-N
[e]s-c=c

[ (H1PTSc = [T (P] =50

[, {-10T]Sc=[T]S-(€Se[0])

[ ]+ : Ctx — Game — Game

[ ]<+:VIMNIT=M<N—(T]+M) <(T]+N)
[ J=:VIMN})T->M~N—-([T]-M)=([T]-N)

[ =+ :YIMNIT—M=~N—([T]+M)=~(T]+N)

[ Jo-:Y{MN}T — Strat-(M —" N) — Strat- ([T ]-M —" [T ]- N)

[ Jo+ :V{MN}T — Strat-(M —"N) — Strat- ([T ][+ M —" [T ]+ N)

We next formalise some simple equality proofs in Agda.



[A]-[M]=[M,A] : VM : Fml-}T - [T]-[M]=[M,T]’
[A]-IM]=[M,A] € = refl

[A]-IM]=[M,A] -3 - 1) = [A]-[M]=[M,A] T
[Al-[M]=[M,A] {4} 1) = [A]-[M]=[M,A] T
[A]+[P]=[P,A] : V(P : Fml+}T — [T [+ [P] =[P, T']
[A]-=[LA] : V(T :Seq-)A—=[A]-[T] =[T,,0A]
LAJ=[A]+: V(T :Seq-H)A—[T,,0A] =[A]+[T]
LAJ=[A]-: V(T :Seq-)A—[T,,0A] =[A]-[T]

We can also formalise distributivity isomorphisms.

distl- : VT {MN}— [T]-(Mx'N)=[T]-M x'[T]-N
distI- ¢ = id=

dist-(_,_{-} _T) = ([T ]=- distl) =o= (distI- T')
distI- (_, _{+} _T) = ([T ]=- dist2) =o= (distI- T)

-zl : VI = [T]-1=I

distT+ : VT {MN} = [T][+(Mx'N)= [T ][+ M x" [T ]+ N

A.2.3 Semantics of Proofs

The structure outlined above can be used to give semantics of WS proofs:

[ _JF:V{p}I:Seqp}—+T—Stratp[T]

[ JF{pH(P1IT {p}{T}{A}y) = [P1T] {pHAHT} [y ]+
[ J-PT = [PT]
[_IF{pH(POT {p}{T}{A}y) = [POT] {pHAHT}[y]+

[_IF{p}(PeT {p}{MHN}{A}T}y) = [PeT]{p}H{M}H{N}H{AMHT}[y]+
[_IF{.p}(PparT {p} {M}{N}{A}T}y) = [PparT] {p} {M}HN} AT} [y ]+

Each of the remaining cases are similar, calling an auxiliary function that defines the

semantics of that rule. We give some samples:

[P1] : V{T'} = Strat-[FL,T ]’
[P1] {T'} rewrite [,A]=[A]-[F1]1sT = T-I=IT "-1 =o gl
[P&] : VI MN} —
Strat-[M,I']" — Strat-[N,T']' — Strat-[M&N,T' [’
[P&]{T}{M}{N}o 7z
rewrite [, A]=[A]-IM&N1sT | [,A]=[A]-[M1sT | [,A]=[A]-[N1sT



= dist[-T *-1 =0 (0 0& 1)
[Pe] : ¥ {T MN}—
Strat- [M,N,T']" — Strat- [N,M,T']' — Strat- [M e N,T"]’
[P&] (T} {M}{N}o 7
rewrite [, A]=[A]-IM @ N1sT | [,A]=[A]- (M,N,e)T | [,A]=[A]-(N,M,&)T
= [T ]=-(decl ~-1) o distI- T ~-1 =o (0 0& 7)
[Po] : VAT : Ctx}{p : Pol}{A : FmIp}{N : Fml-} —
Stratp [A,N,I']' — Stratp[AoN,T']’
[Po]o =0

The above definitions are of the form

[rule] : type
[rule] args rewrite eqns = formula

To read this, one can ignore the rewrite eqns part. This is only needed for Agda to be
convinced that the formula type-checks. Each of the terms in eqns is a proof of A =B
for some A and B. The rewrite command instructs Agda to use these eqns to replace
instances of A for instances of B in the goal type, allowing the term to type-check. Thus,
to see that

distl-T -1 =0 (o0& 1)

really does have type
Strat-[M&N,I']’

we must use the context lemmas, which occur here as proofs such as
[,A]=[A]-IM&N]sT

It is pleasing that the formula part of these equations really looks just like the categorical
semantics of WS.

We can also give semantics to non-core rules. In the case of P,;x we use the tensor
structure on arrows, for P.,; we use composition. We can thus complete the definition of

the function
[ _JF:V{p}I:Seqp}—+T—Stratp[T]

which gives the semantics of a WS proof as a total strategy on the appropriate game.



A.2.4 Full Completeness

We can also formalise the full completeness procedure for WS in Agda.
reify : V {p}{I" : Seqp}— Stratp [T = +T

To do this, we show that each of the core rules are invertible, from a semantic perspec-

tive. For example,

un[Ppar] : V{I' P Q}— Strat+ [P parQ,I']’
— Strat+ [P,Q,T'] wStrat+ [ Q,P,T']’
un[Ppar] {T}{P}{Q} o
rewrite [, A]=[A]+ [P par QlsT | [,Al=[A]+ (P,Q,e)T | ...
= coprod $ 0 o= [T |=+ decl o= distI'+ T’
un[P®1] : V{I' MN} — Strat-[M® N,I']’ — Strat- [ M,N,T']’
un[Pe1]{T'} {M}{N}o
rewrite [, A]=[A]-IM @ N1sT | [,A]=[A]- (M,N,e)T
= pil $ distI-T =o [T |=-decl o0
un[PLe] : V{I}{P}{N}— Strat-[FL,P,N,I']' — Strat-[FL,P @ N,T']’
un[PLe] {T}{P}{N}o
rewrite [, A]=[A]- (FL,P,N,e)T | [,A]=[A]-(FL,PoN,e)T
= [T]=-(fe' *-1) =00
un[P&1] : V{I MN} — Strat- [M&N,T|' — Strat- [M,T' [’
un[P&1]{T} {M}{N} o rewrite [, A]=[A]-IM&N1> T | [,A]=[A]- [ M 1°T
= pil $ distI-T =00

The other main component of the full completeness result is the fact that reify ter-
minates. In Agda, all recursive definitions must use structural induction. If we were to
write reify above directly by induction following the definitions given in Figure Agda
would reject it. The termination argument in Proposition [2.4.3|used a compound lexico-
graphical ordering, and so to convince Agda that reify is terminating, we must somehow
reflect this.

Termination Checking

We can use a technique introduced by Bove [[15] to partition the the full completeness
procedure from its termination proof. The idea is to construct a Dom object which is
defined as an inductive data type following the structure of the proof. The full com-
pleteness procedure itself can then be defined by induction on this object in a purely

structural way. Showing that the procedure terminates is then reduced to constructing



a Dom object. We can think of Dom(o,I’) as an inductively defined predicate that holds

if reify terminates on arguments o,I".

dataDom : V {p} (' : Seq p) — Set where
DF0O :Vv{I'}—Dom(FO0,T')
DF1 :V{I'}—Dom(F1,T)
DFL :Dom(FL,¢)
DFT :Dom(FT,e¢)
DLANT : V{I'}{N} - Dom (FL,I') = Dom (FL,N,T’)
D1lPe : V{P} —Dom(P,e) —Dom(FL,P,¢)
DLPQIr: V{I'PQ}— Dom(FL,PparQ,I') = Dom(FL,P,Q,I')
DLPMT : V {T P M} — Dom (FL,P @ M,T) — Dom (F_L,P,M,T)
DTPT : V{I'}{P}— Dom (FT,T) — Dom (FT,P,T)
DTNe : V{N} —Dom(N,e) —Dom(FT,N,¢)
DTNQI : V{ITNQ}— Dom (FT,N<|Q,I') - Dom (FT,N,Q,T)
DTNMT : V {T' N M} — Dom (FT,N ® M,T’) — Dom (FT,N, M, T)
DMeNI' : V{I' M N} — Dom (M,N,T') = Dom (N,M,I') - Dom (M & N,I')
DPparQI' : V{I'P Q} — Dom (P,Q,I') - Dom (Q,P,I') = Dom (P par Q,T")
DPeQI : V{II'PQ}—Dom(P,I) — Dom(Q,I')—Dom (P& Q,T)
DM&NT : V{I' M N} — Dom (M,T) — Dom (N,T) — Dom (M & N,T)
DAoMT : V{T'}{p}{A : Fmlp}{M} — Dom (A,M,T') - Dom (A @ M, T)
DA<|PT : V{T'} {p}{A : Fmlp}{P}— Dom (A,P,I') » Dom (A <| P,T’)
reif : V{p}{I' : Seqp}(h: DomI)—Stratp[T'] = +T
reif DF1 o =Pl
reif DFT o=PT
reif (DLNT{T'}h) o = PL- $reifh $ un[PL-]{T}o
reif(DLPe {P}h) o = PL+ $reifh $un[PL+]{P}o
reif (DLPQI' {T'}h) o0 = PLpar $ reifth $ un[P_Lpar] {T'} o
reif (DLPMI' {T'}h)o = PLo $reifh $ un[PLo] {T} o
reif (DM®NT {T'Yhg)o = P (reifh $ un[Pe1]{T'} o) $ reifg $ un[Pe2] {T'} o
reif (DPeQI' {I'}hg)o = [Pej oreif h,Pagoreifgl’ (un[Pa] {I'} o)

Note that reif is defined by structural induction on h. We next wish to generate h from

I'. We require
allDom : V {p}(T : Seqp) — DomT

and we create this using a term of type



dom : V{p}{A : Fmlp}{I'n} —size (A,T') <n— Dom (A,T)

Here n is an element of the built-in Agda data-type of natural numbers. We define
this term by lexicographical (nested) induction. Agda accepts the outer induction as
well-founded because in each call either the I' or the n argument structurally decreases
(the latter only occurs is if A,I' = 1,P or T,N); and the inner induction because the

argument c structurally decreases (the bound on context length).

dom : V{p}{A : Fmlp}{I' n} —size (A,T') <n— Dom (A,T)

dom {F0}le = DFO0

dom{F1}le = DF1

dom {FL}(s<s(s<sle)) = domL _ __reflle

wheredoml : VcI'n—c=ctlenT — csize(T) <n— Dom (FL,T)

-- induction on len I' (=c)
doml zeroenreflle’ = DFL
domL (suczero)(_,_{-}Ae)n’'reflle’ = DLNT DF L
dom_L (suczero) (_,_{+}Ae)n'reflle’ = DLPe(domle’)
domL zero (A, T)n () le’

dom_L (suczero)en’ () le’

domL (suc(sucn))(_,_{-}MT)n'eqle’
= DLNT (dom_L (sucn) T n’ (sucinj eq) (<lem6 (fsize M) le"))
domL (suc(sucn)(,_{+}P(,,_{-}AT))n'eqle’
= DLPMT (domL (sucn) (P @ A,T)n’ (sucinjeq) (<lem1 (fsize P) le"))
domL (suc(sucn) (L, _{+}P(,_{+}ATD))n"eqle’
= DLPQTI (dom_L (sucn) (P par A,T) n" (sucinj eq) (<lem1 (fsize P)le"))
dom {FT}(s<s(s<sle)) = domT _ __reflle
wheredomT : VecI'n—c=ctlenT — csize(I') <n— Dom (FT,TI')
-- induction on len I" (=c¢)
domT zeroenreflle’ = DFT
domT (suczero) (_,_{+}Ae)n'reflle’ = DTPT DFT
domT (suczero)(_,_{-}Ae)n'reflle’ = DTNe (domle’)

domT (suc(sucn))(_,_{+}PTI)n’eqle’

= DTPT (domT (suc n) ' n’ (sucinj eq) (<lem6 (fsize P) le"))
domT (suc(sucn))(,_{-}N(,,_{-}AT))n'eqle’

= DTNMTI (domT (sucn) (N ® A,T') n’ (sucinj eq) (<lem1 (fsize N) le"))
domT (suc(sucn)) (, _{-}N(,_{+}AT))n"eqle’



= DTNQT (domT (sucn) (N <| A,T') n’ (sucinj eq) (<lem1 (fsize N) le))
dom{A = M&N}le = DM®NT (dom (<lem2 (fsize M) le)) (dom (<lem3 (fsize M) le))
dom{A = PparQ}le = DPparQI (dom (<lem2 (fsize P) le)) (dom (<lem3 (fsize P) le))
dom{A = Pe Q}le = DPaQI (dom (<lem4 (fsize P) le)) (dom (<lemb (fsize P) le))
dom{A = M&N}le = DM&NT (dom (<lem4 (fsize M) le)) (dom (<lem5 (fsize M) le))
dom{A = Ae M}le = DAeMT (dom (Llem2 (fsize A) le))
dom{A = A<|P}le = DA<|PT (dom (<lem2 (fsize A) le))

The various lemmas used here are basic facts of natural numbers needed to preserve the

bounds, e.g.
<lem4 : Vx{yzn}—suc(suc(x+' y+ z))<n—-sucx+'z)<n
We can resultantly define our reification function.

allDom : V {p}(T : Seqp) — DomT
allDom (A,T') = dom (DecTotalOrder.refl decTotalOrder)

reify : V {p}{T : Seqp}— Stratp[[T']' = FT
reify {p}{T'} = reif (allDomT)

nbe : V{p}{T :Seqp}—=+T—>F+T
nbep = reify [p ]+

A.2.5 Cut Elimination

We can also formalise the cut elimination procedure in Agda. This is a straightforward

implementation of the definitions in Figures [2-12] [2-13] [2-10l We can use Agda as a tool

to ensure that all cases are covered and as a type checker. We define the type
datatc_ : V{p}— Seqp — Setwhere
representing core proofs on a sequent.

mutual
cut: V{pH{A:Fmlp}T : Ctx){N : Fm|-}{P : Fml +} —
FcA,T,,(NL,e)—>FcN,P,e = FcA,T,,(P,¢)
cut{F1}Thg = P1
cut{FL}e{N}(PL+y)g = PL+ $ unpar0 $ cuts (N,e) (wk{P = FO}y) g
cut{FL}(,_{-}NT)(PL-y)g = PL-(cutT"yg)

cut{y&y'}T(P&y0yl)g = P& (cutTy0 g)(cutT ylg)



cutg : V(T :Seq-){QR: Fml+}—
FcT Ls,,0(Q,e) = FcT,,0(R,e) = FcQparR,e
cutg (FL,e) (PT+PT)(PL+y) = Pparg $ wky
cutg (FL,(_, _{-INT")D(PT+y)(PL-y") = cuta (_,T)yy’
cutg (FL,_, _{+}P &) {QHR}IPT<|(PT-(P<]|y)) (PLpar(PL+ (Ppariy’))
= symPpar $ cuta (P L",e)y'1y
wherey’'; = subst (A X - FcX,R,¢e) (idem LF {P,e})y’
cutg FL,(L,_{+}P(_{-}MT")M(PT<|y)(PLoy’) = cuta (FL,PoM,I")yy’
cutg (y ® y',y0) (Ppary y1) (P® y2y3) = cutg (y,y’,y0) yly2

Termination checking

Unfortunately, Agda cannot be convinced that the above definition passes the termina-
tion checker. The problem is not the fact that the induction is not structural (see Section
[2.5.1). But rather, the use of subst in the definition of cuty. To explain, subst has type
A — (A =B) — B, i.e. it takes a term of type A and a proof that A = B and produces a
term of type B. This term just returns its first argument, modulo the typing coercions
afforded by its second argument. However, to the termination checker of Agda, subst is
just any arbitrary function, and so it does not see that subst(c,eq) is “structurally the
same as” 0. This use of subst is essential, and so as far as we can see there is no easy
way to get around this problem.

Agda has an experimental feature known as sized types [1] which provides support
for annotating terms with their size (an ordinal) which can be used to solve the above
problem. However, we chose not to pursue this here, as it is a non-local solution which

involves changing types throughout the development, introducing inelegance.

A.3 A Finitary Programming Language

The above development defines Agda functions between proofs, strategies, and core
proofs. Even though we have only formalised the finitary fragment of WS, we can
nonetheless embed a version of our call-by-name total programming language inside
it. While there is no exponential operator in our formalised fragment of WS, we can de-
fine bounded exponentials as in Section We can resultantly define an imperative
programming language in which the use of variables is bounded, and embed this in (our
Agda formalisation of) WS. In this language we annotate each variable with a multiplic-

ity, which bounds the number of times it may be used. There are similarities between



this system and [27]], which instead places bounds on the number of concurrent threads.

We must also restrict to a finitary ground type (Booleans).

A.3.1 Types and Terms

" — which

In our finitary language, the type operator _ — _ is replaced for an operator _
allows the argument to be called at most n times.

A context is a sequence of (variable, type, multiplicity) tuples such that each variable
occurs at most once and the multiplicity is a strictly positive number. We say I and A are
compatible if they agree on all but the multiplicities, and let I'+A add these multiplicities
together. If I is a context, let I be the result of multiplying all multiplicities in I" by
n. An affine lambda calculus based on this notion looks as follows: I',x : A” s : B can
be abstracted to I' - Ax.s : A™ — B, and we can derive I' - x : A providing x : A™ €T for

m > 1. For application, we have the following rule:

'f:A" -B AFx:A
I'+A"kfx:B

The Agda definition of this language is defined below. We omit the definition of

compatibility and related lemmas.

data FLType : Set where

Comboolvar : FLType

£ = :FLType— N — FLType — FLType
_—o_ :FLType — FLType — FLType
x—oy=x£1=y
data FLConst : FLType — Set where

ifB : FLConst (bool —o bool —o bool —o bool)

ifC : FLConst (hool —o Com —o Com —o Com)

seqB : FLConst (Com —o bool —o bool)

seqC : FLConst (Com —o Com — Com)

cor : Ynm — FLConst ((Com £ n = Com) — (Com £ m = Com) — Com)

derf : FLConst (var —o bool)

assgn : FLConst (var —o bool — Com)

new : ¥V nA — Bool — FLConst ((var £n = A) — A)

nott : FLConst (hool —obool)

repeats : V n — FLConst (Com £n = Com)

cmlem : V{ab}— compatab— (n: N)— compat(multbn)a
comb : V{I'T"} —» compatI'T" — FLCtx



data FLTerm : FLCtx — FLType — Set where
konst : V {tI'} — FLConstt — FLTermI't
vart : V{tI'} - (v:Var)—isinvt]l — FLTerm It
abs:V{abI'n}—(v:Var)— FLTerm((v,a,n):: )b — FLTermT (a£n=b)
app:V{abI'An}—(c:compatI'A) > FLTermT'(a£n=b)—FLTermAa

— FLTerm (comb (cmlemcn)) b

Remark In this finitary language, the contravariant bounds can always be inferred
from the covariant bounds. More precisely, given a program P with bound annotations
only in covariant positions, we can calculate bounds on the contravariant positions such
that the program is typeable. This can be shown using a simple induction on terms (for
the constants, note that covariant bounds are universally quantified and contravariant

bounds given). This corresponds to an assume-guarantee lemma in [27].

A.3.2 Language Embedding

We can embed this language inside WS and formalise this embedding in Agda. The key
is to use the bounded sequoidal exponentials encountered in Section We represent
the type A” - B as !,A — B where |yA=1and !,,1A =Ao!,A.

Bounded Sequoidal Exponentials

We first show how we can model our bounded lambda calculus in WS using the bounded
sequoidal exponentials. This involves exhibiting the structure of the linear exponential

comonad — modulo the bounds — as proofs in WS.

!''"IN—Fml-— Fml-
lzeroM = F1
l'(suenM =Moo !'nM
-- Functor
&:VnN—=F!nN&N,!(sucn)N L, ¢
®!zeroN = P® P1 (Pido ¢ P1)
®!(sucn)N = P® (P2 $ P®Thb{I' = [N]s} $ Pidoe $ ®!' nN)(Pide £ Pid)

prom: YnMN—-FMNL ,e—>F!nM,(!nN)L" e
promzeroMNp = P1
prom (sucn) MNp = Pcut{l' = [Ma ! nM]s}((N L) <|(!nN_L"),e)
(PparT{l' =[M@ ! nM]s}$ Psym{I' =[Mo!nMls} $ Po $
Pmix{I' = e}(NL,e)({nN_L',e)ep $



P® (P1T{I' = [!nM]s} $ promn MN p)P1)
(®!'nN)
-- Dereliction
derel : VA-FAI'1A L' e
derel A = P1Tb{I' = [A]ls} $ Pide eP1
bang0 : Vn—+ ! nF1,F0,e
bang0 zero = P1
bang0 (sucn) = Pe $ P1
-- Contraction
mutual
contry : VnmA—-F!nA!mA,((h+ mA)L e
contrizeromA = P1
contry (sucn)mA = Po $ P®Tb{I' = [A]ls} $ Pidee $ contrnmA
contrg : VnmA—-F!mA!InA,((hn+ mA)L e
contrg n m A rewrite +-commnm = contry mnA
contr:VnmA—-F!nAe ! mA((+" mA)L, e
contrnmA = P® (contry nmA)(contrg nmA)
-- Multiplication
Imult : VnmA—=F({(n(mA),[!(n*m)A_L"]
Imultzerom A = P1
Imult(sucn)mA = Pcut{T = [!mAo ! n((mA)Is}({(m+" (n*m))ALe)
(P2 $ PparT{I' = !'mA,!In(!mA),e} $ Pmix{I' = e}(!mA L")
(!n*m)A L', e)ePid(Pe
(PIT{T =[!'n(!mA)]s} $ !ImultnmA)
P1))
(contrm (n*m)A)
-- Monoidalness

Imonoidal : VnMN—-F!n(Me&N),!nM_L",'nN_L" ¢

Translation of Constants

We next show how each of the program constants can be modelled in WS. We omit corou-

tine composition, for brevity: as with all omitted details, it can be found at [18]].



Fcom = FL<|FT
Fbool = FL<|(FT®FT)
Fvar = Fbool & (Fcom & Fcom)

-- Translation of program types to WS formulas

toFml : FLType — Fml -

toFml Com = Fcom

toFmlbool = Fbool

toFmlvar = Fvar

toFml(y £y’ = y0) = (toFmly0) <| ((!y' (toFmly)) L")
-- Operations on Boolean Expressions

Pai: V{A}{I'} > Bool - FAT —-FAaAT

Peitrue = Poy

Poifalse = Poy

P&i: Vv {M}{I'} - (Bool - FM,T)—-FM&M,T
P&if = P& (ftrue) (f false)

constB : Bool — I Fbool, e
constBm = P<| $ PL+ $ Peim $ PT

unaryB : (Bool — Bool) — + Fbool,Fbool L', &
unaryBf = P<| $ PLpar $ PL+ $ Ppars $ Po $ PT<|
$PT-$P<|$P&$Am—PL+ $Pai(fm)$ PT
-- Constants for Imperative Flow
seq:V(P:Fml+)—FFL<|P,Fcom L' ,(FL<|P)Ll'e
seqP = P<| $ PLpar $ PLpar $ PL+ $ Ppar; $
Ppara $ Po $ PT<| $ PT<|$PT-$P<|$P<| $
Plpar $ PL+ $ Pparg $ Po $ PT<| $ PT- $ P<| $
aux $ sym $ idem LfP
whereaux : V{Q}-Q=(P L)L -+PL,Q,e

auxrefl = Pid

ifthen : V(P : Fml4+) — I \bot \lhd P,Fbool L', \top \oslash P L', \top \oslash P L’ e
ifthen P = P<| $ PLpar $ PLpar $ PLpar $ PL+ $ Ppar;
$ Ppar; $ Pparg $ Po $ PT<| $ PT<|$ PT<]
$PT-$P<|$P<|$P<|$
P& (Pstr{I' = FL,P,e}aux)(Pstr{I' = FL,P,FT @(P L"), e} aux)
wherePid" : V{P: Fml+}—>+FP L' ,P,¢
Pid’ {P} = subst (A X — P L', X,¢&) (idem Lf P) (Pid {P L'})



aux: FFL P, FTeo(PLl),e
aux = PLpar $ PL+ $ Pparg $ Po $ PT<| $ PT- $ P<| $ Pid’

repeat : Vn—F Fcom,(!nFcom) L',¢
repeatn = P<| $ PLpar $ PL+ $ repeat'n
whererepeat’ : Vn—FFTpar(In(FL<|FT)L"),e
repeat’ zero = Ppar; $ PT+ $ PT
repeat’ (sucn’) = Pparg $ P<| $ Po $ PT<| $ PT<| $ PT-$ P<]|
$ P<|$Psym{I' =FL,e}$PLlpar$ PL+ $
repeat’ n’
-- Finitary Ground Store (of Booleans)

deref : - Fbool,Fvar L', e
deref = PeT1 {I' = [Fbool]s}Pid

assign : = Fcom,Fbool 1",Fvar L' ¢

assign = P@Ty{T' = Fcom,Fbool L',¢} $ P<| $ PLpar $
Plpar$ PL+ $ Ppar; $ Ppara $ Po $ PT<|$PT<| $
PT-$P<|$P<|$P&i$Am—PLpar$ PL+ $ Ppare $
Peim$ Po $ PT<|$PT-$P<|$PL+ $PT

cell : Vn— Bool —F ! nFvar,e

cellzerom = P1

cell(sucn)m = Po $ P& (P<| $PLo $ PL+ $ Po $ Poim $ PT-$ cellnm)
(P& $ Av—-P<|$PLo$PL+$P2$PT-$cellnv)

Translation of Terms

We can also formalise the lambda-calculus fragment into WS, using the intuitionistic
Kleisli embedding as seen in Section [5.4.2] modified to deal with the explicit bounds on

the exponentials. This yields an Agda encoding of the map from terms to proofs.

toCtx : FLCtx — Ctx
toCtx[] = ¢
toCtx (L, t,n) :T) = (! n(toFmlt)) L', toCtxT

tToPrf : V{T}{I'} - FLTermT' T — FtoFml T, toCtx T’

Using this we can formalise the game semantics of our language.

[ Jo:V{I'}H{T}—FLTermI' T — Strat- [toFm| T,toCtxI']’
[t]o = [tToPrft]+



A4 Interaction

In this section we describe a tool for running strategies interactively. The idea is that
given some strategy o on a game A, we can ask the machine to “run” the strategy, where
the machine plays the role of Player and a human operator the role of Opponent. This
corresponds to the “strong evaluation” of [23]]. We can use this tool to interact with the
game semantics of our finitary programming language.

In Figure we see an example of this, where the computer is asked to play as
Player in the winning strategy representing a three-use Boolean cell. The human play-

ing Opponent first asks to write False, then reads from the cell twice.

A.4.1 Annotated Games

Notice that the above demonstration contains more information than that of a strategy
on a simple game: in particular, at each node the user is informed of a formula that
represents the shape of the given subgame. The interaction module takes as its input

not just a strategy o on a game A, but also an annotation on A, of the following type:

data Annotation (G : Game) (A : Game — Set) : Set where
v : AG—((i : Mov G) — Annotation (G > i) A) — Annotation G A

If A is a constant function, this reduces to

data Annotation (G : Game) (A : Set) : Set where
v : A—((i : Mov G) — Annotation (G >> i) A) — Annotation G A

which annotates each move of G by an element of A. We allow the annotation parameter
to be dependent on the game it is annotating: this will allow us to guarantee that when
we produce an annotated game from a given formula, the annotation at a particular node
is a syntactic representation of that node.

To formalise this, we first need a notion of semantics-annotated syntax. This is a set

of formulas parametrised by their (game) semantics.

data FML : Pol — Game — Set where

FO  :FML+1
F1  :FML-I

FT :FML+o
FL :FML-o

~® :Y{GH}M:FML-G)(N:FML-H)—FML-(Ge& H)
_par_ :V{GH}(P:FML+G)(Q: FML+H)—FML+(G® H)



Figure A-1: Running Strategies: Interaction.agda on a three-use Boolean cell

Your choicein > (one + (one + one))’
encoding (FL<|(FT@ FT) & (FL<|FT) & (FL<|FT))
%)
(FL<|(FToFT)&(FL<|FT)&(FL<|FT)))
%)
(FL<|(FToFT)&(FL<|FT)&(FL<|FT)) @F1))
(options are LO,RL0O,RR0) (or "quit")?
RRO
My choicein’ (nil + omne)’
encoding (FO par FT)
%)
(FL<|(FTeFT)&(FL<|FT)&(FL<|FT))
%)
(FL<|(FTeFT)&W(FL<|FT)&(FL<|FT)) @F1))
is RO
Your choicein ’(nil + (one + (one + one)))’
encoding ((F1 <| F0)
®
(FL<|(FToFT)&(FL<|FT)& (FL<|FT)))
%)
(FL<|(FToFT)&W(FL<|FT)&(FL<|FT)) @F1))
(options are RLO,RRLO,RRR0) (or "quit")?
RLO
My choicein > (nil + (one + one))’
encoding ((FO par (FT @ FT))
%)
(FL<|(FTeFTN&(FL<|FT)&(FL<|FT))2F1))
%)
(F1 <|F0))
is RRO
Your choicein > ((nil + (one + (one + omne))) + nil)’
encoding ((F1 <| FO)
®
(FL<|(FTeFT)&W(FL<|FT)&(FL<|FT))oF1))
®
(F1 <|F0))
(optionsare LRLO,LRRLO,LRRRO) (or "quit")?
LRLO
My choicein > (nil + (one + one))’
encoding (FOpar(FT @ FT)) 2 F1) @ (F1 <| F0)) @ (F1 <| F0))
is RRO
You lose, inevitably.




& :VY{GH}(M :FML-G)(N : FML-H)— FML- (G x’ H)
_®_ :V{GH}P :FML+G)(Q : FML +H)— FML + (G x' H)

-2 :Y{GH}(M :FML-G)(N : FML-H)—-FML-(Go'H)
_+<|_:VY{GH}(P:FML+G)(Q:FML+H)—FML+(Ge H)

_+o_ :V{GH}(P : FML+G)(N : FML-H)— FML +(H — G)
_-<|_ : V{GH}(M : FML-G)(P : FML + H) — FML- (H — G)

PolFML : Game — Set
PolFMLG = ZPol(Ap—FMLp G)

We can define simple terms

toFml : V {pol} {G} (A : FML pol G) — Fml pol
toFML : V {pol} (A : Fmlpol) = FML pol [A]

converting between the annotated version and the purely syntactic version. For this to
be well-defined, the annotations given in the definition of FML must coincide with the

actual semantic function. We can then define the operation
annotate’ : V {p} {G} (A : FML p G) — Annotation G PolFML

which constructs the semantics of A as an annotated game, with the built-in correctness

property defined above. From this we can define

forget : V {G} — Annotation G PolFML — Annotation G (A _ — PolFml)
forget(v(p,” A) £) = v (p ,’ toFmlA)(Ai— forget (fi))

annotate : V {p} (A : Fml p) — Annotation [A ] (A _ — PolFml)

annotate = forget o annotate’ o toFML

which constructs an annotated game where nodes are annotated by formulas.

A4.2 Running Strategies

We can define code to “run” a given strategy using the Agda bindings to Haskell and
its input-output primitives. The code for this is simple, and is given below (we omit the

machinery that deals with forcing the move in the case that the move is unique).

mutual

Ask : V {G A} — Strat- G — Annotation G(A _ — A) — (A — Doc) — 10 Unit
Ask {gam {mov} f} (negs) (v a g) sh with normalise mov | the-mv {mov}

.. | nil | _ = putDocLn (text "You lose, inevitably.")



... | one | tm = putDocln (sep (text "Your choice is forced in"
vindent2 (sha) i [ 1) >
Tell (s $ tmrefl) (g $ tm refl) sh

ol — 1 = = Ask’ {gam {mov}f} (negs)(vag)sh

Ask’ : V{G A} — Strat- G — Annotation G(1 _— A) — (A — Doc) — 10 Unit
Ask’ {gam {1} f} (negs) (v a g) show =
prompt (sep (text "Your choice in ’" <> prMovEnci<>text"?" :
indent2 (text "encoding " <> showa)::
text " (options are " <> descMoves:<>text")" ::[]))
(PC.parseTop (pMov 1))
(Ai— Tell(si) (g i) show)
Tell : V{G A} — (Strat +) G — Annotation G (A _ — A) — (A — Doc) — 10 Unit
Tell {gam {1} f} (posis) (vag)show =
putDocLn (sep (text "My choice in ?" <> prMovEnci<>text"?"
indent2 (text "encoding " <>showa)::
indent2 (text "is " <> prMovii)::[]) >
Ask s (g i) show

An example interaction is found in Figure |[A-1]

A43 WS-Tex

We have also included in the code base a function that produces the IZTEX code for a
given proof object, which has proved useful throughout this thesis.

A.5 Towards Infinite Games

In this section we discuss how the development above can be lifted to the setting of
infinite games, representing (for example) the sequoidal exponential. Little work on this

has been done so far: but we here describe some of the basic ideas and difficulties faced.

Remark The development in this section uses Agda’s support for coinductive types. At
time of writing, this feature is experimental, with all details subject to change. The Agda

version used here is 2.2.10.

A.5.1 Infinite Games

An obvious limitation of the Agda encoding is that only finite games can be represented.

To recall, our definition of game is as follows:



data Game : Set where

gam : {t : MovEnc} — (T 1 — Game) — Game

The semantics of the data keyword in Agda is that initial algebra semantics are used:
the set Game consists of all finite trees made up out of the data constructor (which can
terminate, in this case, if T(1) = @). Resultantly, all elements of Game must be of finite
depth.

To consider (possibly) infinite games, we will need to use final coalgebra semantics.
The recommended style in Agda for coinductive definitions is to use a special co con-

struct. The resulting definition of Game is as follows:

data Game : Set where

gam : {t : MovEnc} — (T 1 — co Game) — Game

Here oo is a special Agda type operator used to mark when a recursive argument of

a data definition is coinductive. It is equipped with two operations

f :V{A:Set}-A—oc0A
b:V{A:Set}>occA—-A

Here # can be thought of as a delay constructor, and b as a forcing operator. There are

limitations in Agda as to when this can be used to ensure termination.

mvEnc : Game — MovEnc
mvEnc (gam{a}f) = a

Mov : Game — Set
Mov G = T (mvEnc G)

~»_ :(G:Game) — Mov G — Game
(gam {1}f) > x = b(fx)

[: Game

| = gam {nil} L-elim

o: Game

o = gam{one}(A _—t1)

bangX : Game

bangX = gam {one} (1 _ — fbangX)

Note that the final definition passes Agda’s termination checker. This is because the
recursive call is guarded — it occurs under a # delay constructor. We can define the

usual binary operations on infinite games.



_x'_: Game — Game — Game
gam {i}f x gam{j}g = gam {i + j}([f,g])
mutual
_—o_ : Game — Game — Game
G —o(gam{i}f) = gam{i}(Ai' = (b (i) ® G))
_® :Game — Game — Game
(gam{i})® (gam{j} g) = gam{i + j}h
whereh : T (i + j) — oo Game
h(inji x) = f(gam {j} g — b (fx))
h(injoy) = fi(gam {i}f—b(gy))
_@_ : Game — Game — Game
(gam{i}H) @ G = gam {i} (A" = §(G — (b (fi")))

A.5.2 Sequoidal Exponential

We next wish to describe the sequoidal exponential on infinite games. We might wish to

write

bang : Game — Game
bang G = G @ (bang G)

but this does not pass the productivity checker, as the call to bang on the right hand side
does not occur under a guard. The reason that the equation above uniquely defines bang
G is because G @ _ is a guarded operation in the sense that for each m there exists an n
such that the first m moves of |G are defined by the n-fold unwrapping of the equation
(G 2 Go!G. Thus, to give the definition of |G we must massage it into such a form so that
Agda sees that the inductive call is guarded.

One way to do this is to use the method described in [24] using an embedded lan-
guage. We define a new object GameP where elements are a mix of syntax and semantics:
they may be games, or algebraic operations applied to games. The type GameH repre-
sents the elements of GameP that are in “head normal form” i.e. initial set of moves is

available, but the rest of the forest may be a GameP rather than a Game.

data GameP : Set where
gam : {t : MovEnc} — (T 1 — co GameP) — GameP
_—P_ : GameP — GameP — GameP
_®P_ : GameP — GameP — GameP

data GameH : Set where



gam : {1t : MovEnc} — (T t = co GameP) — GameH
HtoP : GameH — GameP
HtoP (gam {i}y) = gam{i}y
GtoP : Game — GameP
GtoP (gam {i}y) = gam {i} (A x — # (GtoP (b (yx))))

We define a weak-head-normal-form operation which gives the semantics of — and
® one step at a time, extracting the initial set of moves from a given (possibly algebraic)

element of GameP.

whnf : GameP — GameH
whnf(gam {i}y) = gam {i}y
whnf (y —Py’) = (whnfy) —' (whnfy’)
where —' : GameH — GameH — GameH
G—"gam{ily = gam {i}(Ax — § (b (yx) ®P (HtoP G)))
whnf(y ®Py’) = (whnfy) ® (whnfy")
where ®' : GameH — GameH — GameH
gam{i}z® gam{j}y = gam{i + j}
[(Azi—f((gam {j}y) —P (b (zz1)))),
(Azi — f((gam {i} z) —P (b (y zi))))]

We can use these to pass between each of the types Game, GameP and GameH:

mutual
HtoG : GameH — Game
HtoG (gam {i}y) = gam {i} (Ax — £ (PtoG (b (y x))))
PtoG : GameP — Game
PtoG g = HtoG (whnfg)

Finally, this allows us to define the exponential operator in a way that satisfies Agda’s

productivity checker.

bangP : Game — GameP
bangP (gam {i}f) = gam {i} (A x — # (bangP (gam {i} f) —P GtoP (b (fx))))

bang : Game — Game
bangg = PtoG (bangP g)

In the definition of bangP, the recursive call is underneath both # and — P. Since — P

is a type constructor, the definition passes Agda’s productivity checker.



A.5.3 Continued Development

The development of infinite games in this style can be continued. A first step is to de-
fine the categorical structure. However, at the time of writing the Agda productivity
checker for coinductive definitions is young, and the fact that the recursive call in coin-
ductive definitions cannot occur under arbitrary functions but only type constructors
causes problems for readability, as even simple functions such as copairing need to be
expanded out. For example, the morphisms pasc and pasc_, are defined by mutual in-
duction in our Agda development (see Section[A.1.6), and use symmetry of ® for brevity.
The productivity checker requires that these definitions are expanded, which increases
the number of required mutual definitions exponentially. Thus, this seems a good point

to postpone further development until support for coinduction in Agda has matured.

A.6 Further Directions

We have seen that these simple forest games are well suited to formalisation in proof
assistants. We have sketched how this can be achieved, but there is much that remains
to be done here. This includes:

¢ Continuing the coalgebraic treatment of infinite games

¢ Considering partial strategies

¢ Considering first-order structure, as found in Chapter 4

Formalising proofs of properties of the categories of games — e.g. associativity of

strategy composition, sequoidal closedness, ...

* Considering other game models, e.g. Conway games.
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